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0.1 Conventions
– Les parenthe`ses en indice indiquent une ope´ration de syme´trisation sur les indices qu’elles ren-
ferment.
– Les crochets en indice indiquent une ope´ration d’antisyme´trisation sur les indices qu’ils renferment.
– Les symboles de Christoffel seront note´s Γµαβ =
1
2g
µν(gνα,β + gνβ,α − gαβ,ν)
– Les composantes du tenseur de Riemann seront note´es Rαβµν = Γαβν,µ − Γαβµ,ν +ΓασµΓσβν − ΓασνΓσβµ
– Les composantes du tenseur de Ricci seront note´es Rαβ = Rνανβ
– L’invariant scalaire de courbure sera note´ R = Rαα
2
3Premie`re partie
Introduction

5Chapitre 1
Cadre ge´ne´ral
Les deux e´le´ments de base servant a` de´finir une cosmologie sont une ge´ome´trie repre´sente´e mathe´mati-
quement par une me´trique et un contenu mate´riel de´crit mathe´matiquement par un Lagrangien. Dans cette
the`se, nous allons nous inte´resser a` une ge´ome´trie de´crite par les mode`les cosmologiques homoge`nes
de Bianchi pour lesquels l’expansion de l’Univers n’est pas la meˆme selon la direction d’observation:
elle est donc anisotrope au contraire des mode`les classiques de Friedmann-Lemaıˆtre-Robertson-Walker
(FLRW) ou` l’expansion est la meˆme quelque soit la direction. En ce qui concerne le contenu mate´riel,
nous conside`rerons la pre´sence de champs scalaires dans l’Univers, accompagne´s d’un fluide parfait. Mais
qu’est ce qu’un champ scalaire? C’est une fonction qui a` chaque point de l’espace et du temps associe
un nombre. Un bon exemple de champ scalaire est la tempe´rature d’une pie`ce: a` chaque point d’une pie`ce
on peut associer une quantite´ T de´finissant la tempe´rature. Un autre exemple est le potentiel gravitationnel
φ a` l’exte´rieur d’une masse M . Ces champs abondent en physique des particules bien qu’ils n’aient pour
l’instant pas encore e´te´ de´tecte´s et il semble donc normal de les prendre en compte en cosmologie alors que
les liens entre ces deux branches de la physique sont de plus en plus e´troits. L’inteˆreˆt des champs scalaires
et des mode`les de Bianchi seront discute´s en de´tail dans les chapitres 2 et 3 de cette partie d’un point de vue
historique et physique.
Deux questions se posent par rapport a` cette description ge´ome´trique et physique.
La premie`re question est de savoir pourquoi notre Univers est de´crit par un mode`le de type FLRW dont
la syme´trie spatiale est maximale. En effet, bien que cela puisse paraıˆtre choquant, il n’y a pas de raison
pour que l’expansion soit exactement la meˆme dans toutes les directions ou pour citer R. Feynman a` pro-
pos de l’ide´e meˆme de syme´trie ”We have, in our minds, a tendancy to accept symmetry as some kind of
perfection. In fact it is like the old idea of the Greek that circles were perfect, and it was rather horrible to
believe that the planetary orbits were not circles, but only nearly circles.” Devons nous accepter la perfec-
tion des mode`les FLRW ou devons nous l’abandonner au profit d’un Univers approximativement parfait?
A cette question correspond essentiellement deux courants d’ide´es: l’un postule l’existence d’un principe
quantique comme une the´orie des conditions initiales qui se´lectionnerait parmi l’ensemble des mode`les
possibles les mode`les de type FLRW, l’autre l’existence d’un Univers primordial moins syme´trique qu’un
mode`le FLRW mais evoluant dynamiquement vers ce dernier. C’est ce dernier point de vue que nous adop-
terons ici.
La seconde question concerne les proprie´te´s des champs scalaires the´oriquement pre´sents dans notre Uni-
vers. En effet, il existe une infinite´ de the´ories tenseur-scalaires possibles. Aussi, il est ne´cessaire d’eˆtre
capable d’e´liminer celles conduisant a` des re´sultats physique abe´rants ou au contraire de repe´rer celles me-
nant a` des comportements physiquement inte´ressants pour notre Univers. C’est a` cette deuxie`me question
que nous allons tenter de re´pondre en e´tudiant les mode`les cosmologiques de Bianchi ou autrement formule´:
partant d’un mode`le cosmologique homoge`ne anisotrope dont les mode`les FLRW sont un sous-ensemble,
quelles proprie´te´s doivent avoir les the´ories tenseurs-scalaires afin que ces mode`les posse`dent asymptoti-
quement les caracte´ristiques dynamiques de notre Univers actuel ou apportent une re´ponse a` certains de ses
proble`mes comme ceux de la constante cosmologique?
Evidement la question est vaste et il serait illusoire de penser pouvoir y re´pondre comple`tement ou
de´finitivement. Elle doit avant tout nous servir de fil conducteur nous menant vers quelques e´le´ments de
re´ponses. Le chemin que nous avons suivi s’est de´roule´ en deux e´tapes.
La premie`re a consiste´ a` se demander quelles caracte´ristiques dynamiques (expansion asymptotique, ab-
sence de singularite´, pre´sence de syme´tries, etc...) souhaiterions nous que les mode`les homoge`nes posse`dent
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et a` explorer un certain nombres de me´thodes permettant de connaıˆtre et de contraindre efficacement les
the´ories tenseur-scalaires afin qu’elles soient compatibles avec ces caracte´ristiques. La plupart des me´thodes
de cette premie`re e´tape e´taient limite´es a` certain types de mode`les cosmologiques ou de the´ories tenseur-
scalaires et ne permettaient pas une approche globale et unifie´e de l’ensemble de ces deux composantes.
Finalement, nous avons trouve´ qu’il e´tait possible de contraindre un grand nombre de mode`les homoge`nes
et de the´ories tenseur-scalaires en conjuguant le formalisme Hamiltonien ADM avec les me´thodes d’analyse
des syste`mes dynamiques afin d’e´tudier le processus d’isotropisation de ces mode`les. C’est la` le commence-
ment de la deuxie`me e´tape de notre travail: l’application syste´matique de cette me´thode a` tous les mode`les
de Bianchi de la classe A et en conside´rant des the´ories tenseur-scalaires posse´dant jusqu’a` trois fonctions
inconnues du champ scalaire 1. Ceci nous a permis de classifier les the´ories tenseur-scalaires en trois classes
en fonction de leur mode d’isotropisation. Notre attention s’est entie`rement porte´e sur l’une d’entre elle
e´troitement lie´e aux the´ories de quintessence et nous avons puˆ alors de´terminer les comportements asymp-
totiques des mode`les de Bianchi au voisinage de l’isotropie.
Dans les deux chapitres suivants, on expose respectivement l’inte´reˆt des champs scalaires et des mode`les
de Bianchi a` travers une argumentation historique et physique.
1. Comme nous le verrons plus tard, une fonction de gravitation, une fonction de Brans-Dicke et un potentiel
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L’inte´reˆt des champs scalaires
2.1 La naissance de la premie`re the´orie tenseur-scalaire
Les champs scalaires ont une longue histoire comme le montre l’article de H. Brans[1] dont nous nous
sommes servis pour e´crire cette section. Celle-ci commence par une tentative d’inte´gration de la the´orie
newtonienne et de son potentiel scalaire dans une the´orie de la relativite´ restreinte que nous n’aborderons
pas ici, en passant par les the´ories de Kaluza-Klein et les nombres de Dirac pour aboutir a` la premie`re the´orie
tenseur-scalaire de Jordan, Brans et Dicke. C’est la naissance de cette dernie`re que nous allons raconter.
L’objectif des the´ories de Kaluza-Klein e´tait d’unifier la gravitation avec l’e´lectromagne´tisme. Pour cela
l’ide´e est d’introduire le 4-potentiel e´lectromagne´tique dans la me´trique en rajoutant une cinquie`me dimen-
sion a` l’espace-temps[2]: la courbure en un point de l’espace-temps de´sormais a` 5 dimensions y engendre ce
que l’on perc¸oit comme e´tant les forces gravitationnelles et e´lectromagne´tiques. Cette cinquie`me dimension
est compactifie´e a` l’e´chelle de Planck et est donc inobservable.
Ou` se cache le champ scalaire de cette the´orie? Si l’on conside`re des indices (M,N) variant de 0 a` 4 et des
indices (µ,ν) variant de 0 a` 3, la 5 me´trique de Kaluza-Klein de´finie par les fonctions gMN est compose´e
de:
– la 4-me´trique habituelle, repre´sente´e par les fonctions me´triques gµν
– le 4 potentiel e´lectromagne´tique qui est contenu dans les fonctions me´triques gµ4 = g4µ
– et enfin une composante g44 choisie constante.
La constance de la fonction g44 est une hypothe`se de Kaluza qui fut plus tard abandonne´e apparemment
en premier[3] par Jordan[4] puis par Thiry[5]: il montra que la composante g44 correspondait en fait a` un
champ scalaire. Pour cela, il e´crivit l’ensemble complet des e´quations de champs pour le tenseur de Ricci,
RMN = 0 qui se re´duit alors a` 10 e´quations d’Einstein avec matie`re, 4 e´quations de Maxwell et une e´quation
d’onde pour le champ scalaire, cette dernie`re n’ayant rien a` voir avec la gravitation ou l’e´lectromagne´tisme.
Pour retrouver la the´orie d’Einstein-Maxwell standard, on s’aperc¸oit qu’il faut alors choisir de manie`re ad
hoc g44 = 4G, ou` G est la constante de gravitation, associant ainsi le champ scalaire a` cette constante.
C’est alors qu’intervint Dirac[6]. A partir de l’aˆge de l’Univers Tu tel que de´fini par les mesures de la
constante de Hubble en 1938 et d’une e´chelle de temps atomique Ta naturellement de´finie par les e´chelles
de temps e2/m ou h¯/m, ou` e est la charge de l’e´lectron et m est la masse d’un e´lectron ou d’un nucle´on,
il de´finit le rapport de temps t ≡ Tu/Ta ≈ 1040. Puis, Dirac de´cide de regarder le rapport sans dimension
des forces e´lectriques et gravitationnelles. Il de´finit alors le nombre γ ≡ e2/(km2) ≈ 1040 avec k = 8πG.
Il de´finit e´galement le rapport entre la masse de l’Univers Mu et une masse atomique standard m soit
µ ≡Mu/m ≈ 1080. Pour Dirac, la manie`re dont ces nombres naturels et sans dimension se regroupent doit
avoir une raison physique qui le conduit a` de´velopper un mode`le cosmologique pour lequel µ ≈ t2 et γ ≈ t,
c’est-a`-dire tel que ces deux quantite´s varient avec le temps, impliquant ainsi que µ/(tγ) ≈ 1 et donc
1/k ≈M/R (2.1)
M et R e´tant la masse et le rayon de l’Univers. Cette dernie`re e´galite´ soule`ve alors la question de savoir si
la constante de gravitation est une vraie constante ou si elle est de´termine´e par la distribution de masse dans
l’Univers.
L’association du champ scalaire des the´ories de Kaluza-Klein a` la constante gravitationnelle et la possible
variation de cette dernie`re due a` l’hypothe`se (2.1) de Dirac, firent penser a` Jordan que le champ scalaire
pourrait eˆtre une ge´ne´ralisation d’une constante de gravitation qui serait en fait variable. Brans et Dicke
motive´s par les ide´es de Mach sur l’inertie ainsi que Sciama, arrive`rent a` des conclusions similaires sur
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une possible variation de G. Cependant ce fut Jordan et ses collaborateurs qui firent les premiers un pas
supple´mentaire de´cisif en se´parant le champ scalaire de son contexte multi dimensionnel. Dans toutes ces
the´ories, le champ scalaire φ vaut approximativement l’inverse de la constante de gravitation:
1/k ≈ φ
Ce choix est motive´ par l’hypothe`se (2.1) qui montre que 1/k pourrait eˆtre une variable et satisfaire une
e´quation de champ. Si maintenant on e´crit l’action de la Relativite´ Ge´ne´rale, il vient
δ
∫
(R + kLm)
√−gd4x = 0
Le couplage de k, quantite´ variable, directement au Lagrangien de la matie`re Lm, fait que les particules ne
suivent plus les ge´ode´siques de l’espace-temps en l’absence de toute autre force que la force gravitation-
nelle. Afin de reme´dier a` ce proble`me, on divise l’action par k et on obtient finalement:
δ
∫
(φR+ Lm)
√−gd4x = 0
L’e´quation des ge´ode´siques est donc sauve mais le champ scalaire modifie e´videmment l’e´nergie du champ
de gravitation et implique des effets observables. L’action ci-dessus n’est pas encore satisfaisante. En effet,
elle ne donne pas lieu a` une e´quation pour φ qui nous permettrait de connaıˆtre sa dynamique. Pour cela, il
nous faudrait une action de la forme:
δ
∫
(φR+ Lφ + Lm)
√−gd4x = 0
et puisque les e´quations de champs sont habituellement du second ordre, il est probable queLφ = L(φ,φ,µ).
Un choix naturel semble eˆtre Lφ = −ωφ,µφ,νgµν , ou` ω est une constante. Cependant ω devrait avoir la
meˆme dimension que la constante de gravitation et le choix final est donc
Lφ = −ω
φ
φ,µφ,νg
µν
Nous obtenons ainsi la forme de l’action de la the´orie de Jordan-Brans-Dicke[7], la premie`re the´orie tenseur-
scalaire:
δ
∫
(φR − ω
φ
φ,µφ,νg
µν + Lm)
√−gd4x = 0
On peut alors appliquer le principe variationnel sur cette action afin de trouver les e´quations de champs dont
l’e´quation pour le champ scalaire. Ainsi, pour un champ faible et pour une coquille sphe´rique de masse M
et de rayon R, l’Univers e´tant vide de par ailleurs, cette e´quation donne:
φ ≈ φ∞ + 1
4π(2ω + 3)
M
R
Si φ est identifie´ avec l’inverse de la constante de gravitation et que φ∞ est choisi e´gal a` ze´ro, on retrouve
l’hypothe`se de Dirac (2.1).
Le de´but des anne´es 80 a profonde´ment modifie´ les raisons de conside´rer des champs scalaires: les ide´es
de Guth sur l’inflation donne`rent naissance a` des champs scalaires appele´s inflatons tandis que l’e´mergence
de nouvelles ide´es en physique des particules donne`rent naissance aux dilatons qui seront aborde´s dans la
section suivante. Le mode`le d’alors de la cosmologie souffre de nombreux proble`mes conceptuels: pour-
quoi l’Univers semble t’il si plat? Comment des re´gions causalement se´pare´es au de´but des temps peuvent
elles eˆtre si semblables aujourd’hui? Guth[8] remarqua qu’ils seraient partiellement re´solus si, aux e´poques
primordiales, il y avait une pe´riode d’inflation avec une expansion exponentielle de l’Univers. Pour cela,
la premie`re ide´e est d’introduire une constante cosmologique mais les observations montrent que sa valeur
actuelle serait 10120 fois plus petite que celle pre´dite aux e´poques primordiales: c’est le proble`me de la
constante cosmologique. Une manie`re de le re´soudre est de conside´rer un nouveau champ scalaire appele´
inflaton tel que
Lφ = φ,µφ,νg
µν − U(φ)
dont le couplage avec lui meˆme est de´crit par le potentiel U qui joue alors le roˆle d’une constante cosmolo-
gique variable. Depuis la fin des anne´es 90, la pre´sence de ce potentiel a trouve´ de nouvelles raisons d’eˆtre
avec la de´tection par deux e´quipes[9, 10] inde´pendantes de l’acce´le´ration de l’expansion de l’Univers. L’une
des explications les plus en vogue de ce phe´nome`ne serait la pre´sence d’un champ scalaire quintessent, c’est-
a`-dire dont la densite´ et la pression sont lie´es par une e´quation d’e´tat semblable a` celle d’un fluide parfait et
dont l’indice barotropique serait ne´gatif. Il en re´sulterait une pression du champ scalaire ne´gative qui serait
a` l’origine de cette nouvelle et re´cente pe´riode d’acce´le´ration de l’expansion.
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2.2 Les champs scalaires en physique des particules
L’introduction de champs scalaires en cosmologie obe´it e´galement a` des raisons profondes lie´es a` la
physique des particules. Afin de les appre´hender, nous allons en exposer quelques points importants. Cette
section s’inspire d’un article de Zel’dovich[11] destine´ a` vulgariser le concept de champs scalaire.
Les the´ories physiques les mieux e´tablies par l’expe´rimentation reposent sur des champs vectoriels et tenso-
riels. Un champ de vecteurs est une distribution spatio-temporelle de 4-vecteurs: a` chaque point de l’espace
en chaque instant est associe´ un vecteur. Citons quelques champs de vecteurs couramment utilise´s en phy-
sique et aux proprie´te´s tre`s diffe´rentes:
– Le plus e´vident est bien suˆr le champ e´lectromagne´tique. Ce champ de vecteurs est neutre (le photon
n’a pas de charge) et non massif et cette interaction est donc a` porte´ infinie.
– Le champ de vecteurs des bosons W et Z responsables de l’interaction faible est massif, ce qui signifie
qu’elle est a` courte porte´e et instable: ces particules se de´sinte`grent en paires d’autres particules.
– Le champ de vecteurs des gluons, responsable de l’interaction forte, est massif et avec une charge.
Les gluons sont eux meˆme une source pour d’autres champs de gluons menant au confinement des
quarks et au fait que les gluons comme les quarks ne peuvent exister librement. Les seules particules
stables sont ainsi des combinaisons de quarks et d’antiquarks ou des combinaisons de trois quarks.
Il existe d’autres types de champs que les champs vectoriels. Ainsi dans la liste ci-dessus ne figure pas
la description de la force gravitationnelle qui ne repose pas sur un champ de vecteurs mais sur un champ
de tenseurs. Comme on le voit, tous ces champs correspondent a` des particules: ainsi les champs de vec-
teurs correspondent a` des particules avec un spin 1h¯, h¯ e´tant la constante de Plank divise´e par 2π, et les
champs de tenseurs a` des particules (gravitons) de spin 2h¯. Les particules de spin entier sont des bosons et,
contrairement a` celles ayant un spin demi entier et qui sont des fermions, elles n’obe´issent pas au principe
d’exclusion de Pauli. Les champs scalaires quant a` eux correspondent a` des particules de spin ze´ro et sont
donc e´galement des bosons.
Historiquement, la premie`re raison d’introduire un champ scalaire en physique des particules est due a`
Yukawa, qui imagina un champ avec une masse au repos afin d’expliquer les forces nucle´aires. La courte
porte´e des interactions nucle´aires correspondait a` des me´sons ayant une masse de l’ordre de 100 a` 200 Mev
pre´dite par Yukawa. On de´couvrit effectivement des me´sons π avec une masse de 140 Mev. L’avenir des
champs scalaires semblait donc tout trace´. Cependant, les pre´dictions de´taille´es de la the´orie scalaire furent
de´savoue´es par l’expe´rience. Les pions e´taient bien des bosons mais compose´s d’un quark et d’un antiquark.
Le renouvellement de l’inte´reˆt pour les champs scalaires vint d’une ide´e comple`tement diffe´rente de celle
de Yukawa: la renormalisation.
Le de´veloppement de l’e´lectrodynamique quantique commenc¸a vers la fin des anne´es 40. L’approximation
de base pour les muons et les e´lectrons dans un atome ou un champ magne´tique est donne´e par la the´orie
de Dirac. Les e´lectrons ont un spin, une charge et un moment de´finis. Cependant, pour une meilleure ap-
proximation, il est ne´cessaire de tenir compte de processus virtuels: un e´lectron dans son e´tat de base ne
peut e´mettre un photon re´el car il n’a pas l’e´nergie requise. Mais il peut e´mettre un photon virtuel puis le
re´absorber rapidement. Ceci est permis par le principe d’incertitude d’Heisenberg a` partir du moment ou` la
conservation de l’e´nergie n’est pas viole´e. De la meˆme manie`re, on peut imaginer la cre´ation et l’annihilation
de paires virtuelles d’e´lectron-positron dans le champ e´lectrostatique du noyau. Ces processus ne changent
pas qualitativement la physique: il y a toujours un e´tat de base de l’e´lectron et un champ e´lectrostatique.
Mais les proprie´te´s quantitatives sont tre`s le´ge`rement change´es lorsque l’on prend en compte ces processus
virtuels: a` premie`re vue, les e´quations semblent contenir une infinite´ d’inte´grales a` cause du nombre infini
d’e´tats possibles des particules virtuelles. Cependant, il fut re´alise´ que des processus similaires arrivaient
pour les e´lectrons libres comme pour les lie´s, que la quantite´ mesure´e est la diffe´rence entre les e´nergies de
ces deux types d’e´lectrons et que la diffe´rence entre deux inte´grales infinies est une inte´grale finie. Cette
proce´dure fut appele´e renormalisation et montra l’importance des particules virtuelles.
Par la suite, on commenc¸a e´galement a` s’inte´resser aux corrections du second ordre pour la force faible
mais cette fois, la renormalisation ne marcha pas pour les particules massives vecteurs de cette force: les
infinis ne disparaissaient pas. Notons que cette masse est ne´cessaire pour expliquer la de´sinte´gration β et
le roˆle des particules W et Z. C’est la` que l’ide´e des champs scalaires revint en force. Plutoˆt que d’imposer
directement une masse aux bosons, on suppose que le champ de vecteurs les repre´sentant interagit avec
la charge d’un champ scalaire massif, c’est-a`-dire posse´dant un potentiel, la charge de´crivant l’interaction
avec le champ de vecteurs. Ce champ scalaire est le champ de Higgs-Englert qui eurent l’ide´e d’introduire
un potentiel de la forme V (φ) = k(φ2 − φ20), permettant ainsi la renormalisation. Ce champ seulement
caracte´rise´ par une masse et qui correspond comme explique´ plus haut a` un boson, donne leur masse aux
particules qui interagissent avec lui. On espe`re une de´tection de la particule de Higgs dans le futur LHC
vers 2008.
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D’autres raisons peuvent eˆtre e´voque´es concernant la pre´sence de champs scalaires de nature diffe´rente de
celle du boson de Higgs. Sans rentrer autant que pre´ce´demment dans les de´tails signalons par exemple que
les the´ories de supersyme´tries pre´disent l’existence de plusieurs champs scalaires. Ces the´ories postulent
l’e´galite´ entre les degre´s de liberte´ fermionique et bosonique: a` chaque boson (dont celui de Higgs) corres-
pond un fermion et vice-versa. Ceci ne peut eˆtre re´alise´ qu’en ajoutant des degre´s de liberte´s supple´mentaires
via des champs scalaires dont les potentiels peuvent eˆtre tout a` fait diffe´rents de celui imagine´ par Higgs
(par exemple des champs scalaires complexes). Ge´ne´ralement ces champs scalaires sont appele´s dilatons.
Les particules supersyme´triques pourrait eˆtre des constituants essentiels de la matie`re noire. En particulier le
plus le´ger des neutralinos, un e´tat re´sultant d’une mixture de plusieurs particules supersyme´triques, pourrait
eˆtre la plus le´ge`re des particules antisyme´triques et un candidat pour la the´orie de la matie`re noire froide.
Pour une introduction aux the´ories de supersyme´trie, on pourra se re´fe´rer au livre de Gordon Kane[12],
”Supersymmetry, unveiling the ultimate laws of Nature”.
Tout ceci de´montre, nous l’espe´rons, l’inte´reˆt de conside´rer des champs scalaires.
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Chapitre 3
L’inte´reˆt des mode`les de Bianchi
3.1 Un peu d’histoire
Luigi Bianchi[13] est ne´ a` Parme le 18 juin 1856. Il fut l’e´tudiant d’Ulisse Dini et
Enrico Batti a` l’e´cole normale supe´rieure de Pise et devint professeur a` l’Universite´ de
Pise en 1886 puis directeur de l’e´cole normale en 1918 jusqu’a` sa mort en en 1928.
Ses contributions mathe´matiques furent publie´es dans 11 volumes par l’Italian Mathema-
tical Union et couvrent un grand nombre de domaines. En ce qui concerne la ge´ome´trie
Riemanienne, il est surtout connu pour sa de´couverte des identite´s de Bianchi dont la
de´monstration comple`te fut donne´e dans [14](il les avait de´couvertes une premie`re fois
dans un article de 1888 mais avait ne´glige´ leur importance en les donnant en note de bas de page.). En 1897,
en utilisant les re´sultats de Lipshitz[15] et Killing[16] ainsi que la the´orie des groupes continus de Lie[17],
il donna une classification comple`te des classes d’isome´tries des 3-varie´te´s de Riemann, identifie´es par les
lettres romaines I a` IX . A l’e´poque, ni la relativite´ ge´ne´rale, ni la relativite´ restreinte n’existaient encore 1.
En 1951, le travail de Bianchi fut introduit en cosmologie par Abraham Taub dans son article ”Empty Spa-
cetimes Admitting a Three-Parameter Group of Motions”[18]. Les espaces temps spatialement homoge`nes
ont une ge´ome´trie spatiale de´pendante du temps qui est donc une 3-ge´ome´trie homoge`ne. Ainsi, l’espace
temps a un groupe d’isome´tries a` r dimensions agissant sur une famille d’hypersurfaces avec r = 3(action
simplement transitive), r = 4(locally rotationally symmetric) ou r = 6(mode`les isotropiques). Le cas r = 3
devint connu sous le nom de cosmologies de Bianchi apre`s l’article de Taub.
Pendant une de´cade, les mode`les de Bianchi tombe`rent dans l’oubli jusqu’a` la renaissance de la Relativite´
Ge´ne´rale au de´but des anne´es 60. O. Heckmann et E. Schu¨cking les firent resurgir en 1958 dans leur ouvrage
”Gravitation, an Introduction to Current Research”[19]. Puis ce fut au tour de l’e´cole russe de Lifshitz et
Khalatnikov, rejoints plus tard par Belinsky, a` travers leur e´tude sur l’approche chaotique de la singularite´
initiale qui inspira Misner aux USA et plus tard Hawking et Ellis au Royaume Uni. La classification de
Bianchi elle-meˆme fut revue par C.G. Behr dans un travail non publie´ mais rapporte´ dans [20] en 1968.
Enfin une contribution essentielle sur les mode`les de Bianchi fut apporte´e par Ryan, un e´tudiant de Misner,
et re´sume´e a` travers son livre ”Homogenous Relativistic Cosmologies”[21].
3.2 Un peu de physique
L’Univers tel que nous l’observons aujourd’hui est tre`s bien de´crit par les mode`les cosmologiques et
homoge`nes de Friedman-Lemaitre-Robertson-Walker (FLRW). Ceci a e´te´ montre´ par les observations du
rayonnement de fond cosmologique par les satellites COBE et WMAP. Cependant rien ne nous permet
d’extrapoler ces proprie´te´s d’isotropie et d’homoge´ne´ite´ aux e´poques primordiales avant le de´couplage
rayonnement/matie`re. La question se pose donc de savoir pourquoi l’Univers les posse`de alors qu’il existe
une infinite´ de mode`les cosmologiques ne les ayant pas. Essentiellement, on distingue deux re´ponses:
– Il pourrait exister un principe quantique qui se´lectionne parmi l’ensemble des mode`les possibles, les
mode`les FLRW comme e´tant les plus probables. Cette re´ponse repose sur le de´veloppement d’une
the´orie quantique des conditions initiales.
– L’univers primordial serait inhomoge`ne et anisotrope mais son e´volution le conduirait vers un e´tat
(asymptotique ou temporaire) homoge`ne et isotrope correspondant aux mode`les FLRW.
1. Il existe ´egalement le mod`ele anisotrope axisym´etrique de Kantowski et Sachs
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C’est ce second point de vue que nous adopterons en conside´rant que l’Univers est initialement anisotrope
et devient asymptotiquement isotrope. Nous garderons l’hypothe`se d’homoge´ne´ite´ car les mode`les cosmo-
logiques inhomoge`nes ne sont pas classifie´s, dus a` leur manque de syme´trie. De plus nous conside´rerons
que cet e´tat n’est pas transitoire mais atteint asymptotiquement. En effet, les observations montrent que
notre Univers doit eˆtre isotrope depuis au moins son premier million d’anne´es ce qui laisse a` penser que cet
e´tat une fois atteint, est stable.
Conside´rer que l’Univers est initialement anisotrope permet donc d’expliquer les processus menant a` l’iso-
tropisation plutoˆt que de conside´rer cet e´tat de manie`re ad hoc. Un autre avantage des mode`les anisotropes
re´side en leur approche de la singularite´ en Relativite´ Ge´ne´rale, oscillatoire et chaotique pour les plus
ge´ne´raux d’entre eux. Elle serait partage´e, selon une conjoncture due a` BKL, par les mode`les inhomoge`nes
et anisotropes au contraire des mode`les FRLW dont l’approche de la singularite´ est monotone.
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Chapitre 4
Plan du travail
Le reste de cette the`se est divise´ en quatre parties.
Dans la partie II, nous nous inte´resserons aux outils mathe´matiques qui nous permettront d’e´tablir les
e´quations de champs. Pour cela, nous commencerons par classifier les mode`les de Bianchi afin d’e´tablir
leurs me´triques. Puis nous e´tudierons la me´thode de Cartan qui permet de de´terminer rapidement les com-
posantes non nulles du tenseur de Riemann et donc d’obtenir le tenseur d’Einstein. Etant ainsi capable de
de´terminer la partie ge´ome´trique des e´quations de champs nous conside´rerons un contenu mate´riel pour
l’Univers en e´crivant le Lagrangien des the´ories tenseur-scalaires dont nous de´duirons la forme comple`te
des e´quations de champs pour tous les mode`les de Bianchi. Enfin, nous ferons de meˆme a` l’aide du forma-
lisme Hamiltonien ADM.
Dans la partie III, nous nous servirons de plusieurs me´thodes permettant d’e´tudier la dynamique des
mode`les homoge`nes en the´ories tenseur-scalaires afin de comprendre ce qu’elles peuvent nous apprendre
mais aussi quelles sont leurs limites. Nous commencerons par ce qui est conceptuellement (mais pas
force´ment techniquement) le plus simple, c’est-a`-dire la recherche de solutions exactes. Puis nous verrons
comment l’on peut analyser le comportement asymptotique des fonctions me´triques. Enfin nous montrerons
deux e´tudes base´es sur l’exigence de l’absence de singularite´ ou la pre´sence d’une syme´trie de Noether.
Cette partie est entie`rement compose´e d’articles publie´s que nous avons ici reproduits dans leur inte´gralite´.
La partie IV, est consacre´e a` l’isotropisation des mode`les de Bianchi en pre´sence d’un ou de plusieurs
champs scalaires. De toutes les me´thodes teste´es, c’est sans aucun doute celle qui nous permet d’e´tudier le
plus vaste ensemble de mode`les et de the´ories a` l’aide d’un formalisme unifie´ et base´ sur une exigence phy-
sique solide, soit la ne´cessite´ pour l’Univers de s’isotropiser. Cette partie synthe´tise un ensemble d’articles
dont ceux de´ja` publie´s sont reproduits en annexe. L’aspect e´nergie noire et matie`re noire des champs sca-
laires est alors aborde´ a` travers respectivement la quintessence et l’aplatissement des courbes de rotations
des galaxies spirales.
Enfin dans la partie V, on discute et on conclut.
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Deuxie`me partie
Outils mathe´matiques
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Chapitre 1
Les mode`les de Bianchi
Dans ce chapitre nous allons e´tudier la classification des mode`les spatialement homoge`nes et isotropes
de Bianchi. Nous verrons qu’ils sont au nombre de neuf et se subdivisent en deux classes, A et B. Enfin
nous apprendrons a` calculer la me´trique de chacun de ces mode`les.
1.1 Classification des varie´te´s spatialement homoge`nes de Bianchi
Les mode`les de Bianchi sont des varie´te´s spatialement homoge`nes mais anisotropes que l’on peut clas-
sifier a` l’aide des groupes et alge`bres de Lie[21, 22, 23] comme nous allons le voir dans cette section.
1.1.1 Quelques de´finitions
Pour commencer, de´finissons ce qu’est un groupe topologique. Un groupe topologique est un groupeG
munit d’une topologie qui rend continues les applications suivantes:
– La loi de composition de G: (a,b)→ ab
– L’inversion de G: aob−1 = e ou` e est l’e´le´ment inverse.
Un espace est dit connexe si 2 points quelconques de cet espace peuvent eˆtre relie´s par une courbe de´formable
a` volonte´ d’une fac¸on continue, telle que tous les points de la courbe se trouvent a` l’inte´rieur de l’espace.
Un groupe de Lie est alors la composante connexe d’un groupe topologique.
De´finissons le commutateur [X,Y ] de deux champs de vecteurs quelconques X et Y . Soit une fonction
quelconque ψ, on a:
[X,Y ]ψ = X(Y ψ)− Y (Xψ)
Une isome´trie d’une varie´te´ riemannienne M est une transformation de M qui laisse la me´trique g in-
variante. Les isome´tries de la varie´te´ M forment un groupe de transformations de M . Elles conservent les
mesures des longueurs, les mesures d’angles et transforment les ge´ode´siques en ge´ode´siques. L’ensemble de
toutes les isome´tries d’une varie´te´ M donne´e ve´rifie les axiomes de groupe car l’identite´ est une isome´trie,
l’inverse d’une isome´trie est une isome´trie et la composition de deux isome´tries est encore une isome´trie.
Cette ensemble forme donc lui meˆme un groupe, ge´ne´ralement un groupe de Lie.
Cette de´finition du commutateur va nous permettre de de´finir ce qu’est une alge`bre de Lie. Une alge`bre de
Lie re´elle L, de dimension n ≥ 1, est un espace vectoriel re´el de dimension n muni d’un produit de Lie [,]
tel que ∀a,b,c ∈ L et ∀α,β,γ ∈ ℜ:
– [a,b] ∈ L
– [αa+ βb,c] = α [a,c] + β [b,c]
– [a,βb+ γc] = β [a,b] + γ [a,c]
– [a,b] = − [b,a] (antisyme´trie)
– [a, [b,c]] + [b, [c,a]] + [c, [a,b]] = 0 (identite´ de Jacobie)
Une alge`bre de Lie est spe´cifie´e par une base x1,...,xn de l’espace vectoriel de cette alge`bre. Puisque le
produit de Lie de deux e´le´ments de base appartient encore a` l’alge`bre de Lie, on peut e´crire
[xi,xj ] = C
k
ijxk
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On de´fini ainsi les coefficients de structure de l’alge`bre de Lie.
Les isome´tries sont ge´ne´re´es par ce que l’on appelle les vecteurs de Killing ξ. Ils sont tels qu’ils ve´rifient
les e´quations de Killing
ξa;b + ξb;a = 0
Tout vecteur de Killing engendre une isome´trie et l’ensemble de tous ces vecteurs forme l’alge`bre de
Lie du groupe d’isome´trie. Par conse´quent, rechercher les isome´tries d’une varie´te´ consiste a` rechercher
les solutions des e´quations de Killing. Par exemple, conside´rons un espace minkowskien dont l’e´le´ment de
longueur quadridimensionnel infinite´simal s’e´crit ds2 = −dt2+dx2+dy2+dz2. Les e´quations de Killing
fournissent dix vecteurs de Killing inde´pendants. Ce sont en fait les ge´ne´rateurs infinite´simaux du groupe de
Poincare´ correspondant aux 4 ge´ne´rateurs des translations spatio-temporelles, trois ge´ne´rateur des rotations
a` trois dimensions et trois ge´ne´rateurs des transformations homoge`nes de Lorentz. On a donc un groupe
G10 agissant sur une varie´te´ M4 repre´sentant une varie´te´ posse´dant un nombre maximum de syme´tries. De
ce fait, l’espace temps de Minkowski est a` courbure de Riemann constante. De manie`re ge´ne´rale, un groupe
d’isome´trieGr a` r parame`tres agissant sur une varie´te´Mn a` n dimensions est telle que n ≤ r ≤ n(n+1)/2.
La varie´te´ Mn est alors dite a` syme´trie maximale lorsque r = n(n+ 1)/2.
Pour imposer l’homoge´ne´ite´ spatiale, nous avons donc besoin d’un groupe d’isome´trie agissant transitive-
ment sur les sections spatiales (n = 3) de l’espace temps. Un groupe est transitif sur une surface S quelque
soit sa dimension si il peut transformer n’importe quel point de S en un autre point deS. Il existe donc quatre
groupes d’isome´trie possible car 3 ≤ r ≤ 6, soient G6, G5, G4 et G3. Le groupe G6 de syme´trie maximale
correspond aux mode`les homoge`nes et isotropes de la classe des FLRW. Le groupe G5 est interdit par le
the´ore`me de Fubini qui affirme qu’une varie´te´ riemannienne de dimension supe´rieure a` deux et qui n’est
pas a` courbure riemannienne constante, admet au plus un groupe d’isome´trie a` n(n+ 1)/2− 1 parame`tres.
Le groupe G4 peut toujours se ramener, sauf dans le cas du mode`le de Kantowski-Sachs, au groupe G3 car
il admet toujours, sauf dans un cas, un sous groupe a` trois parame`tres agissant simplement transitivement
sur des hypersurfaces spatiales.
Par conse´quent, a` part le mode`le de Kantowski-Sachs, la classification de tous les mode`les d’Univers ho-
moge`nes se rame`ne a` celle des groupes d’isome´trie spatiale a` trois parame`tres, soit les alge`bres de Lie
re´elles a` trois dimensions.
1.1.2 La classification des alge`bres de Lie re´elles a` trois dimensions
Soit une base ξλ, λ = 1,2,3 de l’alge`bre de Lie telle que [ξλ,ξµ] = Cνλµξν . Les commutateurs e´tant
antisyme´triques et ve´rifiant les identite´s de Jacobi, on a Cν(λµ) = 0 et Cν[λµC
σ
ρ]ν = 0 ce qui re´duit a` 9 le
nombre de constantes de structure inde´pendantes. On peut re´e´crire celles ci a` l’aide de la de´composition
d’Elis et MacCallum faisant intervenir un pseudotenseur syme´trique nλµ et un vecteur aµ:
Cνλµ = ǫσλµn
νσ + 2δν[µaλ]
ou` les δ sont les symboles de Kroenecker et les ǫ les symboles de Levi-Civita tels que, en coordonne´es
de Minkowski, ǫσλµ = −ǫσλµ et ǫ123 = 1. Les crochets indiquent l’ope´ration d’antisyme´trisation sur les
indices qu’ils renferment. On en de´duit que
aµ =
1
2
Cνµν
nλµ =
1
2
C(λστ ǫ
µ)στ
Les parenthe`ses indiquent l’ope´ration de syme´trisation sur les indices qu’ils renferment. Cette de´composition
ve´rifie la proprie´te´ d’antisyme´trie et les identite´s de Jacobi fournissent
nλµaµ = 0
C’est cette e´quation aux valeurs et vecteurs propres qu’il faut re´soudre pour trouver toutes les structures
possibles d’une alge`bre de Lie de dimension trois et donc les solutions qui ne sont pas mutuellement
e´quivalentes par un quelconque changement de base ξλ. La matrice nλµ est syme´trique et re´elle et on peut
donc appliquer le the´ore`mes de JJ.Sylvester qui nous dit que le rang 1 et la valeur absolue | s | de sa signa-
ture 1 sont invariants sous l’action d’un changement de base. Il faut donc chercher les diverses combinaisons
possibles de rang et de signature de la matrice nλµ. On scinde les mode`les de Bianchi en 2 classes.
– La classe A de Bianchi est telle que aλ = 0.
On choisi une base dans laquelle le tenseur nλµ est diagonal et dont les valeurs propres n(i), e´le´ments
1. La valeur absolue de la somme des ´el´ements diagonaux
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Classe Type n(1) n(2) n(3) a dimension
A I 0 0 0 0 0
A II 1 0 0 0 3
A V I0 1 -1 0 0 5
A V II0 1 1 0 0 5
A V III 1 1 -1 0 6
A IX 1 1 1 0 6
B V 0 0 0 1 3
B IV 1 0 0 1 5
B III = V I−1 1 -1 0 1 5
B V Ih(h < 0) 1 -1 0
√−h (6)5 si h fixe´
B V IIh(h > 0) 1 1 0
√
h (6)5 si h fixe´
TAB. 1.1 – Classification des alge`bres de Lie
diagonaux de nλµ, valent 0,1 ou -1. On a alors six manie`res de combiner le rang et la signature de la
matrice nλµ correspondant a` six mode`les: I , II , V I0, V II0, V III et IX .
– La classe B de Bianchi est telle que aλ 6= 0.
Dans ce cas aλ est vecteur propre de nλµ relativement a` la valeur propre 0. On choisi une base dans
laquelle le tenseur nλµ est diagonal avec les valeurs propres n(i) et telle que les vecteurs aλ soient
oriente´s le long du troisie`me axe. On en de´duit que n(3) = 0 car a 6= 0 et donc que le rang de
la matrice est infe´rieur ou e´gal a` deux. Il existe donc quatre combinaisons possibles de rang et de
signature de la matrice nλµ. Si de plus on utilise la transformation d’e´chelle ξi = kiξ′i avec ki une
constante, on montre que la quantite´ h−1 = n(1)n(2)a−2 est un invariant. Les quatre mode`les seront
nomme´s: IV , V , V Ih et V IIh.
– Dimension des alge`bres de Lie
Chaque classe d’e´quivalence des constantes de structure Cνλµ de l’alge`bre de Lie constitue une sous-
varie´te´ de l’espace des tenseurs a` trois indices et donc de dimensions 27. Les constantes de structure
e´tant antisyme´triques (27-18=9) et respectant les trois identite´s de Jacobi (9-3=6), chaque type de
Bianchi est donc associe´ a` une sous varie´te´ de dimension six au maximum. Pour les types de la classe
A, ceci correspond aux six composantes de la matrice syme´trique nλµ, pour les types de la classe B,
aux trois composantes du vecteur aµ et aux trois composantes de nλµ dans le plan perpendiculaire au
troisie`me axe. On en de´duit que:
– Pour les types V Ih, V IIh, V III et IX de Bianchi, il n’y a aucune restriction et il existe des
ensembles de constantes de structure de dimension maximale e´gale a` six.
– Pour les types V Ih et V IIh, si h est fixe´, on a une contrainte et donc leurs ensembles de
constantes de structure sont de dimension cinq.
– Pour les types II et V , un vecteur est donne´ (aµ pour V et la premie`re ligne de nλµ pour II).
Leurs ensembles de constantes de structure sont donc de dimension trois.
– Pour le type I , les constantes de structure sont toutes nulles et donc la dimension de leurs
ensembles est ze´ro.
L’ensemble de cette classification est re´sume´ dans le tableau 1.1.
1.2 Les me´triques des varie´te´s spatialement homoge`nes de Bianchi
Une congruence est un ensemble de courbes remplissant comple`tement au moins une re´gion localement
de´limite´e de la varie´te´ conside´re´e. Pour e´crire une me´trique, il nous faut choisir une congruence temporelle
et une base spatiale.
1.2.1 Congruence temporelle
Soit un ensemble d’hypersurfaces spatiales invariantes sous l’action des e´le´ments d’un groupe d’isome´tries
Gr≥3. Soit S, l’une des surfaces et un point P appartenant a` S. On trace la ge´ode´sique temporelle normale
a` S et passant par P. nα est le vecteur unitaire tangent a` cette ge´ode´sique le long de laquelle on mesure
une distance propre s. On obtient alors un point Q et on construit ainsi la surface S’ a` laquelle ce point
appartient. Soit P’, un autre point quelconque de S, comme le groupe d’isome´tries est transitif, il existe
une transformation φ ∈ Gr telle que φ(P ) = P ′. A nouveau Q′ ∈ S′ se de´duit de P’ en portant la meˆme
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distance s le long de la ge´ode´sique temporelle perpendiculaire a` S et passant par P’. On engendre ainsi un
espace tangent aux hypersurfaces spatiales invariantes par Gr.
Soient ξ(m), m = 1...r, les vecteurs de Killing qui engendrent en tous les points de l’espace temps, l’es-
pace tangent aux hypersurfaces spatiales invariantes. Les vecteurs ξ(m) obe´issent aux e´quations de Killing
ξ(m)α;β + ξ(m)β;α = 0 et nα obe´it a` l’e´quation des ge´ode´siques nα;βnβ = 0. On en de´duit que nαξ(m)α = 0
et donc que la ge´ode´sique temporelle de vecteur tangent nα est orthogonale a` toute surface homoge`ne
qu’elle coupe car nα ⊥ ξ(m)α∀m = 1...r. Par conse´quent les normales aux hypersurfaces d’homoge´ne´ite´
constituent le champ de vecteurs tangents d’une congruence de ge´ode´sique du genre temps, orthogonales
a` des hypersurfaces spatiales. On choisit alors la direction de nα pour de´finir la variable temporelle t.
Les hypersurfaces spatiales homoge`nes sont alors des surfaces S(t) ou` t reste constant. Ces surfaces sont pa-
rame´tre´es par la distance mesure´e le long des ge´ode´siques temporelles, d’ou` nα = −∂t/∂xα = (−1,0,0,0).
Ce choix fixe un re´fe´rentiel synchrone avec g00 = −1 et g0m = 0∀m = 1,2,3. x0 = t est le temps
propre de chaque point de l’espace et la me´trique d’un espace temps dans le re´fe´rentiel synchrone s’e´crit
ds2 = −dt2 + gmndxmdxn, m,n = 1,2,3. Comme on le montrera au paragraphe suivant, il n’y a pas de
me´lange des variables spatiales et temporelles. Du fait de l’homoge´ne´ite´ spatiale, le champ de vecteurs nα
est invariant sous l’action des e´le´ments du groupe Gr. Cette invariance de groupe implique l’annulation de
sa de´rive´e de Lie relativement a` n’importe quel ge´ne´rateur infinite´simal des isome´tries. Il s’ensuit que nα
commute avec tous les vecteurs de Killing: [
ξ(µ),n
]
= 0
1.2.2 Base spatiale
Soit un groupe de transformations infinite´simales Gr et une base de vecteurs de Killing (ξ(µ)). On
de´finit l’orbite d’un groupe en un point P de la varie´te´ M comme e´tant une sous varie´te´ de M constitue´e
des points de M qui re´sultent de l’action de tous les e´le´ments du groupe sur le point P. On va rechercher
l’ensemble des vecteurs χ(m), m=1,2,3 qui sous-tend l’espace tangent a` l’orbite du groupe, c’est-a`-dire
tels que
[
χ(n),ξ(m)
]
= 0, (m,n)=1...r. Cette dernie`re e´galite´ nous indique qu’ils constituent donc une base
invariante dont les constantes de structureDlmn sont introduites au moyen des commutateurs
[
χ(m),χ(n)
]
=
Dlmnχ(l). Afin de construire la base invariante, on se donne r vecteurs inde´pendants χ(n) en un point P0
avec les conditions initiales χ(n)0 = ξ(n)(P0), r e´tant le nombre de parame`tres du groupe d’isome´tries, puis
on les translate au moyen de la de´rive´e de Lie afin de de´finir r champs de vecteurs sur la varie´te´ M sur
laquelle le groupe Gr agit. Si Clmn de´signe les constantes de structures des vecteurs de Killing, on trouve
que Dlmn = −Clmn∀P ∈ M et donc
[
χ(m),χ(n)
]
= −Clmnχ(l). On en de´duit que l’alge`bre de Lie des
champs de vecteurs tangents a` l’orbite, vecteurs invariants de groupe, est alge´briquement e´quivalente a`
l’alge`bre de Lie des vecteurs de Killing du groupeGr. On peut alors montrer que le produit scalaire de deux
champs de vecteurs invariants quelconques est constant sur chaque orbite soit (χα(m)χ
β
(n));γξ
γ = 0 quelque
soit le vecteur de Killing.
Par conse´quent, la base invariante (χ(m)), construite en un point de chaque surface homoge`ne devient un
champ de vecteurs sur l’espace temps, en translatant les vecteurs invariants au moyen de la de´rive´e de Lie,
par rapport au champ de vecteurs nα = (−1,0,0,0), orthogonal aux hypersurfaces S(t)
[
χ(µ),n
]
= 0⇔ ∂
∂t
(χa(µ)) = 0
Il s’ensuit que les vecteurs invariants sont inde´pendants du temps et les produits scalaires gabχa(m)χb(n),
note´s gmn, sont constants sur chaque surface de transitivite´ et de´pendent uniquement du temps. On peut
de´sormais e´crire explicitement la formulation de la me´trique des mode`les cosmologiques homoge`nes de
Bianchi. Pour cela, on choisit les χ(m)a tels que χ(m)a χa(n) = δ
m
n . La me´trique spatiotemporelle s’e´crit alors
sous la forme
ds2 = −dt2 + gmn(t)χ(m)a χ(n)b dxadxb
On de´finit une 1-forme comme e´tant un ope´rateur line´aire agissant sur les champs de vecteurs. Ainsi, si ω
est une 1-forme et ~U un vecteur, ω(~U) est une fonction telle que ω(~U)(P ) est un re´el, P e´tant un point. On
introduit alors les 1-formes (ω(m)) telles que:
ω(m)a χ
a
(n) = δ
m
n (1.1)
On dit que les 1-formes (ω(m)) constituent la base duale des (χ(m)). Alors la matrice inverse || χ(m)a ||,
(m) en haut e´tant un indice de ligne, peut s’interpre´ter comme fournissant les composantes covariantes des
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1-formes ω(m). Les 1-formes de base ve´rifient les e´quations de Cartan et si l’on e´crit
ω(m) = χ(m)a dx
a (1.2)
la forme finale de la me´trique peut donc s’exprimer comme:
ds2 = −dt2 + gmn(t)ωmωn (1.3)
1.2.3 Vecteurs invariants et me´triques des mode`les de Bianchi
Les vecteurs χ(n) e´tant invariants de groupe et donc commutant avec les vecteurs de Killing, on a en
termes de composantes:
ξa(m)χ
b
(n),a − χa(n)ξb(m),a = 0 (1.4)
Comme le de´terminant de || χa(m) || n’est pas nul, (m) en bas e´tant un indice de colonne, on peut
de´finir trois vecteurs covariants, χ(m), de composantes χ(m)a telles que χa(m)χ
(m)
b = δ
a
b . De plus, on sait
que ξa(m)ξ
(m)
b = δ
a
b et en reportant cette expression dans (1.4), il vient:
ξb(n),c − χa(n)ξb(m),aξ(m)c = 0
L’e´quation que nous utiliserons lors du calcul des vecteurs invariants est donc:
ξa(n),b − ξa(m),cξ(m)b χc(n) = 0 (1.5)
avec pour conditions initiales de ce syste`me diffe´rentiel en un point de coordonne´es spatiales (0,0,0),
χa(m)(0) = ξ
a
(m)(0). De plus, les vecteurs de Killing ξ(m) du groupe G3 d’homoge´ne´ite´ spatiale corres-
pondant aux diverses types de Bianchi ayant C lmn pour constantes de structure, ve´rifient
ξa(m)ξ
b
(n),a − ξa(n)ξb(m),a = Clmnξb(l) (1.6)
le produit de Lie de deux vecteurs de Killing e´tant un vecteur de Killing.
1.3 Exemple: le mode`le de Bianchi de type II
Concre`tement, la marche a` suivre pour obtenir les bases invariantes des mode`les cosmologiques de
Bianchi est la suivante:
1. On suppose les constantes de structure du mode`le conside´re´ connues
2. On re´sout (1.6) afin d’obtenir les vecteurs de Killing ξa(m)
3. On re´sout (1.5) afin d’obtenir les vecteurs de base invariants χa(m)
4. On e´crit explicitement la me´triques a` l’aide de (1.1-1.3)
Les constantes de structure de chaque mode`le de Bianchi figurent dans le tableau 1.2.
Ainsi, pour le mode`le de Bianchi de type II , les seules constantes de structure non nulles sont C123 =
−C123 = 1. L’e´quation (1.6) donne:
ξa(1)ξ
b
(3),a − ξa(3)ξb(1),a = 0
ξa(1)ξ
b
(2),a − ξa(2)ξb(1),a = 0
ξa(2)ξ
b
(3),a − ξa(3)ξb(2),a = 0
dont une solution particulie`re est:
|| ξa(m) ||=

 0 0 11 0 x3
0 1 0

 et || ξa(m) ||−1=|| ξ(m)a ||=

 −x3 1 00 0 1
1 0 0


le (m) en bas (en haut) e´tant un indice de colonne(respectivement de ligne). L’e´quation (1.5) va alors s’e´crire
χ1(n),b = 0⇒ χ1(n) est constant pour tout n.
χ3(n),b = 0⇒ χ3(n) est constant pour tout n.
χ2(n),b = ξ
(3)χ3(n) ou` ξ
(3)
b est nul sauf lorsque b=1, auquel cas ξ
(3)
1 = 1
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Classe A Constantes de structure
I Cλµν = 0
II C123 = −C132 = 1
V I0 C
1
23 = −C132 = 1, C213 = −C231 = 1
V II0 C
1
23 = −C132 = 1, C213 = −C231 = −1
V III C123 = −C132 = 1, C231 = −C213 = 1, C312 = −C321 = −1
IX C123 = −C132 = 1, C231 = −C213 = 1, C312 = −C321 = 1
Classe B Constantes de structure
V C113 = −C131 = −1, C223 = −C232 = −1
IV C113 = −C131 = −1,C123 = −C132 = 1,C223 = −C232 = −1
V Ih C
1
23 = −C132 = 1, C213 = −C231 = 1, C113 = −C131 = −
√−h, C223 =
−C232 = −
√−h
V IIh C
1
23 = −C132 = 1, C213 = −C231 = −1, C113 = −C131 = −
√
h, C223 =
−C232 = −
√
h
TAB. 1.2 – Les constantes de structure des mode`les de Bianchi
Cette dernie`re e´quation donne
χ2(n),1 = χ
3
(n)
χ2(n),2 = 0
χ2(n),3 = 0
} ⇒ χ2(n) = χ3(n)x1 + const pour tout n
Partant de ces solutions, on forme trois vecteurs invariants de base:
|| χa(n) ||=

 0 0 11 x1 0
0 1 0

 et || χa(n) ||−1=|| χ(n)a ||=

 0 1 −x10 0 1
1 0 0


L’e´quation (1.2) permet d’e´crire
ω1 = dx2 − x1dx3
ω2 = dx3
ω3 = dx1
d’ou` la me´trique diagonale de type II de Bianchi
ds2 = −dt2 + g11(t)(dx2 − x2dx3)2 + g22(t)(dx3)2 + g33(t)(dx1)2
Dans le tableau 1.3, les 1-formes de´finissant chaque type de Bianchi sont indique´es.
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Classe A ω1 ω2 ω3
I dx1 dx2 dx3
II dx2 − x1dx3 dx3 dx1
V I0 chx
1dx2 + shx1dx3 shx1dx2 + chx1dx3 −dx1
V II0 cosx
1dx2 + sinx1dx3 −sinx1dx2 + cosx1dx3 −dx1
V III
dx1 + ((x1)2 − 1)dx2+
(x1 + x2 − (x1)2x2)dx3 2dx
1dx2 + (1− 2x1x2)dx3 −dx
1 − (1 + (x1)2)dx2+
(x2 − x1 + (x1)2x2)dx3
IX −sinx3dx1 + sinx1cosx3dx2 cosx3dx1 + sinx1sinx3dx2 cosx1dx2 + dx3
Classe B
V e−x
1
dx2 e−x
1
dx3 −dx1
IV e−x
1
dx2 + x1e−x
1
dx3 ex
1
dx3 −dx1
V Ih e
−ax1chx1dx2+ e−ax
1
shx1dx2+ −dx1
e−ax
1
shx1dx3 e−ax
1
chx1dx3
V IIh e
−ax1cosx1dx2+ −e−ax1sinx1dx2+ −dx1
e−ax
1
sinx1dx3 e−ax
1
cosx1dx3
TAB. 1.3 – Les 1-formes de´finissant les me´triques diagonales de Bianchi
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Chapitre 2
Ecriture des e´quations de champs des
the´ories tenseur-scalaires
Ce chapitre se de´compose en trois sections. Dans la premie`re on montre comment obtenir rapidement
les composantes non nulles du tenseur de courbure par la me´thode de Cartan. Dans la seconde, partant
de la forme la plus ge´ne´rale de Lagrangien pour les the´ories tenseur-scalaires, les e´quations de champs
des mode`les de Bianchi de la classe A sont de´duites. Enfin dans la troisie`me, on e´tudie le formalisme
Hamiltonien afin de trouver la forme des contraintes Hamiltoniennes dont nous nous servirons plus tard
pour obtenir les e´quations de Hamilton.
2.1 Calcul de la courbure d’une varie´te´ par la me´thode de Cartan
Avant de nous lancer dans les calculs, commenc¸ons par une petite biograpie de Cartan
dont le nom va revenir tout au long de cette section. Les sources de cette biographie que
nous reproduisons ici, se trouve sur le web a` l’adresse http://www.iecn.u-nancy.fr/Les-
Maths-A-Nancy/.
´Elie Cartan est ne´ le 9 avril 1869 a` Dolomieu (Dauphine´) ou` il fit ses e´tudes primaires.
Son pe`re e´tait le forgeron du village. Il poursuivi ses e´tudes au colle`ge de Vienne puis au
lyce´e de Grenoble. Au lyce´e Jeanson-de-Sailly, il suit la pre´paration a` l’Ecole Normale
Supe´rieure ou` il entre en 1888. Ses enseignants se nomment alors H. Poincare´, E. Picard et de C. Hermite. A
la suite de ces e´tudes, il obtient une bourse de la fondation Peccot. Ses premiers travaux, qui de´bouche`rent
sur sa the`se soutenue en 1894, portent sur les groupes de Lie simples complexes, ou` il reprend, corrige et
de´veloppe les re´sultats de structure et de classification obtenus par W. Killing.
Il commence alors sa carrie`re en obtenant un poste de lecteur a` l’Universite´ de Montpellier de 1894 a` 1896,
puis a` la Faculte´ des sciences de Lyon de 1896 a` 1903. En 1903, il est nomme´ professeur a` la Faculte´ des
sciences de Nancy, ou` il restera jusqu’en 1909. Il donne en meˆme temps des cours a` l’Ecole d’Electro-
technique et de Me´canique Applique´e. Il re´dige deux grands articles sur une ge´ne´ralisation en dimension
infinie des groupes de Lie simples et il e´labore entre autre la the´orie des formes exte´rieures dont nous allons
de´couvrir quelques e´le´ments dans ce qui suit.
En 1909, il vient enseigner a` la Sorbonne, ou` il est nomme´ professeur en 1912. Il assure par ailleurs un en-
seignement a` l’Ecole de Physique et Chimie de Paris. En 1914, il re´sout le proble`me de la classification des
groupes de Lie simples re´els et de´termine les repre´sentations de dimension finie de ces groupes. Pendant la
guerre, il sert comme sergent dans l’hoˆpital ame´nage´ dans les locaux de l’Ecole Normale Supe´rieure, tout en
continuant ses travaux en mathe´matiques. Son oeuvre mathe´matique ulte´rieure est conside´rable, avec pre`s
de 200 publications et de nombreux ouvrages. Parmi les the`mes aborde´s, mentionnons l’e´tude des varie´te´s
a` courbure constante ne´gative, la the´orie de la gravitation d’Einstein, la the´orie des connexions affines, les
groupes d’holonomie, les espaces riemanniens syme´triques, les spineurs. Il est aussi l’auteur de plusieurs
articles sur l’histoire de la ge´ome´trie.
Il prit sa retraite en 1940, et mourut le 6 mai 1951.
2.1.1 Diffe´rentiation des 1-formes de base
Nous allons e´tablir les e´quations de structure de Cartan qui permettent de trouver la courbure d’une
varie´te´ sans avoir a` calculer les composantes nulle du tenseur de courbure. A cette fin, introduisons le
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concept de diffe´rentiation des 1-formes de base.
Soit {~ei}, une base de vecteurs d’un espace de Riemann et {ω˜i} une base de 1-forme duale de la base des
{~ei}. On a:
~ei = a
s
i∂/∂x
s
ω˜i = b
i
sdx˜
s
as et bs e´tant des fonctions du temps t et donc, du fait de la relation de dualite´:
< ω˜i,~ei >= b
i
sa
t
jδ
s
t = δ
i
j
soit
bisa
s
j = δ
i
j (2.1)
On de´finit le produit exte´rieur d’une 1-forme par une 1-forme de la manie`re suivante:
µ˜ ∧ ν˜ = µ˜⊗ ν˜ − ν˜ ⊗ µ˜
µ˜ ∧ ν˜ = −ν˜ ∧ µ˜
µ˜ ∧ µ˜ = 0
ou` ⊗ de´signe le produit tensoriel. Alors la diffe´rentielle exte´rieure d’une 1-forme de base s’e´crira:
d˜ω˜i = d˜bis ∧ d˜xs = bis,td˜xt ∧ d˜xs
car d˜(d˜xs) = 0. A l’aide de (2.1), on obtient alors:
d˜ω˜i = bis,ta
t
ja
s
kω˜
j ∧ ω˜k (2.2)
et
(bisa
s
k),t = (δ
i
k),t = 0⇒ bis,task = −bisask,t
Par conse´quent, il vient pour (2.2):
d˜ω˜i = −bisask,tatjω˜j ∧ ω˜k (2.3)
Or seule la partie antisyme´trique du coefficient de ω˜j ∧ ω˜k importe car cette expression est antisyme´trique
sur les indices j et k, d’ou`:
d˜ω˜i = −1
2
bis(a
t
ja
s
k,t − atkasj,t)ω˜j ∧ ω˜k
De plus, on sait que:
[~ej ,~ek] = (a
t
ja
s
k,t − atkasj,t)bis~ei = Cijk~ei
le commutateur de deux vecteurs de base e´tant encore un vecteur de l’espace vectoriel de base et les C ijk
e´tant les coefficients de structure de la base conside´re´e. D’ou`:
d˜ω˜i = −1
2
Cijkω˜
j ∧ ω˜k (2.4)
Cette e´quation donne la diffe´rentielle exte´rieure des 1-formes de base en termes du produit exte´rieur de ces
1-formes de base.
2.1.2 Les e´quations de structure de Cartan
On de´finit l’ensemble des 1-formes de connexion affine ω˜ij par:
ω˜ij = Γ
i
jkω˜
k
avec ▽i~ej = Γkji~ek, ▽ e´tant la connexion affine de composantes Γ et avec la notation▽i = ▽~ei pour tout
vecteur ~ei appartenant a` la base de´finie plus haut. Nous ne conside`rerons exclusivement que des connexions
affines syme´triques, c’est-a`-dire telles que:
▽~u~v −▽~v~u = [~u,~v]
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quels que soient les champs de vecteurs ~u et ~v. Cette condition de syme´trie permet de de´duire pour les
vecteurs de base:
Γikj − Γijk = Cijk
Ainsi, (2.4) devient:
d˜ω˜i = −Γikjω˜j ∧ ω˜k
donnant la premie`re e´quation de structure de Cartan:
d˜ω˜i = −ω˜ik ∧ ω˜k (2.5)
Afin d’obtenir la seconde e´quation de structure de Cartan, il nous faut calculer la diffe´rentielle exte´rieure
des 1-formes de connexion affine :
d˜ω˜ij = Γ
i
js,tω˜
t ∧ ω˜s − 1
2
Γijlω˜
t ∧ ω˜s (2.6)
De plus:
ω˜il ∧ ω˜lj = ΓiltΓljsω˜t ∧ ω˜s (2.7)
Seule la partie antisyme´trique des coefficients de ω˜t ∧ ω˜s importe dans les relations (2.6-2.7). En les som-
mant, il vient:
d˜ω˜ij + ω˜
i
s ∧ ω˜sj =
1
2
(Γijs,t − Γijt,s − ΓijlClts + ΓiltΓljs − ΓilsΓljt)ω˜t ∧ ω˜s
Or l’ope´rateur de courbure est de´fini par:
R(~es,~et)~ej = ▽s(▽t~ej)−▽t(▽s~ej)−▽[~es,~et]~ej
= ▽s(▽t~ej)−▽t(▽s~ej)−▽[~es,~et]~ej − Clst ▽l ~ej
= Rijst~ei
car [~es,~et] = C
l
st~el et ou R
i
jst de´signe les composantes du tenseur de Riemann. D’ou`:
Rijst = −Γijs,t + Γijt,s + ΓijlClts − ΓiltΓljs + ΓilsΓljt
On obtient alors la seconde e´quation de structure de Cartan:
d˜ω˜ij + ω˜
i
s ∧ ω˜sj =
1
2
Rijstω
s ∧ ω˜t (2.8)
Ce sont ces deux e´quations de strucuture de Cartan qui servent au calcul du tenseur de courbure comme
nous allons l’expliquer dans les sections suivantes.
2.1.3 La me´thode de Cartan
Soit une varie´te´ M et sa me´trique riemannienne g, (M,g) donne univoquement naissance a` une de´rivation
covariante syme´trique ▽ associe´e. La condition de compatibilite´ riemannienne e´crite ci-dessous garantit
la compatibilite´ de▽ et g
▽~w(g(~u,~v)) = g(▽~w~u,~v) + g(~u,▽~w ~v)
ou` ~u, ~v et ~w sont des champs de vecteurs et g le tenseur me´trique de composantes gij . Cette condition
associe´e a` la premie`re e´quation de structure de Cartan permet de calculer univoquement les formes et sym-
boles de connexions a` partir de la me´trique et de la diffe´rentielle des formes de base. Elle s’e´crit alors:
d˜gij = ω˜ij + ω˜ji
avec ω˜ij = gisω˜
s
j = Γijkω˜
k
. Ainsi, si on choisit une base telle que gij = const, il vient:
d˜gij = 0 et ω˜ij = −ω˜ji (2.9)
La me´thode de Cartan est alors:
– On choisit une te´trade de vecteurs de base {~ei} et la te´trade duale de 1 − formes de base {ω˜i}
correspondante telles que gij = ~ei.~ej = const afin de pouvoir utiliser (2.9).
– On re´sout la premie`re e´quation de Cartan en utilisant (2.9) et on obtient alors les six 1-formes de
connexion affine ω˜ij .
– On utilise ces 2-formes afin de calculer les six 2-formes de courbure θ˜ij = d˜ω˜ij + ω˜ij ∧ ω˜lj et la
deuxie`me e´quation de structure afin d’obtenir les composantes du tenseur de courbure de Riemann
dans la base choisie.
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2.1.4 Application de la me´thode de Cartan
Nous allons montrer les premiers pas du calcul dans la base de Cartan canonique 1 des formes diffe´rentielles
{ω˜i} invariantes sous SO(3) et qui engendrent l’espace homoge`ne de type IX de Bianchi, des composantes
du tenseur de courbure de Riemann en appliquant la me´thode de Cartan. Pour cela, nous e´crivons la me´trique
sous la forme:
ds2 = −dt2 + e2α(ω˜1)2 + e2β(ω˜2)2 + e2γ(ω˜3)2
ou` les fonctions α, β et γ ne de´pendent que de t et les ωi sont les 1-formes de´finisant l’espace homoge`ne
de Bianchi de type IX :
ω˜0 = d˜t
ω˜1 = −sin(z)d˜x+ sin(x)cos(z)d˜y
ω˜2 = cos(z)d˜x+ sin(x)sin(z)d˜y
ω˜3 = cos(x)d˜y + d˜z
On calcule alors que:
d˜ω˜0 = 0
d˜ω˜1 = −cos(z)d˜z ∧ d˜x+ cos(x)cos(z)d˜x ∧ d˜y − sin(x)sin(z)d˜z ∧ d˜y
d˜ω˜2 = −sin(z)d˜z ∧ d˜x+ cos(x)sin(z)d˜x ∧ d˜y − sin(x)cos(z)d˜z ∧ d˜y
d˜ω˜3 = −sin(x)d˜x ∧ d˜y
d’ou`
d˜ω˜1 = ω˜2 ∧ ω˜3
d˜ω˜2 = ω˜3 ∧ ω˜1
d˜ω˜3 = ω˜1 ∧ ω˜2
On choisit une nouvelle base de 1-forme telle que les fonctions me´triques gij soient des constantes et une
nouvelle coordonne´e temporelle τ :
ν˜0 = d˜t = eα+β+γ d˜τ
ν˜i = eαi ω˜i
avec i = 1,2,3 et αi = α,β,γ et pas de sommation sur i. La me´trique s’e´crit alors:
ds2 = −(ν˜0)2 + (ν˜1)2 + (ν˜2)2 + (ν˜3)2
et on calcule que:
d˜ν˜1 = α′e−α−β−γ ν˜0 ∧ ν˜1 + eα−β−γ ν˜2 ∧ ν˜3
d˜ν˜2 = β′e−α−β−γ ν˜0 ∧ ν˜2 + eβ−α−γ ν˜3 ∧ ν˜1
d˜ν˜3 = γ′e−α−β−γ ν˜0 ∧ ν˜3 + eγ−α−β ν˜1 ∧ ν˜2
On se sert maintenant de la premie`re e´quation de Cartan sachant que par antisyme´trie:
ν˜ηη = 0
ν˜0η = ν˜
η
0
ν˜nm = ν˜
m
n
1. La base de Cartan canonique est la base o`u un maximum de constantes de structure valent 0 ou ±1
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sans sommation sur η = 0,1,2,3. La premie`re e´quation de Cartan et le calcul des d˜ν˜i ci-dessus permettent
d’e´crire:
−d˜ν˜0 = ν˜01 ∧ ν˜1 + ν˜02 ∧ ν˜2 + ν˜03 ∧ ν˜3 = 0
−d˜ν˜1 = ν˜10 ∧ ν˜1 + ν˜12 ∧ ν˜2 + ν˜13 ∧ ν˜3 = −(α′e−α−β−γ ν˜0 ∧ ν˜1 + eα−β−γ ν˜2 ∧ ν˜3)
−d˜ν˜2 = ν˜20 ∧ ν˜0 + ν˜21 ∧ ν˜1 + ν˜23 ∧ ν˜3 = −(β′e−α−β−γ ν˜0 ∧ ν˜2 + eβ−α−γ ν˜3 ∧ ν˜1)
−d˜ν˜3 = ν˜30 ∧ ν˜0 + ν˜31 ∧ ν˜1 + ν˜32 ∧ ν˜2 = −(γ′e−α−β−γ ν˜0 ∧ ν˜3 + eγ−α−β ν˜1 ∧ ν˜2)
En examinant ce syste`me d’e´quation, il vient que:
ν˜10 = α
′e−α−β−γ ν˜1
ν˜20 = β
′e−α−β−γ ν˜2
ν˜30 = γ
′e−α−β−γ ν˜3
ν˜12 =
1
2
e−α−β−γ(e2α + e2β − e2γ)ν˜3
ν˜31 =
1
2
e−α−β−γ(e2α − e2β + e2γ)ν˜2
ν˜23 =
1
2
e−α−β−γ(−e2α + e2β + e2γ)ν˜1
Afin de se servir de la deuxie`me e´quation de Cartan, on calcule les diffe´rentielles exte´rieures des ν˜ ij ainsi
que leur produits exte´rieurs dont on extrait les 2 formes de courbure:
θ˜uv = d˜ν˜
u
v + ν˜
u
s ∧ ν˜sv =
1
2
Ruvstν˜
s ∧ ν˜t avec u, v, s et t variant de 0 a` 3.
Par identification, on obtient donc les composantes du tenseur de Riemann. Dans ce qui suit, nous omme-
trons les tildes sur les 1-formes afin d’alle´ger l’e´criture.
2.2 Le formalisme Lagrangien
Sachant de´sormais calculer le tenseur de courbure d’un espace homoge`ne, nous allons voir comment
e´tablir les e´quations de champs d’une the´orie tenseur-scalaire spe´cifie´e par un Lagrangien.
2.2.1 Forme Ge´ne´rale des e´quations de champs
L’action d’une the´orie tenseur-scalaire peut eˆtre e´crite de la manie`re suivante:
S =
∫ [
G−1R− 1
2
2ω + 3
φ2
φ,µφ
,µ − U + 16πLm
]√−g
Lm repre´sente le Lagrangien d’un fluide parfait d’e´quation d’e´tat p = (δ−1)ρ, ou` p et ρ sont respectivement
la pression et la densite´ du fluide. G, ω et U sont trois fonctions du champ scalaire φ dont nous allons
commenter la signification.
– G est la fonction de gravitation. Lorsqu’elle est une constante, on dit que le champ scalaire est
minimalement couple´.
– ω est la fonction de couplage de Brans-Dicke. Elle repre´sente le couplage du champ scalaire avec la
me´trique et est ainsi appele´e car lorsqu’elle vaut une constante, on retrouve le couplage de la the´orie
de Jordan, Brans et Dicke.
– U est le potentiel et repre´sente le couplage du champ avec lui meˆme. Lorsque U 6= 0, on dit que le
champ scalaire est massif.
Cette action n’est pas la plus ge´ne´rale qu’il soit pour une the´orie tenseur-scalaire mais est repre´sentative de
la plupart des the´ories e´tudie´es dans la litte´rature. Ainsi:
– La the´orie de la Relativite´ Ge´ne´rale avec une constante cosmologique et un fluide parfait, souvent
conside´re´e comme le mode`le capable de de´crire notre Univers actuel, est tel que G repre´sente la
constante de gravitation,ω n’apparaıˆt pas dans l’action etU = 2Λ,Λ e´tant la constante cosmologique.
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– La the´orie de Brans-Dicke est retrouve´e pour G = φ−1 et ω = const. Cette the´orie a e´te´ initialement
imagine´e pour obtenir une the´orie relativiste de la gravitation compatible avec les ide´es de Mach et
est telle que la fonction de gravitation varie comme l’inverse du champ scalaire.
– La the´orie des cordes a` basse e´nergie sans son tenseur antisyme´trique est de´finie par G = eφ et
3 + 2ω = φe−φ
En variant l’action par rapport aux fonctions me´triques, on obtient les e´quations de champs:
Rµν − 1
2
gµνR = G[
1
2
2ω + 3
φ2
φ,µφ,ν − 1
2
2ω + 3
2φ2
φ,λφ
λgµν + (G
−1),µ;ν −
gµν✷(G
−1)− 1
2
Ugµν +
8π
c4
Tµν]
La courbure scalaire R vaut:
R = G
[
1
2
2ω + 3
φ2
φλφ
λ + 3✷G−1 + 2U − 8π
c4
T
]
On en de´duit une forme alternative des e´quations de champs:
Rµν = G
[
1
2
2ω + 3
φ2
φ,µφ,ν +G
−1
,µ;ν +
1
2
gµν✷G
−1 +
1
2
gµνU +
8π
c4
(Tµν − 1
2
gµνT )
]
(2.10)
L’e´quation de Klein-Gordon est obtenue en variant l’action par rapport au champ scalaire, ce qui nous
donne:
GG−1φ (
1
2
2ω + 3
φ2
φ,λφ
,λ + 3✷G−1 + 2U − 8π
c4
T ) + (−ωφ
φ2
− 3 + 2ω
φ2
)φ,λφ
λ −
Uφ +
2ω + 3
φ2
✷φ = 0
(2.11)
2.2.2 Equations de champs pour les mode`les de Bianchi de la classe A
Introduisant les diffe´rentes me´triques des mode`les de Bianchi de la classe A qui s’e´crivent sous la forme
ds2 = e2α+2β+2γdτ2 + e2α(ω1)2 + e2β(ω2)2 + e2γ(ω3)2
dans les e´quations de champs (2.10), il vient:
α′′G−1 + α′(G−1)′ + (1/2G−1)′′ − e6Ω [1/2U + 4π(2− δ)ρ0V −3δ] = G−1CLag1
β′′G−1 + β′(G−1)′ + 1/2(G−1)′ − e6Ω [1/2U + 4π(2− δ)ρ0V −3δ] = G−1CLag2
γ′′G−1 + γ′(G−1)′ + 1/2(G−1)′′ − e6Ω [1/2U + 4π(2− δ)ρ0V −3δ] = G−1CLag3
α′β′ + α′γ′ + β′γ′ + 3(α′ + β′ + γ′)GG−1, − 1/2GV 2U − 1
4
G(3 + 2ω)
φ′2
φ2
− 8πρ0GV 2−δ = CLag4
ou` V repre´sente le 3-volume de l’Univers eα+β+γ et ou la densite´ d’e´nergie du fluide parfait a e´te´ calcule´
en utilisant son e´quation de conservation et s’e´crit:
ρ = V −3δ
Les CLagi repre´sentent les potentiels de courbure des diffe´rents mode`les de Bianchi de classe A et sont
reproduits dans le tableau 2.1.
2.3 Le formalisme hamiltonien ADM
Il existe trois formulations hamiltoniennes principales de la relativite´ ge´ne´rale: ce sont les approches
d’Arnowitt, Deser et Misner (ADM), de Dirac et de Kucharˇ. La me´thode ADM choisit de re´soudre les
contraintes primaires qui proviennent du lagrangien singulier de la the´orie et de´veloppe ensuite la formu-
lation hamiltonienne en utilisant seulement les variables inde´pendantes dans l’espace de phases. Il faut
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I CLagi = 0
II −CLag1 = CLag2 = CLag3 = 2CLag4 = 12e4α
V I0 et V II0 −CLag1 = +CLag2 = 12 (e4α − e4β), CLag3 = 2CLag4 = 12 (e2α ± e2β)2
V III et IX Clag1 =
1
2
[
(e2β ± e2γ)2 − e4α], Clag2 = 12 [(e2α ± e2γ)2 − e4β]
Clag3 =
1
2
[
(e2α − e2β)2 − e4γ]
Clag4 =
1
4
[
e4α + e4β + e4γ − 2(e2(α+β) ∓ e2(α+γ) ∓ e2(β+γ))]
TAB. 2.1 – Les potentiels de courbure des mode`les de Bianchi pour le formalisme Lagrangien
cependant souligner que dans le cadre ge´ne´ral des the´ories de jauge, cette manie`re de proce´der ne peut
eˆtre conside´re´e comme ide´ale: elle occulte en effet ge´ne´ralement la covariance vis-a`-vis de syme´tries du
groupe de Poincare´ et, dans le cas de contraintes relie´es a` une invariance de jauge locale, elle ne parvient
pas toujours a` mettre en relief clairement certains aspects de l’invariance de jauge. Dans le contexte qui
nous inte´resse ici, la re´solution ADM des contraintes simplifie grandement le formalisme (qui ne com-
porte plus de degre´s de liberte´ redondants) ainsi que l’interpre´tation physique des re´sultats obtenus (ceci
est particulie`rement inte´ressant pour l’e´tude de l’influence de la courbure spatiale sur l’approche asymp-
totique de la singularite´ de mode`les anisotropes). L’approche de Dirac de´coule directement de la the´orie
de Dirac des syste`mes contraints et incorpore, sans les re´soudre, les contraintes dans le formalisme; elle
est particulie`rement adapte´e a` la quantification canonique de la the´orie. Quant a` la formulation de Kucharˇ,
e´galement inte´ressante au niveau de la quantification, elle place l’accent sur la signification ge´ome´trique de
la formulation hamiltonienne de la relativite´ ge´ne´rale. Nous suivons ici la me´thode ADM.
La de´monstration des re´sultats ADM est particulie`rement laborieuse ; on ne trouve souvent pas, dans la
litte´rature, ces calculs effectue´s explicitement. L’appendice B du me´moire de licence de G. Rossi (Forma-
lisme hamiltonien en relativite´ ge´ne´rale et en cosmologie, Universite´ de Lie`ge, Faculte´ des sciences, Institut
de mathe´matiques, 1973-1974), dirige´ par J. Demaret, indique les principales e´tapes techniques. Des notes
non publie´es de P. Tombal et de A. Moussiaux (Le formalisme hamiltonien en relativite´ ge´ne´rale (premie`re
version), Faculte´s universitaires Notre-Dame de la Paix, Namur) et un document e´galement non publie´ de
C. Scheen (Introduction au formalisme hamiltonien ADM de la relativite´ ge´ne´rale, Universite´ de Lie`ge,
Institut d’astrophysique et de ge´ophysique, 1992-1993), plus syste´matique et complet, pre´sentent tous les
de´tails de calcul. Je remercie tout particulie`rement le docteur Christian Scheen qui a corrige´ cette section.
qui s’inspire de ces trois travaux et propose un re´sume´ des e´tapes les plus techniques.
Le formalisme hamiltonien pre´sente plusieurs avantages sur le formalisme lagrangien. Il permet d’e´crire
les e´quations de champs sous la forme d’un syste`me du premier ordre au lieu du second et l’interpre´tation
physique des re´sultats y est plus facile comme le montre par exemple la clarete´ de l’approche chaotique de
la singularite´ explique´e par Misner en utilisant le formalisme ADM par rapport a` celle utilise´e par Belinskii-
Khalatnikov-Lifshitz(BKL) avec le formalisme lagrangien.
Dans un premier temps, nous allons rechercher la forme hamiltonienne de l’action de la relativite´
ge´ne´rale:
S =
∫
M
R
√−g d4x (2.12)
que nous ge´ne´raliserons au cas de la pre´sence d’un champ scalaire.
La relativite´ ge´ne´rale est l’exemple typique d’une the´orie qui a la proprie´te´ de covariance pour tout
changement de coordonne´es dans l’espace-temps ; on dit encore qu’elle est parame´trise´e a priori. En the´orie
hamiltonienne classique, il est possible d’inclure la variable temporelle dans les variables dynamiques ; la
parame´trisation de cette the´orie fait apparaıˆtre des contraintes et le proble`me variationnel est d’extre´maliser
une forme de l’action ou` ces contraintes sont introduites via des multiplicateurs de Lagrange. Manifes-
tement, l’action (2.12) ne se trouve pas sous une forme approprie´e – les contraintes n’apparaissent pas
explicitement. En outre, dans le cadre du formalisme hamiltonien, le temps, se´pare´ des autres variables, est
conside´re´ comme un parame`tre. La premie`re chose a` faire est donc de re´e´crire l’action (2.12) en scindant
l’espace et le temps, c’est-a`-dire en utilisant une de´composition 3 + 1 de l’espace-temps. Ce faisant, nous
verrons que l’action peut s’e´crire sous la forme hamiltonienne ADM :
S =
∫ [
−gij ∂π
ij
∂t
−NC0 −N iCi − 2
(
πijNj − 1
2
N iTr(π) +N |i
√
g
)
,i
]
d4x (2.13)
qui nous permettra de de´duire les contraintes hamiltoniennes.
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2.3.1 Ecriture de l’action des the´ories tenseurs-scalaires a` l’aide de la de´composition
3 + 1 de l’espace-temps
De´composition 3 + 1 de l’espace temps
La de´composition 3 + 1 de l’espace-temps consiste a` le se´parer en une se´rie d’hypersurfaces spatiales
parame´trise´es par la variable temporelle t. Commenc¸ons par de´finir les fonctions lapse et shift.
Soit deux hypersurfacesΣ(t) et Σ(t+ dt) repre´sente´es sur la figure 2.1 et leurs 3-me´triques, respective-
ment (3)gij(t,xk) dxi dxj et (3)gij(t+dt,xk) dxi dxj . Soit le pointP1 de coordonne´es (xi,t) sur Σ(t). Nous
de´finissons le point P2 comme e´tant l’intersection de Σ(t+ dt) et de la normale a` Σ(t) en P1. L’intervalle
de temps propre dτ = N dt entre P1 et P2 de´finit alors la fonction lapse N(xk,t). De´finissons le point P3
de Σ(t+ dt) comme e´tant le point de cette hypersurface posse´dant les meˆmes coordonne´es spatiales que le
pointP1. Le pointP3 a donc pour coordonne´es (xi,t+dt) et le pointP2, les coordonne´es (xi−N i dt,t+dt).
Le vecteur qui relie P2 et P3 de´finit alors les fonctions shift N i(xk,t). Soit le point P4 de Σ(t+dt) de coor-
donne´es (xi+dxi,t+dt) et le point P6 de Σ(t) posse´dant les meˆmes coordonne´es spatiales que le point P4,
soit (xi + dxi,t). On de´finit P5 comme e´tant l’intersection de la normale de Σ(t+ dt) en P4 avec Σ(t). Les
coordonne´es de P5 sont alors (xi + dxi +N i dt,t).
(t+dt)
(t)
t

P1(xi,t)
P6(xi+dxi,t)
P5(xi+dxi+Ni dt,t)
P4(xi+dxi,t+dt)
P3(xi,t+dt)
P2(xi-Ni dt,t+dt)
ds2
d 2=N(xk,t)dt
FIG. 2.1 – La de´composition 3 + 1 de l’espace temps.
On peut de´sormais exprimer l’intervalle de longueur ds2 entre les pointsP1 etP4 a` l’aide de la 3-me´trique (3)gij
en termes des fonctions shift et lapse. Ecrivant le the´ore`me de Pythagore dans le 4-espace non euclidien de
signature (−,+,+,+), il vient :
ds2 = (4)gαβ dx
α dxβ
= (3)gij(x
k,t)
(
xi(P5)− xi(P1)
)(
xj(P5)− xj(P1)
)− dτ2
= (3)gij(x
k,t)(dxi +N i dt)(dxj +N j dt)−N2 dt2
ce qui nous donne pour la me´trique :
(4)gαβ =
(
(4)g00
(4)g0j
(4)g0i
(4)gij
)
=
( −N2 +(3) gijN iN j (3)gijN i
(3)gijN
j (3)gij
)
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soit, en posant Ni
.
= (3)gijN
j :
(4)gαβ =
(
NkN
k −N2 Nj
Ni
(3)gij
)
(2.14)
et en servant du fait que (4)gαβ(4)gβγ = δγα :
(4)gαβ =
( −N−2 NjN−2
NiN
−2 (3)gij −N iN jN−2
)
(2.15)
Pour calculer le de´terminant (4)g de la 4-me´trique, on peut se servir du the´ore`me de Frobenius-Schur
qui montre que si A, B, C et D sont quatre matrices carre´es, le de´terminant de la matrice :
∆ ≡
(
A B
C D
)
(2.16)
est det(∆) = det(D) det(A−BD−1C). On en de´duit donc que :√
−(4)g = N
√
(3)g (2.17)
Avant de poursuivre, il nous faut de´finir le concept de courbure extrinse`que qui caracte´rise la courbure
d’une hypersurface immerge´e dans une varie´te´ de dimension supe´rieure (par exemple d’une hypersurface
spatiale que l’on plonge dans une 4-ge´ome´trie). La courbure extrinse`que caracte´rise la manie`re dont une
varie´te´ est incluse dans un espace de dimension supe´rieure. Par exemple, une feuille de papier a` deux di-
mensions que l’on tord dans un espace a` trois dimensions posse`de une courbure extrinse`que relativement
a` cet espace. Au contraire, notre Univers posse`de une courbure intrinse`que qui ne ne´cessite pas de dimen-
sions supple´mentaires pour eˆtre de´finie. Dans le cas qui nous inte´resse ici, la courbure extrinse`que d’une
hypersurface spatiale est une mesure de la variation de direction de la normale ~n a` l’hypersurfaceΣ(t) entre
deux points infiniment voisins sur Σ(t) et est de´finie par :
Kij
.
= −ni;j = −~ej · ∇i~n (2.18)
Les relations de Gauss-Weingarten et de Gauss-Codazzi : re´e´criture de l’action
De`s que la courbure extrinse`que est connue, on peut exprimer la de´rive´e covariante des vecteurs de
base ~ej de l’hypersurface spatiale Σ dans l’espace-temps, en termes de quantite´s qui de´pendent de Σ seule.
Ce sont les relations de Gauss-Weingarten qui s’e´crivent :
(4)∇i~ej = −Kij~n+ (3)Γkij~ek (2.19)
Les relations de Gauss-Codazzi, quant a` elles, tentent d’exprimer la courbure intrinse`que de l’espace-
temps en fonction des courbures intrinse`que et extrinse`que de l’hypersurface. Elles s’expriment comme :
(4)R0ijk = Kik|j −Kij|k (2.20)
(4)Rmijk = −(KijKmk −KikKmj) +(3) Rmijk (2.21)
(4)Ri0k0 = Kik,n +K
m
k Kim (2.22)
ou` | de´signe la de´rive´e covariante dans l’hypersurface. Ces relations nous permettent de re´e´crire la courbure
scalaire en fonction des courbures intrinse`que et extrinse`que de l’hypersurface. En effet, on peut e´crire :
(4)R = (4)Rijij − 2(4)Rj0j0
Le membre de droite ne contenant que des termes explicite´s par les relations de Gauss-Codazzi et
de´finissant Tr(K2) .= KjkKjk et K
.
= Kii
.
= Tr(K), on calcule que :
(4)Rijij = g
ikgjm(4)Rkmij =
(3)R− Tr(K2) +K2
et :
(4)Rj0j0 = g
jk(4)Rk0j0 = K,n +Tr(K
2)−Kkjgjk,n
Comme, de plus, on peut montrer que :
gjk,n = 2K
jk
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il vient alors pour la courbure scalaire :
(4)R = (3)R+Tr(K2) +K2 − 2K,n (2.23)
Se servant de cette dernie`re relation et de (2.17), nous pouvons re´e´crire l’action (2.12) de Hilbert de la
manie`re suivante :
S =
∫
M
N
√
(3)g
(
(3)R+Tr(K2)−K2) d4x− 2N ∫
∂M
K
√
(3)g d3x (2.24)
Le terme de surface peut eˆtre e´limine´ en imposant des conditions spe´cifiques a` la frontie`re de la varie´te´
ou en ajoutant a` l’action de de´part un autre terme de surface compensant celui de (2.24) – dans ce dernier
cas, on e´limine le terme de surface en prenant comme action de de´part :
S =
∫
M
(4)R
√
−(4)g d4x+ 2
∫
∂M
K
√
(3)g d3x (2.25)
Dans le cas d’espaces ferme´s, l’e´limination du terme de surface ne pose aucun proble`me (il est sans
influence sur les e´quations de champs lorsque l’on varie la ge´ome´trie a` l’inte´rieur de la surface frontie`re de
la varie´te´). Pour des espaces ouverts asymptotiquement plats, par contre, il est ne´cessaire d’ajouter un terme
de surface. Quoi qu’il en soit, de la fac¸on dont on se de´barrasse de ce terme de surface, on obtient :
S =
∫
M
N
√
(3)g
(
(3)R+Tr(K2)−K2) d4x (2.26)
Dans ce qui suit, nous allons re´e´crire l’action (2.25) a` l’aide de la de´composition 3 + 1.
Ecriture de l’action sous la forme 3 + 1
Afin d’e´crire l’action ci-dessus sous la forme d’une de´composition 3 + 1, il nous faut re´aliser cette
transformation pour :
1. les symboles de Christoffel qui s’e´crivent :
Γγαβ =
1
2
gγδ
(
gαδ,β + gδβ,α − gαβ,δ
)
2. le tenseur de Ricci qui s’e´crit :
(4)Rij = Γ
α
ij,α − Γαiα,j + ΓαijΓβαβ − ΓαiβΓβjα
3. la courbure scalaire qui s’e´crit (4)R = (4)Rαα, et donc l’action.
Afin d’e´crire les symboles de Christoffel Γ, nous introduisons la de´finition suivante :
ξj
.
=
N j
N
et de´finissons les composantes du tenseur Λ, les 3-symboles de Christoffel relatifs a` l’hypersurface, comme :
Λjik
.
=
1
2
(3)gjm
(
(3)gim,k +
(3)gmk,i − (3)gik,m
)
Apre`s de longs calculs, on obtient les formes suivantes des symboles de Christoffel :
Γ000 =
1
N
∂0N +N|iξi −NξiξjKij
Γi00 = Nγ
ij∂0ξj +
1
2
γij
[
N2(1− ξmξm)
]
,j
−NN|jξiξj +N2ξiξjξkKjk
Γjik = Λ
j
ik + ξ
jKik
Γ00i =
N|i
N
−Kijξj
Γji0 = N(−Kji + ξj|i + ξjKimξm)
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On les injecte alors dans l’expression des composantes spatiales du tenseur de Ricci (4)Rij qui s’ex-
priment en fonction des symboles de Christoffel comme :
(4)Rij = Γ
α
ij,α − Γαiα,j + ΓαijΓβαβ − ΓαiβΓβjα
Il vient donc :
(4)Rij =
(3)Rij − 1
N
∂0Kij − 1
N
(
N|ij −N|iKjkξk −N|jKikξk
)
+KijK − 2KikKkj +Kikξk|j +Kjkξk|i + ξkKij|k (2.27)
ou` (3)Rij est le tenseur de Ricci d’une hypersurface et est donc de´fini de manie`re conventionnelle en fonc-
tion de ses symboles de Christoffel :
(3)Rij = Λ
k
ij,k − Λkik,j + ΛkijΛlkl − ΛkilΛljk
Pour poursuivre notre calcul, nous devrions e´galement e´crire explicitement les composantes (4)R0i et
(4)R00 du tenseur de Ricci. Cependant, ces calculs sont nettement plus laborieux que ceux qui conduisent
aux composantes purement spatiales (2.27) du tenseur de Ricci. En fait, il suffit d’utiliser un syste`me de
re´fe´rence qui simplifie le calcul sans pour autant occulter les informations relatives a` la liberte´ de choix du
syste`me de re´fe´rence, en relativite´ ge´ne´rale. Nous utiliserons le syste`me de re´fe´rence de´fini par les relations :
~n
.
=
1
N
∂
∂t
− N
i
N
∂
∂xi
~ei
.
=
∂
∂xi
Dans ce syste`me particulier, on a gnn = ~n · ~n = −1, gni = ~n · ~ei = 0, gij = ~ei · ~ej . La courbure
scalaire (4)R s’e´crit alors (4)R = 2Gnn + 2gij(4)Rij , ou` Gαβ de´signe le tenseur d’Einstein. En vertu des
relations de Gauss-Codazzi (2.21), on obtient :
Gnn = −
1
2
(
(3)R+K2 −KijKij
)
On introduit cette expression et (2.27) dans la courbure scalaire donne´e par (4)R = 2Gnn + 2gij(4)Rij ,
afin d’obtenir :
(4)R = (3)R+K2 −KijKij − 2
N
gij∂0Kij − 2
N
N
|i
|i +
4
N
N|iK
i
kξ
k
−2KijKij + 4Kikξk|i + 2gijKij|kξk
ou` (3)R est le scalaire de courbure relatif a` l’hypersurface ; il s’exprime comme :
(3)R = 2(3)R1212 + 2
(3)R1313 + 2
(3)R2323
Finalement, l’action dans la de´composition 3 + 1 prendra la forme suivante :
S =
∫
M
d4x
√
g
[
− gij ∂Kij
∂t
− ∂K
∂t
+N
(
(3)R+K2 −KijKij
)
+ 2N iδjiK|j
−2N |i|i + 2N |iKijξj + 2NKijξj|i
]
(2.28)
2.3.2 Identification de la forme 3 + 1 de l’action avec sa forme dans le formalisme
hamiltonien
Nous de´sirons maintenant de´montrer l’e´quivalence entre la forme (2.28) de l’action et sa forme adapte´e
au formalisme hamiltonien :
S =
∫
M
d4x
[
−gij ∂π
ij
∂t
−NC0 −N iCi − 2
(
πijNj − 1
2
N iTr(π) +N |i
√
g
)
,i
]
(2.29)
Pour cela, nous de´finissons les moments canoniquement conjugue´s πij :
πij
.
=
√
g(gijK −Kij) (2.30)
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et introduisons le superhamiltonien comme :
C0 = −((3)R+K2 −KijKij)√g = −√g(3)R+√g(KijKij −K2) (2.31)
Or, on calcule que :
KijK
ij −K2 = 1
g
[
Tr(π2)− 1
2
(
Tr(π)
)2]
et par conse´quent, il vient :
C0 = −√g(3)R+ 1√
g
[
Tr(π2)− 1
2
(
Tr(π)
)2] (2.32)
D’autre part, on peut e´galement montrer que :
− gij ∂π
ij
∂t
=
√
g
(
−gij ∂Kij
∂t
− ∂K
∂t
)
(2.33)
Enfin, on introduit les supermoments Ci via :
−NiCi = −2N i(Kji − δjiK)|j
√
g = 2N i
[−√g(Kji − δjiK)]|j (2.34)
que l’on peut re´e´crire :
Ci = −2πji|j = 2
√
g(Kji − δjiK)|j
Ci = −2πij|j = 2
√
g(Kij − gijK)|j
En inse´rant l’ensemble de ces re´sultats dans l’action (2.29), on retrouve bien, apre`s quelques calculs
supple´mentaires, l’action e´crite a` l’aide de la de´composition 3 + 1.
2.3.3 Formulation des contraintes ADM de la relativite´ ge´ne´rale
Les moments canoniques πij sont naturellement de´finis par :
πij
.
=
δL
δg˙ij
L e´tant le lagrangien. L’action du formalisme hamiltonien s’e´crit :
S =
∫
M
(
πij
∂gij
∂t
−NC0 −N iCi
)
d4x (2.35)
La de´monstration de l’e´quivalence entre l’expression ci-dessus et la forme (2.12) de l’action revient a`
assurer l’e´quivalence entre les actions (2.26) et (2.13). Par conse´quent, en variant (2.35) par rapport aux
fonctions lapse et shift, les multiplicateurs de Lagrange, on obtient les contraintes :
C0 = −√g(3)R+ 1√
g
[
Tr(π2)− 1
2
(
Tr(π)
)2]
= 0 (2.36)
Ci = −2πji|j = 0 (2.37)
Les contraintes gouvernent la dynamique de la ge´ome´trie et constituent, dans le meˆme temps, des condi-
tions aux valeurs initiales. En raison des contraintes Cµ = 0, il est impossible de choisir librement les
champs (3)gij et πij sur l’hypersurface initiale Σ(t0). Les e´quations dynamiques dictent le changement de
la ge´ome´trie intrinse`que et de la courbure extrinse`que d’une hypersurface lorsque l’on se de´place d’une
hypersurface a` une hypersurface voisine. Si les contraintes sont satisfaites sur Σ(t0) et si les champs cano-
niquement conjugue´s e´voluent en ve´rifiant les e´quations dynamiques, alors les contraintes sont conserve´es
dans le temps.
En vertu des contraintes, quatre des champs (3)gij et πij peuvent eˆtre exprime´s en fonction des autres ;
en outre, l’imposition des conditions de coordonne´es fixe quatre des champs restants. Seules demeurent
deux paires de variables canoniques ; le paragraphe suivant montre comment l’approche ADM se rame`ne a`
ces deux degre´s de liberte´ physiques.
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2.3.4 Formulation ADM des the´ories tenseurs-scalaires minimalement couple´es et
massives en l’absence de fluide parfait
Afin de savoir comment sont modifie´es les e´quations de contraintes (2.36) et (2.37) en pre´sence d’un
champ scalaire, nous allons e´crire la de´composition 3 + 1 de la partie de l’action comprenant le champ
scalaire :
S =
∫ [
R− 1
2
2ω + 3
φ2
φ,µφ
,µ − U + 16πLm
]√
−(4)g d4x
Dans un premier temps, nous re´e´crivons le terme contenant la fonction de couplage ω de Brans-Dicke
de la manie`re suivante :
− (3/2 + ω)φ,µφ,µφ−2
√
−(4)g = (3/2 + ω)φ˙2φ−2N−1√g (2.38)
En tenant compte de cette dernie`re expression, nous pouvons exprimer le moment conjugue´ du champ
scalaire :
πφ
.
=
∂I
∂φ˙
= (3 + 2ω)φ˙φ−2N−1
√
g (2.39)
ou` I est le Lagrangien de l’action ci-dessus. De cette dernie`re e´quation, on de´duit :
φ˙ = πφ
N√
g
φ2
3 + 2ω
(2.40)
ce qui nous permet de re´e´crire (2.38) de la manie`re suivante :
−(3/2 + ω)φ,µφ,µφ2
√
(4)g =
(3/2 + ω)
φ2
1
N
√
gπ2φ
N2
g
φ4
(3 + 2ω)2
=
1
2
φ2
3 + 2ω
N√
g
π2φ
A la contrainte (2.36) vont donc venir s’ajouter des termes C0φ issus de la pre´sence d’une fonction de
couplage et d’un potentiel, C0φ e´tant tel que :
1
2
φ2
3 + 2ω
N√
g
π2φ −NU
√
g = πφφ˙−NC0φ (2.41)
D’ou`, en se servant de l’expression de πφ donne´e par (2.39) et de φ˙, il vient :
C0φ = −1
2
φ2
3 + 2ω
1√
g
π2φ + πφ
φ˙
N
+ U
√
g
= −1
2
φ2
3 + 2ω
1√
g
π2φ +
φ2
3 + 2ω
1√
g
π2φ + U
√
g
=
1
2
φ2
3 + 2ω
1√
g
π2φ + U
√
g
La forme finale de la contrainte C0, en tenant compte de la pre´sence du champ scalaire, est donc :
C0 = −√g(3)R+ 1√
g
[
Tr(π2)− 1
2
(
Tr(π)
)2]
+
1
2
φ2
3 + 2ω
1√
g
π2φ + U
√
g
Si l’on utilise la me´trique suivante :
ds2 = −N2dΩ+R20e−2Ω
(
eβ++
√
3β−(ω1)2 + eβ+−
√
3β−(ω2)2 + e−2β+(ω3)2
)
et la parame´trisation de Misner [24, ?] :
pik = 2ππ
i
k −
2
3
πδikπ
l
l
6pij = diag
(
p+ +
√
3p−,p+ −
√
3p−,− 2p+
)
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cette contrainte s’e´crit :
C0 = −R30e−3Ω
[
(3)R+
1
R60e
−6Ω
(
1
6
(πkk)
2 − 1
24π2
(p2+ + p
2
−)
)]
+
1
2R30e
−3Ω
φ2π2φ
(3 + 2ω)
+R30e
−3ΩU
π e´tant le nombre dans cette dernie`re expression, et l’action devient :
S =
∫
p+ dβ+ + p− dβ− + pφ dφ−H dΩ
avec l’hamiltonien ADM H = 2ππkk et pφ = πΠφ. En utilisant la contrainte C0 = 0, on peut alors de´duire
pour H :
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU (2.42)
Les degre´s de liberte´ physiques ont e´te´ isole´s, mais sous cette forme la the´orie n’est plus covariante –
les contraintes ont e´te´ re´solues et les conditions de coordonne´es fixe´es. La perte de covariance est d’ailleurs
patente : le hamiltonien ADM n’est pas nul, tandis que l’annulation du hamiltonien est caracte´ristique des
syste`mes contraints.
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Troisie`me partie
Diffe´rentes me´thodes pour l’e´tude des
cosmologies homoge`nes en the´ories
tenseur-scalaires
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Chapitre 1
Introduction
Cette partie constitue la premie`re e´tape de notre travail de the`se: nous cherchons une me´thode unifie´e
nous permettant d’e´tudier un maximum de mode`les homoge`nes afin de contraindre un large e´ventail de
the´ories tenseur-scalaires.
De telles me´thodes existent qui permettent d’e´tudier tous les mode`les de Bianchi mais pas toutes les the´ories
tenseur-scalaires. Ainsi, le formalisme Hamiltonien ADM a` permis d’analyser l’approche de la singularite´
des mode`les de Bianchi de la classe A en Relativite´ Ge´ne´rale dans le vide a` l’aide d’une repre´sentation
quantitative d’un point heurtant des murs de potentiels. Les me´thodes d’analyse dynamique d’Ellis et
Wainwright[25] permettent de de´crire l’e´volution d’un Univers a` l’aide de ses points d’e´quilibre et s’ap-
pliquent a` des mode`les homoge`nes comme inhomoge`nes, avec un fluide parfait ou tilte´, etc. Cependant,
nous n’avons pas trouve´ dans la litte´rature de me´thodes permettant d’obtenir des re´sultats ge´ne´raux sur
l’e´volution des cosmologies homoge`nes quelque soit la the´orie tenseur-scalaire envisage´e. Par exemple,
dans la recherche de conditions menant un Univers anisotrope vers l’isotropie, les me´thodes employe´es
sont le plus souvent spe´cifiques a` une the´orie tenseur-scalaire pre´cise mais inadaptables pour d’autres.
Dans ce qui suit, nous allons pre´senter a` travers une se´rie d’articles, les diffe´rentes me´thodes dont nous
nous sommes servis pour tenter de contraindre les the´ories tenseur-scalaires a` travers l’e´tude des cosmolo-
gies homoge`nes. Dans les chapitres 2 et 3 nous rechercherons les solutions exactes des e´quations de champs
en se donnant respectivement une the´orie tenseur-scalaire et en calculant ses solutions ou vice-versa. Dans
le chapitre 4, on s’inte´resse a` l’e´volution dynamique de l’Univers par rapport a` la de´pendance des signes
des de´rive´es premie`res et secondes des fonctions me´triques vis a` vis d’une the´orie tenseur-scalaire de´finie
par une fonction de Brans-Dicke ω et une fonction de gravitation φ−1. Ces re´sultats sont ge´ne´ralise´s dans
le chapitre 5 pour une fonction de gravitation inconnue. Dans le chapitre 6, on e´tudie une the´orie tenseur
scalaire massive a` l’aide du formalisme Hamiltonien et on recherche les conditions pour que l’Univers soit
asymptotiquement en expansion et isotrope. Dans le chapitre 7, on conside`re l’existence d’un singularite´
initiale pour une the´orie tenseur-scalaire non minimalement couple´e et sans masse, en examinant la diver-
gence des scalaires de courbure, de Ricci et de Kretchmann. Le chapitre 8 examine les contraintes portant
sur les the´ories tenseur-scalaires lorsqu’on leur impose une syme´trie de Noether.
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Chapitre 2
Solutions exactes pour le mode`le de
Bianchi de type I: en se donnant des
fonctions du champ scalaire(1 article)
La me´thode la plus directe pour e´tudier les mode`les cosmologiques homoge`nes en pre´sence de champs
scalaires est inde´niablement la recherche des solutions exactes d’une the´orie tenseur-scalaire comple`tement
de´finie, c’est-a`-dire dont toutes les fonctions du champ scalaire sont connues. Certaines solutions exactes
jouent un roˆle conside´rable en cosmologie. Ainsi la solution de Kasner concernant le mode`le de Bian-
chi de type I en Relativite´ Ge´ne´rale sert a` de´crire le comportement asymptotique de nombreux mode`les
homoge`nes a` l’approche de la singularite´. La solution de Schwarshild caracte´rise les effondrements gra-
vitationnels. La solution de De Sitter est incontournable dans de nombreux mode`les inflationnaires. Le
mode`le de Lemaıˆtre pre´sente une pe´riode d’expansion de´ce´le´re´e suivie d’une pe´riode acce´le´re´e, transition
re´cemment de´tecte´e pour notre Univers. Il en existe e´videment bien d’autres.
Dans l’article qui suit nous allons aborder la recherche de solutions exactes pour le mode`le de Bianchi de
type I et pour une the´orie tenseur-scalaire non minimalement couple´e de´finie par:
L = −φR+ ωφ,αφ,αφ−1
ou` ω est la fonction de Brans-Dicke dont nous conside`rerons les formes particulie`res suivantes:
3 + 2ω(φ) = 2β(1− φ/φc)−α
3 + 2ω(φ) = φ2cφ
2m
3 + 2ω(φ) = e2φcφ
Afin de simplifier la recherche de solutions exactes, il est possible et meˆme souvent recommande´ d’utiliser
une transformation conforme de la me´trique gαβ de´finie par:
g˜αβ = φgαβ
Elle a pour effet de rendre le champ scalaire minimalement couple´: le Lagrangien devient celui de la Rela-
tivite´ Ge´ne´rale plus un champ scalaire minimalement couple´, a` savoir:
L = R− 3 + 2ω
φ2
φ,αφ
,α
Le re´fe´rentiel de´crit par les fonctions me´triques gαβ est traditionnellement appele´ re´fe´rentiel de Brans-Dicke
alors que celui de´crit par g˜αβ est appele´ re´fe´rentiel d’Einstein.
Trouver des solutions exactes physiquement inte´ressantes n’est pas une tache facile d’autant plus que la
tendance est a` la complexification des the´ories et de leur contenu: variation de la constante de gravitation,
du potentiel, de la vitesse de la lumie`re, prise en compte de fluide plus complexes que les fluides par-
faits(dissipatif, gaz de chaplygin), radiation noire provenant des cosmologies branaires. Bien souvent, il
apparaıˆt meˆme difficile de pre´ciser ce que serait une solution physiquement inte´ressante tellement les possi-
bilite´s sont grandes et le danger est de ne produire qu’une solution dont l’inte´reˆt est purement mathe´matique.
Face a` la diversite´ que pre´sentent les the´ories tenseur-scalaires, la recherche de solutions exactes n’apparaıˆt
donc pas comme e´tant la me´thode la mieux adapte´e pour contraindre ces the´ories.
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Generalised scalar-tensor theory in the Bianchi type I
model
Ste´phane Fay
66 route de la Monte´e Jaune
37510 Savonnie`res
France
Abstract
We use a conformal transformation to find solutions to the generalised scalar-tensor theory, with a cou-
pling constant dependent on a scalar field, in an empty Bianchi type I model. We describe the dynamical
behaviour of the metric functions for three different couplings: two exact solutions to the field equations
and a qualitative one are found. They exhibit non-singular behaviours and kinetic inflation. Two of them
admit both General Relativity and string theory in the low-energy limit as asymptotic cases.
Key words: Bianchi models; Generalised scalar-tensor theory; Exact solution; non-singular Universe; Ki-
netic inflation.
Published in: Gen. Rel. Grav., Vol 32, Num 2, 2000
2.1 Introduction
Scalar-tensor theories seem to be essential to describe gravitational interactions near the Plank scale :
string theory, higher order theories in the Ricci scalar [26], extended inflation and many others theories
imply scalar field.
The generalised scalar-tensor Lagrangian has the same form as the Brans-Dicke theory [7] but with a
coupling constant ω depending on the scalar field. Such a theory is interesting for many reasons. Hence,
if we choose ω as a constant, the Lagrangian is identical to Brans-Dicke Lagrangian. This theory tends to
General Relativity for large value of the coupling constant (ω > 500). But, if we choose ω = −1, the Brans-
Dicke theory is identical to the string theory in the low-energy limit. Hence, the generalised scalar-tensor
theory seems to be able to build a ” bridge ” between string theory and General Relativity. Other reasons, as
inflation, can be put forward : such a theory with a varying coupling constant, may drive the scale factors to
accelerate without potential or cosmological constant [27, 28], i.e. called kinetic inflation.
The generalised scalar-tensor theory has been studied by many authors and the method we will use to
find exact solutions has always been described in [29] in the presence of matter in the Lagrangian. Here, we
will consider the empty Bianchi type I Universe, which is spatially flat, and will use three different forms of
the coupling constant ω(φ). The first form, 2ω(φ) + 3 = 2β(1− φ/φc)−α, has been introduced by Garcia-
Bellido and Quiros [30] and studied by Barrow [31] in the context of a FLRW flat model with vacuum or
radiation. It has also been studied in [29], for a Bianchi type I model, where a solution is found in presence
of matter. In this paper, we will write explicitly an exact solution and will study the dynamical behaviour
of the metric functions which depends on the integration constant. We will cast light on interesting features
such as kinetic inflation. The second form is a power law type, 3+2ω(φ) = φ2cφ2m. Here again, we will give
explicitly an exact solution and study it. An interesting feature is the possibility of a non-singular Universe.
The third form is an exponential law type, 3 + 2ω(φ) = e2φcφ and will be studied qualitatively. These two
last laws seem interesting because power and exponential laws are very present in physics. They play a
fundamental role for the metric functions of course, but also when we consider a potential V (φ) [32] giving
birth to extended or chaotic inflation [33]. Moreover, we will see how the power law form of the coupling
constant is linked to minimally coupled and induced gravity for large or small values of the scalar field.
This paper is organised as follows. In section 2.2, we write field equations in both Brans-Dicke and
conformal frame and explain how to proceed to solve them. In section 2.3, we derive solution for each of
the three forms of ω(φ) and study them.
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2.2 Field equations.
2.2.1 Field equations in the Brans-Dicke frame.
We work with the metric:
ds2 = −dt2 + a(t)2(ω1)2 + b(t)2(ω2)2 + c(t)2(ω3)2 (2.1)
a(t), b(t), c(t) are the metric functions, ωi are the 1-forms of the Bianchi type I model and t, the proper
time. We express the Lagrangian of the theory in the form:
L = −φR+ ω(φ)φ,αφ,αφ−1 (2.2)
One can also cast (2.2) on the form:
L = −f(Φ)R+ 1/2∂αΦ∂αΦ (2.3)
with
ω(φ) = 1/2ff ,−2 (2.4)
The corresponding field equations and Klein-Gordon equation are obtained by varying the action (2.2) with
respect to the space-time metric and the scalar field. If we introduce the τ time through
abcdτ = dt (2.5)
then, denoting d/dτ by a prime, the field equations are:
a,,
a
− a
,2
a2
+
a,
a
φ,
φ
− 1
2
ω,
3 + 2ω
φ,
φ
= 0
b,,
b
− b
,2
b2
+
b,
b
φ,
φ
− 1
2
ω,
3 + 2ω
φ,
φ
= 0 (2.6)
c,,
c
− c
,2
c2
+
c,
c
φ,
φ
− 1
2
ω,
3 + 2ω
φ,
φ
= 0
a,
a
b,
b
+
a,
a
c,
c
+
b,
b
c,
c
+
φ,
φ
(
a,
a
+
b,
b
+
c,
c
)− ω
2
(
φ,
φ
)2 = 0 (2.7)
φ,, = − ω
,φ,
3 + 2ω
(2.8)
We can integrate (2.8) to obtain the useful equation :
Aφ,
√
3 + 2ω = 1 (2.9)
A being an integration constant. Hence, we see that ω > −3/2.
2.2.2 Field equations in the conformal frame.
Now, we work with the conformal metric:
ds2 = −dt˜2 + a˜(t)2(ω1)2 + b˜(t)2(ω2)2 + c˜(t)2(ω3)2 (2.10)
By the conformal transformation the metric has been redefined as:
g˜αβ = φgαβ (2.11)
and the Lagrangian becomes :
L = R− 1/2(3 + 2ω)φ,αφ,αφ−2 (2.12)
Hence, the generalised scalar-tensor theory is cast into Einstein gravity with a minimally coupled scalar
field. In the τ˜ time defined as :
a˜b˜c˜dτ˜ = dt˜ (2.13)
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the field equations and the klein-Gordon equation become in the conformal frame
a˜,,
a˜,
− a˜
,
a˜
= 0
b˜,,
b˜,
− b˜
,
b˜
= 0 (2.14)
c˜,,
c˜,
− c˜
,
c˜
= 0
a˜,
a˜
b˜,
b˜
+
a˜,
a˜
c˜,
c˜
+
b˜,
b˜
c˜,
c˜
=
1
2
(ω + 3/2)(
φ,
φ
)2 (2.15)
φ,,
φ,
− φ
,
φ
= − ω
,
3 + 2ω
(2.16)
Equations (2.14) are exactly the same as in the Bianchi type I model in General Relativity. Only the
constraint equation (2.15) is different. The solutions of the field equations are in the t˜ time the well-known
Kasnerian solutions:
a˜ = t˜p1 ,b˜ = t˜p2 ,c˜ = t˜p3 (2.17)
p1, p2, p3 being the Kasner exponents with : ∑
pi = 1 (2.18)
With the constraint equation, we obtain: ∑
p2i = 1− 2φ−20 (2.19)
φ0 being the integration constant of the scalar field. Hence, for all coupling constant ω(φ), in the conformal
frame, there will always be one negative Kasner exponent or three positive Kasner exponents and then two
or three decreasing metric functions. In the τ˜ time, the solutions of (2.14) are:
a˜ = eα1τ˜+α0
b˜ = eβ1τ˜+β0 (2.20)
c˜ = eγ1τ˜+γ0
where αi, βi, γi are integration constants. We integrate the Klein-Gordon equation to obtain the important
equation:
φ˜0φ
,φ−1
√
3 + 2ω = 1 (2.21)
φ˜0 being an integration constant (in fact φ˜0 = A). Hence, we deduce from the constraint equation that:
α1β1 + α1γ1 + β1γ1 = 1/4φ˜
2
0, ∀ω(φ) (2.22)
To find solutions to the field equations (2.7) we proceed as follow: first, we have to find solutions, for the
scalar field, of the equations (2.9) and (2.21) so that we obtain respectively φ(τ) and φ(τ˜). Second, we write
φ(τ) = φ(τ˜) and reverse φ(τ˜ ) to find τ˜ = τ˜(τ). Third, using (2.11), we write :
a = a˜(τ˜(τ))/φ(τ),b = b˜(τ˜(τ))/φ(τ),c = c˜(τ˜(τ))/φ(τ) (2.23)
Let us examine what are the relations between the quantities in the τ time and in the t time. The amplitudes
of the metric functions are the same in the both time since a(τ) = a(τ(t)) = a(t). The sign of the first
derivatives are also the same : remember that dτ/dt = 1/abc is positive since the metric functions are
positive-definite. Hence, τ is an increasing function of t and the sign of the first derivative of the metric
functions will be the same in both τ time and t time. The sign of the second derivatives in the t time and
τ time are different. If an overdot denotes differentiation with respect to t, the sign of a¨ will be that of
a,, − a,(a,/a+ b,/b+ c,/c). We will study both the sign of a,, and a¨ in the applications of section 2.3. Of
course, the amplitudes of the derivatives are different in the t and τ times. But we will not study them since
we are mainly interested in their signs and therefore dynamical behaviour of the metric functions: whether
they are increasing, decreasing or bouncing, and whether there is inflation.
Another difference between the two times comes from their asymptotic behaviours. For instance, the
t time could diverge at a finite value of the τ time. It depends mainly on dt/dτ = abc = V , where V is
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the volume of the Universe. In the cases we are going to study, the volume will always tend toward 0 or
infinity (we will show it for the two first theories of section 2.3). Then, if V → 0 when τ tends toward a
constant or infinity, t tends toward a constant. If V → ∞ when τ → ∞, t → ∞. If V → ∞ when τ tends
toward a constant, t may tend toward infinity or a constant. In this last case, we need to integrate the volume
abc to make the asymptotic behaviour of the cosmic time t precise. Unhappily, it will not be possible in the
theories of section 2.3. We have studied the behaviour of the volume for the two first theories so that one can
always get the asymptotic behaviour of t(τ) by using these rules (except the case τ → cte and V →∞).
Concerning the presence of singularity, to ensure that a theory is non-singular, we will check that the
Ricci curvature scalar R is finite. The Ricci scalar can be writen:
R = (abc)−2
[−ω(φ,φ−1)2 + 3φ−1ω,φ,(3 + 2ω)−1] (2.24)
2.3 Non-singular and accelerated behaviours.
To simplify the study of the metric functions, we will consider in what follows only an increasing
function of the scalar field, which means the only positive constants are A and φ˜0.
2.3.1 The case 3 + 2ω = 2β(1− φ/φc)−α
We use the form for the coupling constant 3+2ω = 2β(1−φ/φc)−α where β is a positive constant, α,
φc are constant. The case α = 0 corresponds to Brans-Dicke theory and the case α = 1 and β = −1/2 to
Barker’s theory [34]. Barrow showed in his paper [31] that the case α = 2 is representative of the behaviour
of other cases with α 6= 2 in the neighbourhood of the singularity. Hence, we will consider only this case.
From (2.9) we derive:
φ(τ) = φc
[
1− e−(τ+τ0)/(A
√
2βφc)
]
(2.25)
from (2.21) we deduce:
φ(τ˜) = φc(1 + e
−(τ˜0+φ˜−10 τ˜)/
√
2β)−1 (2.26)
Equating (2.25) and (2.26), we get:
τ˜ = φ˜0
√
2βln
[
e(τ+τ0)/(A
√
2βφc) − 1
]
− φ˜0τ˜0 (2.27)
τ0 being an integration constant. Hence, using (2.23), we write:
a(τ) =
e−φ˜0τ˜0α1+α0√
φc
(e
τ+τ0
A
√
2βφc − 1)
√
2βφ˜0α1(1− e−
τ+τ0
A
√
2βφc )−1/2 (2.28)
and identical expressions for b(τ), c(τ) with β0, β1 and γ0, γ1 respectively. If we introduce:
u = (τ + τ0)/(A
√
2βφc), a0 = e
−φ˜0τ˜0α1+α0/
√
φc > 0, α1 = −
√
2βφ˜0α1 (2.29)
the expression (2.28) becomes:
a(τ) = a0(e
u − 1)−a1−1/2eu/2 (2.30)
u and the τ time vary in the same manner as long as A and φc are positive constants. The constraint equation
(2.22) is rewritten as:
a1b1 + a1c1 + b1c1 =
1
2
β (2.31)
The metric function will be real for positive u. One can show that there is no non-singular behaviour for
this theory in an anisotropic Universe. The Ricci curvature can be written as:
R = (eu − 1)1+2(a1+b1+c1)(3− 2βe2u − 24β2e4u + 24β2e5u)(2a20b20c20e3u)−1 (2.32)
We check that conditions to get finite R for asymptotic times (u → 0,u → ∞) are not compatible: for
u → 0 we need a1 + b1 + c1 > −1/2 whereas for u → +∞, we need a1 + b1 + c1 < −3/2. So there is
always a singularity for the Ricci curvature at small or/and large times.
The first derivative of (2.30) shows that the metric function a(τ) will have a minimum for u = −ln(−2a1)
and a1 ∈ ]0,− 1/2[. For small u, we have φ→ 0, ω → β − 3/2 and:
a ≈ a0(eu − 1)−a1−1/2 (2.33)
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Hence, if a1 < −3/2, da/dτ and a tend to 0, if a1 ∈ [−3/2,− 1/2], da/dτ tends to infinity and a tends to
0, if a1 > −1/2, da/dτ and a tends respectively to −∞ and +∞. For large u, we have φ→ φc, ω → +∞
if α > 0 and:
a ≈ a0e−a1u (2.34)
Hence, if a1 < 0, da/dτ and a tend to infinity, if a1 > 0, da/dτ and a tend to 0. We see that the form of
the metric function depends only on the parameter a1:
– If a1 < −3/2, the metric function is increasing (fig 1).
– If a1 ∈ [−3/2,− 1/2], it is increasing but with an inflexion point (fig 2). By studying the second
derivative of a(τ), one can show that the condition to have an inflexion point is a1 ∈ [−3/2,− 1/2].
In the other cases, the second derivative is always positive and the dynamic is always accelerated.
Lets note that it is not inflation since for that we must have a¨ > 0 and not a,, > 0.
– If a1 ∈ [−1/2,0], the metric function has a minimum. Hence, if a1, b1 and c1 belong to [−1/2,0],
all the metric functions have a bounce. However that does not mean that the Universe is non-singular
since in this case the Ricci scalar become infinite for large τ .
– If a1 > 0, the metric function is decreasing (fig 4).
Example of these four behaviours are illustrated on figures 1-4.
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FIG. 2.1 – Forms of the metric functions when 3 + 2ω = 2β(1− φ/φc)−2.
Now we examine the sign of the second derivative of the metric function a in the t time so that we
can detect inflation. It is the same as the quantity −2a1(b1 + c1)e2u + (1 − b1 − c1)eu − 1 which is a
second degree equation for eu. One finds two roots: eu1,2 = (1 − b1 − c1 ±
√
∆) [4a1(b1 + c1)]
−1
with
∆ = (b1 + c1 − 1)2 − 8a1(b1 + c1). If they are complex or inferior to 1, the sign of a¨ is the same as
−2a1(b1+ c1). If they are superior to 1, there are two inflexion points: a¨ is first positive (negative), negative
(positive) and then positive (negative) if −2a1(b1 + c1) > 0 ( respectively −2a1(b1 + c1) < 0). For the
same reasons, if one of the roots is not real or inferior to 1, there is one inflexion point and a¨ is first positive
(negative) and then negative (positive) if −2a1(b1 + c1) > 0 (respectively −2a1(b1 + c1) < 0). Here,
a¨ > 0 can correspond to inflation when in the same time a˙, or equivalently a,, is positive. Hence, one see an
example of kinetic inflation as described by Jana Levin in [27] and [28]. We remark also that inflation can
end in a natural way.
If now we write the volume:
V = abc (2.35)
For small (large) u, V vanishes if a1 + b1 + c1 < −3/2 (a1 + b1 + c1 > 0) else it tends toward infinity.
Another interesting feature of this model is that for β = 1/2, we have ω → −1 for small value of u,
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ω → ∞ and ω−3(dω/dφ) → 0 if α > 1/2 for large value. That is the two value of the coupling constant
that corresponds to String theory in the low-energy limit and to General Relativity (by General Relativity
we means that the post-Newtonian parameters of General Relativity are recovered).
2.3.2 The case 3 + 2ω = φ2cφ2m.
Now, we consider the following form of the coupling constant:
3 + 2ω = φ2cφ
2m (2.36)
where φc and m are real constants. Using the same process than before, from (2.9) we derive :
φ(τ) = [(m+ 1)/(Aφc)(τ + τ0)]
1/(m+1) (2.37)
and from (2.21) we get :
φ(τ˜) =
[
m(φ˜0φc)
−1(τ˜ + τ˜0)
]1/m
(2.38)
Equating (2.37) and (2.38) we have:
τ˜ =
φ˜0φc
m
[
m+ 1
Aφc
(τ + τ0)
]m/(m+1)
− τ˜0 (2.39)
Then, with (2.23) we obtain :
a(τ) = exp{α1φ˜0φc
m
[
m+ 1
Aφc
(τ + τ0)
]m/(m+1)
− α1τ˜0 + α0}
[
m+ 1
Aφc
(τ + τ0)
]−1/2(m+1)
(2.40)
We introduce the variables :
a0 = e
−α1τ˜0+α0 , a1 = α1φ˜0φc, u = (τ + τ0)/(Aφc) (2.41)
and (2.40) becomes :
a = a0exp(a1m
−1 [(m+ 1)u]m/(m+1)) [(m+ 1)u]−1/2(m+1) (2.42)
We get the same type of expressions for b(τ) and c(τ). From the constraint equation (2.22) we deduce:
a1b1 + a1c1 + b1c1 = φ
2
c/4 (2.43)
The expression (2.42) of the metric function shows that (m + 1)u must be positive. Hence, if m > −1,
u ∈ [0,+∞[ and if m < −1, u ∈ ]−∞,0]. u and the τ time vary in the same manner as long as A and
φc =
√
φ2c are two positive constants.
First, let us examine the Ricci scalar. It is written:
R = [(1 +m)u]
(1−2m)/(1+m) [3− φ2c [(m+ 1)u]2m/(m+1) +
6mφ4c [(m+ 1)u]
4m/(1+m) ]
[
2a20b
2
0c
2
0(1 +m)
2e2(a1+b1+c1)[(m+1)u]
m/(m+1)/m
]−1
(2.44)
Only if m ∈ [0,1/2] and a1 + b1 + c1 > 0, is the Ricci scalar always finite at both small and large times,
avoiding the singularity. Now we examine the dynamic of a in the τ time. The first derivative of (2.42)
vanishes for u = (2a1)−(m+1)/m/(m+ 1) and hence, a(τ) has an extremum for this value that exists only
if a1 is positive. The asymptotic study of (2.42) when u → 0 and u → ±∞ gives the results summarised
in table 1. We found eight different behaviours. The figures 5-12 show an example of each of them. To
summarise the main characteristics of each case in the τ time:
– For a1 < 0, the metric function is always decreasing and has an inflexion point when m < −3/2.
– For a1 > 0, the metric function has a minimum if m > 0 and a maximum if m < 0. Hence, only the
case where a1,b1,c1 and m are positive, gives birth to a ”bounce” Universe. It avoids the singularity
if m ∈ [0,1/2] and a1 + b1 + c1 > 0 and will be today in expansion in all directions of space.
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a1 < 0 a1 > 0
m¿0 u→ 0+,a→ +∞,a, → −∞ u→ 0+,a→ +∞,a, → −∞
u→ +∞,a→ 0+,a, → 0 u→ +∞,a→ +∞,a, → +∞
m ∈ [−1,0] u→ 0+,a→ +∞,a, → −∞ u→ 0+,a→ 0,a, → +∞
u→ +∞,a→ 0+,a, → 0 u→ +∞,a→ 0,a, → 0
m ∈ [−3/2,− 1] u→ 0−,a→ 0+,a, → 0 u→ 0−,a→ 0,a, → −∞
u→ −∞,a→ +∞,a, → −∞ u→ −∞,a→ 0,a, → 0
m < −3/2 u→ 0−,a→ 0,a, → 0 u→ 0−,a→ 0,a, → −∞
u→ −∞,a→ +∞,a, → −∞ u→ −∞,a→ 0,a, → 0
TAB. 2.1 – The eight different asymptotic behaviours of the metric function when 3 + 2ω = φ2cφ2m. The
asymptotic amplitudes of a are the same in t and τ time. That is not the case for the amplitudes of the
first derivatives. We do not examine the asymptotic behaviour of the amplitudes of a˙ since we are mainly
interested by the study of the exact solutions in the τ time and, in a general maner, by the signs of a,, a,,
and a¨. But this is always possible by calculating a˙ = a,(abc)−1.
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FIG. 2.2 – Forms of the metric functions when 3 + 2ω = φ2cφ2m .
If we define the volume V by V = abc, then it tends to vanish for small u if m/(m + 1) < 0 and
m(a1 + b1 + c1) < 0 or m/(m+ 1) > 0 and −3/ [2(m+ 1)] > 0. It becomes infinite if m/(m+ 1) < 0
and m(a1 + b1 + c1) > 0 or m/(m + 1) > 0 and −3/ [2(m+ 1)] < 0. For large u, it tends to vanish if
m/(m+1) > 0 and m(a1+ b1+ c1) < 0 or m/(m+1) < 0 and −3/ [2(m+ 1)] < 0. It becomes infinite
if m/(m+ 1) > 0 and m(a1 + b1 + c1) > 0 or m/(m+ 1) < 0 and −3/ [2(m+ 1)] > 0.
By examining the sign of a,,, we can conclude that the dynamic of the metric function will always be acce-
lerated (recall again that it is not inflation since it does not mean that a¨ > 0) if m > 1/2 or m ∈ [−3/2,1/2]
and a1 < 0. If m < −3/2 the dynamic is first accelerated and then decelerated. The same thing happens
when m ∈ [0,1/2] and a1 > 0 whereas for m ∈ [−3/2,0] and a1 > 0, the metric accelerates again.
We complete this study by examining the sign of the second derivative in the t time. It is the same as
m + (b1 + c1)
[
[(m+ 1)u]m/(m+1) − 2a1 [(m+ 1)u]2m/(m+1)
]
. This is a second degree equation for
[(m+ 1)u]
m/(m+1)
. The two roots are
u1,2 = (m+ 1)
−1
[
(b1 + c1 ±
√
∆)(4a1(b1 + c1))
−1
](m+1)/m
(2.45)
with ∆ = (b1 + c1)(8a1m+ b1 + c1). If u1,2 are not real, the sign of a¨ is the one of −2a1(b1 + c1). When
the two roots are real, they always belong to the interval where u varies since their sign is the same as m+1.
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Then a¨ has the same sign as −2a1(b1 + c1) if u is out of [u1,u2] or the opposite sign if u ∈ [u1,u2]. There
are two inflexion points. Hence, we get the same type of behaviour for a¨ as in the previous subsection.
In the same manner, if only one root is real, the dynamic of a will be accelerated and then decelerated or
vice-versa depending on the sign of −2a1(b1 + c1). So, there is one inflexion point. For this theory also,
inflation can end naturally.
Concerning the coupling constant, we have for m+ 1 > 0: when τ → +∞, φ → +∞, ω → φ2cφ2m/2→
+∞ if m > 0 and ω → −3/2 if m ∈ [−1,0]. When τ → τ0, φ→ 0, ω → φ2cφ2m/2→ +∞ if m ∈ [−1,0]
and ω → −3/2 if m > 0. Considering these last remarks and the relation (3), one can deduce that the
asymptotic behaviours of the metric functions when φ → 0, ω → φ2cφ2m/2 → +∞ and m ∈ [−1,0] are
the same as in the cases of a coupling function of type f(Φ) = f0enΦ when φ2c = n−2 and m = −1/2 and
f(Φ) = (f0Φ + f1)
n when φ2c = (f0n)−2 and 2m = (2 − n)/n with n 6∈ [0,2]. Moreover, the asymptotic
behaviour of the metric functions when φ → +∞, ω → φ2cφ2m/2 → +∞ and m > 0 are the same as in
the previous case but with n ∈ [0,2].
Hence the study of the metric functions when 3 + 2ω = φ2cφ2m, give us information on the asymptotic
behaviours of two different couplings f(Φ), that is f(Φ) = (f0Φ+ f1)n and f(Φ) = f0enΦ. For the first of
these functions, the minimally coupled theory is obtained for f0 = 0 and fn1 = 1/2 , whereas the induced
gravity is obtained for f1 = 0, f0 =
√
ǫ/2 and n = 2. We note that the study of one coupling constant
ω(φ) permit us to get informations on two types of coupling f(Φ) because ω(φ) and f(Φ) are linked by
the differential equation (2.4). Hence to one type of function ω, having one or several free parameters, can
correspond more than one type of functions f . What we say above comes from the fact that to a power or
exponential law for f(Φ) correspond only a power law for ω(φ).
2.3.3 The case 3 + 2ω = e2φcφ.
We take the form 3+2ω = e2φcφ, φc being a real constant. This is an interesting case because, as in the
subsection 2.3.1, when the scalar field vanishes, the coupling constant tends towards -1, which is the low
limit of the string theory, whereas when it becomes infinite, the coupling constant tends towards infinity and
the theory towards General Relativity if φc > 0.
Here, we can not integrate equation (2.21) in a closed convenient form. We rewrite the equations (2.9)
and (2.21) in the following form:
H(φ) = τ =
∫
Aeφcφdφ− τ0 = Aφ−1c eφcφ − τ0 (2.46)
G(φ) = τ˜ =
∫
φ˜0e
φcφφ−1dφ− τ˜0 (2.47)
That means we have φ(τ) = H (−1)(τ) and φ(τ˜) = G(−1)(τ˜). By equalling these last two expressions and
reversing (2.46), we get :
τ˜ = G(H(−1)) = G(φ) = G(φ−1c ln
[
φcA
−1(τ + τ0)
]
) (2.48)
With (2.23), we can easily obtain the metric functions :
a = eα1G(φ
−1
c ln[φcA
−1(τ+τ0)])+α0/
√
(Aφc)−1ln [φc(τ + τ0)] (2.49)
and the same form for b(τ) and c(τ) with their integration constants. The reality conditions for the metric
functions will be φcA−1(τ + τ0) > 0 and φ−1c ln
[
φcA
−1(τ + τ0)
]
> 0.
Hence, if φc < 0, the metric function will be real if τ ∈
]
Aφ−1c − τ0,− τ0
[
, and if φc > 0, we will
have τ ∈ ]Aφc − τ0,+∞[. The first derivative of (2.49) will be of the sign of α1φ˜0φcA−1(τ + τ0)− 1/2.
For all value of φc, when τ = A(2α1φcφ˜0)−1 − τ0, da/dτ vanishes in the following cases:
- when τ ∈ ]Aφ−1c − τ0,− τ0[, that means φc < 0, if 2α1φ˜0 > 1,
- when τ ∈ ]Aφ−1c − τ0,+∞[, that means φc > 0, if 2α1φ˜0 ∈ [0,1]. From these results and after a
numerical study we can write that :
– If φc < 0, τ ∈ ]Aφc − τ0,− τ0[:
– If α1 < (2φ˜0)−1, the metric function is decreasing and tends to infinity, in a positive manner
when τ → Aφ−1c − τ0, and to zero when τ → −τ0.
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– If α1 > (2φ˜0)−1, the metric function tends to zero for these two values of τ and has a maximum
. So, if the three integration constants α1, β1, γ1 of each of the metric functions are such that
they are all superior to (2φ˜0)−1, we have a close Universe (for the time) which exists during
a finite time in the τ -time. Since dt/dτ = abc, this quantity vanishes in τ = Aφ−1c − τ0 and
τ = τ0 and then t(τ) stays finite for these two values and the Universe also exists during a finite
t time.
– If φc > 0, τ ∈ ]Aφc − τ0,+∞[ :
– If α1 < 0, the metric function decreases from infinity to zero.
– If α1 ∈
[
0,(2φ˜0)
−1
]
, the metric function has a minimum and tends to +∞ when τ tends to
Aφ−1c − τ0 or +∞. If the three integration constants α1, β1, γ1 are all in the same interval, the
Universe will have a bounce since each metric function has a minimum.
– If α1 > (2φ˜0)−1, the metric function is increasing from zero to infinity with an infinite slope.
2.4 Conclusion
In the conformal frame, the scalar field is minimally coupled. Hence, the spatial components of the field
equations are exactly the same as in General Relativity and their solutions for the Bianchi type I model are
the kasnerian solutions [29]. The Klein-Gordon equation and the constraint equation, that are different from
General Relativity, impose that the sum of the square of the Kasner exponents is always inferior to unity.
Their sum is equal to one. Hence, there are always two or three positive Kasner exponents.
To express the metric function in the Brans-Dicke frame, we have equated the expressions of the scalar
field in both Brans-Dicke and conformal frames and then deduced the time τ˜ of the conformal frame as a
function of the time τ of the Brans-Dicke frame. Then it is easy to find the form of the metric functions in
this last frame. The amplitude of the metric functions and the sign of their first derivative in the τ time of
the Brans-Dicke frame are the same as in the t time. This is not the case for the second derivative of the
metric functions.
We have studied three forms of the coupling constant ω(φ) and found solutions for which the Universe
could avoid the singularity. We have also detected kinetic inflation for the two first examples and notice that,
under some conditions, it can end naturally. For small or large value of the τ time, the coupling constant can
become infinite or constant. It is always interesting to find classes of coupling constant for which it tends
naturally toward -1 or infinite for small or large value of τ because such a class of theories tends respectively
toward string theory in the low-energy limit and General Relativity. It seems to be true in the special case
3 + 2ω = (1 − φ/φc)−2 and for 3 + 2ω = e2φcφ.
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Chapitre 3
Solutions exactes pour le mode`le de
Bianchi de type I: en se donnant des
fonctions du temps propre(1 article)
Dans l’article qui suit, nous allons exprimer sous forme de quadratures la solution des e´quations de
champs de la the´orie tenseur-scalaire non minimalement couple´e et massive de´finie par
L = G−1R− ω
φ
φ,µφ
,µ − U
en fonction du 3-volume V de l’Univers et du potentiel U du champ scalaire pour le mode`le de Bianchi
de type I . Contrairement au chapitre pre´ce´dent, le champ scalaire φ est de´sormais massif et la fonction de
gravitation est une fonction inconnue de φ. Il y a donc trois fonctions inde´termine´es du champ scalaire,G, ω
et U . Nous pourrions a` nouveaux choisir la forme de ces fonctions de φ et tenter de re´soudre les e´quations.
Cependant il est difficile de faire des choix physiquement justifie´s en dehors de the´ories ”classiques” comme
par exemple la the´orie de Brans-Dicke avec une constante cosmologique. De plus la re´solution directe des
e´quations de champs comme dans le chapitre pre´ce´dent est la plupart du temps impossible, en partie en
cause de la pre´sence du potentiel qui empeˆche le calcul de φ.
En revanche, exprimer les solutions exactes en fonction du 3-volume de l’Univers et du potentiel offre une
alternative a` ces proble`mes. D’une part, cette re´solution est mathe´matiquement re´alisable a` l’aide de quadra-
ture. D’autre part, il existe des formes tre`s ge´ne´rales de V et de U qu’il est physiquement justifie´ d’e´tudier.
Entre autre, nous examinerons les the´ories telles que ces deux quantite´s tendent vers des puissances ou
des exponentielles du temps propre. On retrouve ces comportements pour de nombreuses the´ories et, bien
que nous conside`rerons nos solutions comme des solutions exactes, leurs re´sultats pourront e´galement eˆtre
e´tendus a` n’importe quelle the´orie tenseur-scalaire dont le 3-volume et le potentiel convergent suffisamment
vite vers ces fonctions. Nous verrons l’importance de ces comportements lorsque nous e´tudierons l’isotro-
pisation des mode`les de Bianchi.
Cette me´thode est inte´ressante lorsque l’on a une ide´e du comportement asymptotique du 3-volume et du
potentiel en fonction du temps propre mais elle ne permet pas de contraindre les the´ories tenseur-scalaires
afin qu’elles produisent des comportements plus ge´ne´raux que ceux fixe´s par la donne´e de quelques fonc-
tions du temps propre. Entre autre dans les chapitres suivants, nous verrons qu’il est possible d’obtenir
des contraintes sur les fonctions du champ scalaire telles que l’Univers soit asymptotiquement en expansion
acce´le´re´e, ceci sans pre´ciser aucune fonction de tmais au prix d’une simplification du Lagrangien ci-dessus.
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Exact solutions of the Hyperextended Scalar Tensor
theory with potential in the Bianchi type I model.
Ste´phane Fay
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Abstract
The Hyperextended Scalar Tensor theory with a potential is defined by three free functions: the gravita-
tional function, the Brans-Dicke coupling function and the potential. Starting from the expression of the
3-volume and the potential as function of the proper time, we determine the exact solutions of this theory.
We study two important cases corresponding to power and exponential laws for the 3-volume and the po-
tential.
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3.1 Introduction
In this work, we study the Hyperextended Scalar Tensor theory (HST) with a potential for the Bianchi
type I model. We determine, by help of quadratures, the exact solutions of this theory as function of the
3-volume and the potential. We then study the case for which these 2 functions are power or exponential
laws of the proper time.
The simplest scalar tensor theories is the Brans-Dicke theory studied in the sixties by Brans and Dicke
[7]. One of their goals was to integrate the Mach’s principle in a gravitational relativistic theory. Since
the eighties, other justifications have been given to take into account scalar fields in gravitational theories.
They are issued from inflation and particles physics theories, i.e. the unification models. Their low energy
limit can be described by scalar tensor theories. As instance, it is the case for supergravity theory or higher
dimensional theories. Large classes of scalar tensor theories belong to the HST [35]. Its Lagrangian is
written as this of the Brans-Dicke one but the coupling constant is replaced by a function of the scalar field
and the gravitational function , φ in the Brans-Dicke theory, by any function G−1(φ). In this paper, we will
also consider a potentialU(φ) which is predicted by particles physics for the early epochs. Moreover, recent
studies on the type I supernovae [9, 10] could confirm the presence of a cosmological constant, which would
be the remainder of the potential for late time epochs. We will not consider other type of matter as perfect
fluids, thus assuming a Universe dominated by the scalar field. Such phases for the Universe are relevant:
near the singularity, perfect fluid are often negligible [36]. Furthermore, it is sometimes considered that
scalar fields could be responsible for a large part of the dark matter which could be the dominant matter of
our Universe.
Lets justify the geometrical framework of this paper. It is well known that large scale structures we
observe could not exist if the Universe has always respected the cosmological principle. Thus it seems
reasonable to consider other models such as the homogeneous ones: these are the Bianchi models. Some
of them have the interesting property to isotropize toward an FLRW model: the Bianchi type V model can
approach the open FLRW one, the Bianchi type IX model can tend toward the closed FLRW one and the
Bianchi type I model toward the flat FLRW one. Recent observations from Boomerang [37] seem favour
closed models. However, from the point of view of inflationary models, the flat model is the most studied
and is usually preferred to other ones. Hence, it is difficult today to decide what is the best model to describe
our Universe and we will choose to study the Bianchi type I one.
Now, we give a more accurate description of the functions characterising the HST. When a potential
is present, it is defined by three free functions: the function G playing the role of a variable gravitational
function, the Brans-Dicke coupling function describing the coupling between the scalar field and the metric,
and last the potential U . To find exact solutions, most of times one choose G(φ), ω(φ) and U(φ) and
determine the form of the metric functions. However, other methods exist to achieve this goal which have
been mainly applied to the FLRW models. As instance, in the fine turning potential method [34, 38, 39], one
first choose the form of the metric functions and then look for the form of the potential. In this paper, we will
assume that the forms of the potential and the 3-volume of the Universe are known functions of the proper
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time. Despite interesting works to determine the form of the potential from the observations [40, 41], there
is no method today to predict it for the HST. The second quantity is related to the isotropic part eΩ of the
metric 1 or the scale factor of the FLRW models. We will use theoretical considerations to choose its form
as a function of the proper time. From these two quantities, we can get the exact forms of the gravitational
functionG(t) and the anisotropic part of the metric. Moreover, if we choose a form for φ(t), we obtain ω(t)
and then the theory and the solution of the field equations are fully determined.
Our motivations are the following:
– To find the exact solutions of the field equations when we know the isotropic part of the metric and
the potential as functions of the proper time. This is a mathematical motivation corresponding to an
extension of the fine turning potential.
– To study the dynamical properties of the Universe (isotropisation, inflation...) for special forms of eΩ
and U , i.e. power law and exponential law of the proper time in this paper. This deserves physical
motivation since most of this results could be extendable to any function eΩ and U asymptotically
tending toward these special forms. Thus the scalar tensor theories whose the isotropic part and the
potential can be asymptotically written as power series of t or exponential of t will be concerned by
these results.
This paper is organised as follows: in the section 3.2 we write the field equations and give their exact
solutions. In section 3.3, we look for the properties of the models defined by (eΩ = tm,U = tn) and
(eΩ = emt,U = ent). We conclude in section 3.4.
3.2 Exact solution of the field equations of the HST with potential in
the Bianchi type I model
We use the following form of the metric:
ds2 = −dt2 + e2α(ω1)2 + e2β(ω2)2 + e2γ(ω3)2 (3.1)
The ωi are the 1-forms specifying the Bianchi type I model. We introduce the parameterisation:
α = Ω+ β+
β = Ω+ β−
γ = Ω− β+ − β−
It is similar to this of Misner [24]. The functionΩ stands for the isotropic part of the metric and the functions
β± describe the anisotropic part. The isotropic part is linked to the 3-volume V of the Universe by the
relation V = e3Ω. The action of the HST is written:
S =
∫
(G−1R− ω
φ
φ,µφ
,µ − U)√gdx4 (3.2)
φ is the scalar field, U the potential, ω the Brans-Dicke coupling function and G the gravitational function.
Lets justify the study of this action. Since in this paper we will have no need to assume any relation between
the scalar field and the Brans-Dicke coupling function, we could use the action of the Generalised Scalar
Tensor theory (GST) which has the same form as (3.2) but with G−1 = φ. However we do not want to
impose any relation between G and the scalar field since G−1 = φ is not the only form of the gravitation
function in the literature. As instance String theory at low energy is defined by G−1 = eφ and important
studies have been made with gravitational function writing as G−1 = φ2 + constant. Hence, although we
have no need for this in this paper, we will consider a general form for G. Lets underline that some HST
theories can not be cast into a GST when the function G is not invertible although this change of variable is
then singular and could be an indication for mathematical inconsistency 2.
The action (3.2) could also be equivalent to the General Relativity plus a minimally coupled scalar field if
we redefine the metric functions as g¯µν = G−1gµν 3. We get then the so-called Einstein frame and the me-
tric (3.1) is the so-called Brans-Dicke frame. We have chosen to work with the last metric since the results
1. We have then that the 3-volume is equal to e3Ω.
2. I thank one of the referees for having clarifi ed this point.
3. Lets note that some results for the General Relativity with a minimally coupled scalar fi eld can be get from these of the HST by
putting G−1 = 1. But for obvious reasons it is not so simple to get results for the HST from these of the General Relativity with a
minimally coupled scalar fi eld.
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we would get in the Einstein frame would not have been equivalent to these of the Brans-Dicke frame: as
shown, as instance, in [42], and contrary to what happens when we do a ”simple” scalar field redefinition,
the conditions for the isotropisation in both frames are not always the same. The same conclusion arises
for the presence or not of inflation. Thus, the results get in the Brans-Dicke frame for the HST will not be
equivalent to these found in the Einstein frame or/and for General Relativity with minimally coupled scalar
field, it is rather a generalisation. Moreover, the Brans-Dicke frame is generally assumed to be the physical
one, although this point can be subject to discussion. One could also ask why we have not first studied the
Einstein frame and then extended our results to the Brans-Dicke one. However, to proceed we would have
to integrate G−1(t¯), which is not always workable.
We get the field equations by varying the action with respect to the metric functions. In the τ time
defined by dt = V dτ we obtain:
α,, + α,GG−1, + 1/2GG−1,, − 1/2GV 2U = 0 (3.3)
and similar equations for β and γ. The prime stands for the derivative with respect to τ . For the constraint,
we get
α,β, + α,γ, + β,γ, +GG−1,V ,V −1 − 1/2UGV 2 − 1/2ωGφ,2φ−1 = 0 (3.4)
By adding the three spatial components, we find a differential equation for the 3-volume:
V ,,V −1G−1, − V ,2V −1G−1 + V ,V −1G−1, + 3/2G−1,, − 3/2UV 2 = 0 (3.5)
If we use equation (3.5) to express UV 2 and introduce this quantity in (3.3), we have for β±:
β± = β±0
∫
Ge−3Ωdt+ β±1 (3.6)
β±0 and β±1 are integration constants. Thus, the Universe isotropize when t → ∞ if
∫
Ge−3Ωdt tends
toward a constant. Now, we want to evaluate the gravitational function G depending on Ω and U . We find
with help of (3.5):
G−1 = e−2Ω
[∫ ∫
Ue3Ωdt+G0
eΩ
dt+G1
]
(3.7)
G0 and G1 are constants. We can make two remarks:
– We have completely determined G(t) and β±(t) as functions of Ω(t) and U(t). The solutions of
the spatial field equations are independent on the form of the scalar field and the Brans-Dicke cou-
pling function since they depend only on the gravitational coupling function which is expressed as a
function of the proper time and not of the scalar field.
– Moreover, we can write G−1 as:
G−1 = g1(Ω) + g2(Ω,U) (3.8)
Then, writing U =
∑
n Un, we see that G−1(Ω,
∑
n Un) = g1(Ω) +
∑
n g2(Ω,Un). Thus, from the
solution of the field equations for n potentials, we should be able to determine the solution for their
sum. As instance, if we know then for a potential writing as tn, we will be able to deduce the solution
for any potential writing as a power law series.
Now, let’s express the Brans-Dicke coupling function as function of Ω, U and φ. Using the constraint
equation and (3.6), we get:
ω = 2G−1φ˙−2φ
[
3Ω˙2 −G2e−6Ω(β2+0 + β2−0 + β+0β−0) + 3G ˙G−1Ω˙− 1/2GU
]
(3.9)
The Brans-Dicke coupling function is then fully defined by Ω(t), U(t) and φ(t). It exists the same type of
linearity relation between ω and U as for G. We have:
ω(φ,Ω,
∑
n
Un) = ω1(φ,Ω) +
∑
n
ω2(φ,Ω,Un) (3.10)
In the next section, we study two classes of models for which the isotropic part of the metric and the potential
are power or exponential laws of the proper time. For the clarity of the discussion, we will assume that their
solutions are defined in t→ +∞, which represents the late times epoch.
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3.3 Application
3.3.1 Power laws
We choose power law forms for the isotropic part of the metric and the potential:
eΩ = tm (3.11)
U = U0t
n
U0 is a constant. When the Universe isotropize, the metric functions tends toward eΩ which can be then
compared to the scale factor of the FLRW models. In the flat isotropic models, the scale factor often takes
power law forms as for General Relativity with perfect fluid. It is also an important form for the inflation,
which received the name of polynomial inflation. In a general way, the association of the forms (3.11) is
physically meaningful for many theories studied in the FLRW models. As instance, such forms for the
scale factor and the potential have been found in [43] where a superpotential is considered. This is also
asymptotically the case in [44] where conformal scalar field cosmologies are examined and in general for
any forms of eΩ and U which can be asymptotically developed as power law series. Thus, the results which
follow could apply to large class of scalar tensor theories. Additional reasons will be given in the next
section.
1. Gravitational function
From (3.7), we get:
G−1 = C1t2+n + C2t−2m + C3t−3m+1 (3.12)
Ci are integration constants. From (3.12), we see that we can not choose m and n such that G be
constant unlike asymptotically. Thus, General Relativity does not belong to the class of theories defi-
ned by these forms of Ω and U . When the Universe isotropizes, it will be in expansion if m > 0 and
will undergo inflation if m > 1. The potential will tend naturally toward zero if n < 0. From (3.6)
we deduce that isotropisation will happen at late times if m > 1 or 3m+ n > −1. In the first case,
the Universe will be necessarily inflationary for this period. In the last case, inflation will go with
isotropisation if n < −4. Thus, we can get an isotropic Universe without inflation. Consequently,
if m > 1 or 3m + n > −1, the Universe isotropises and the power law tm represents a late times
attractor for the metric functions.
Power laws of the proper time for the gravitational function play an important role toward the litera-
ture. Milne, in the thirties, studied the case G = t and Dirac, in the framework of the ”Large Number
hypothesis”, proposed G = t−1 [6]. More recently, in [45] a study of the Newtonian cosmologies
with polynomial laws for G and perfect fluid (p = (γ − 1)ρ) in the isotropic models is made. It is
shown that for G = tp, inflation is present when 3γ > 2 and do not depends on the variation of
G. In this work, a condition to get asymptotically inflation is m > 1. In this case, G → t−(2+n) if
n > −4. Then, it shows that inflation in the class of models we are studying, is also asymptotically
independent on the variation of the gravitational function as in [45] if the potential is larger than t−4.
2. Applications
In this part, we examine several known types of Universes which are late times attractor when isotro-
pisation arises.
– Coasting Universe
We choose m = 1. Then, the Universe isotropizes at late times and tends toward a coasting
Universe, i.e. the metric functions tend toward t if n > −4. We calculate the exact solutions of
the field equations. The anisotropic part of the metric is written:
β± = −β±0
ln
[
(C2 + C3)t
−4−n + C1
]
(4 + n)(C2 + C3)
+ β±1 (3.13)
Coasting Universe has been previously studied in [46]. In this paper, a Brans-Dicke model with
a perfect fluid and a power law potential in a FLRW model was considered. For open, closed or
flat models, they found linear expansion of the scale factor with a potential decreasing inversely
with the square of time. An important characteristic of an isotropic coasting cosmologies is that
the age of the Universe is not in conflict with the observations. So, the age problem is absent for
this type of dynamical behaviour for the metric functions.
– Cosmological constant
We examine the case m = 1/2 and n = 0. The potential is then a cosmological constant. At late
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times, the Universe isotropizes and the metric functions tend toward t1/2 which is the form of
the scale factor in an FLRW model for General Relativity when Universe is radiation dominated.
This theory could thus build a bridge between an anisotropic Universe dominated by the scalar
field and a flat relativistic and isotropic Universe dominated by the radiation. The gravitational
function will behave asymptotically as t−2 and then will tend to vanish at late times. The exact
solution for the metric functions can be found. The anisotropic part of the metric is written as:
β± = β±0
6∑
i=1
ln(
√
t+ si)
C3 + 6C1s5i
+ β±1 (3.14)
The si are the ith roots of the equationC2+C3s+C1s6 = 0. A cosmological constant is equiva-
lent to consider an equation of state for the stiff fluid (p = −ρ). This situation has been studied
in [45] where G = tp. In this last paper it has been noticed that the asymptotical behaviour of
the scale factor was determined by the value of p, the power of the gravitational function. Here,
for the class of theories defined by (3.11), whatever m > 0, i.e. an asymptotically isotropic and
expanding Universe, the gravitational function always behaves as t−2 at late times in presence
of a cosmological function. The behaviour of G is thus independent on the value of m.
– Gravitational constant
Another interesting case corresponds to m = 1/2 and n = −2. The anisotropic part of the
metric functions is written:
β± = β±04 arctan(
C3 + 2C1
√
t
(4C1C2 − C23 )1/2
)(4C1C2 − C23 )−1/2 + β±1 (3.15)
Then, the potential tends to vanish at late times. The gravitational function tends asymptotically
toward the constant C1. One more times, this theory connects an anisotropic Universe to an
isotropic one behaving dynamically as if radiation was present, but here the gravitational func-
tion tends toward a constant. In a general manner, when m > 1/3, the case n = −2 is the
only one giving birth to an asymptotically non-vanishing gravitational constant. Since, recent
observations suggest that our present Universe could undergo inflation, which means m > 1,
this remark underline the importance of a potential behaving like t−2 at late times if we assume
a gravitational constant for this epoch and a power law behaviour for the scale factor. This type
of potential has been studied in [47, 48] and particularly in [46] where it arises naturally when
one use a scalar field behaving as a power law type of the proper time.
– Static Universe
For m = 0 and n > −1, the Universe will isotropize toward a static behaviour at late times.
If moreover we require that the potential be decreasing, we need n ∈ [−1,0]. The anisotropic
part of the metric takes the form of a hypergeometric function multiplied by t. Static phases for
the Universe are interesting since they can help to solve the age problem and the problem of the
large-scale structures formation.
3.3.2 Exponential laws
We choose an exponential law for the isotropic part of the metric and the potential:
eΩ = emt (3.16)
U = U0e
nt
U0 is a constant. When the Universe isotropizes and undergoes expansion, we get a De-Sitter like beha-
viour for its dynamics and thus exponential inflation. This justifies the importance of this case which can
also be considered as a limiting case of the polynomial inflation with m → +∞. Moreover, in FLRW mo-
dels, the association of exponential laws for the scale factor and the potential is recovered in [43] where a
superpotential is used and in [44] where conformal scalar field cosmologies are considered.
1. gravitational function
The gravitational function is written:
G−1 = C1ent + C2e−3mt + C3e−2mt (3.17)
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The Ci are integration constant. The Universe will isotropize at late times if m > 0, which means it is
then expanding, or/and n > −3m. In this last case, asymptotically contracting Universe implies that
the potential diverge. When the Universe isotropizes it tends toward a De-Sitter model. Consequently,
when m > 0 and/or n > −3m, a De-Sitter Universe is a late times attractor for the class of theories
defined by (3.16). This result can be compared, for the Bianchi type I model, to Wald results [49]
which claims that, in the case of General Relativity with a scalar field and a cosmological constant, all
the Bianchi models (except contracting Bianchi type IX) initially in expansion approach the isotropic
De-Sitter solution.
The exact solution of the field equations can be found whatever m and n. We get for the anisotropic
part of the metric:
β± = β±0(mt− ln [1 + C3emt(C2 + C1e(3m+n)t)−1])[m(C2 + C1e(3m+n)t)]−1 + β±1 (3.18)
If we choose the early times at t → −∞, the functions β± tend toward linear law of the proper time
or constant. This means that at early times the metric functions tend toward exponential laws of the
proper time which can be compared to an anisotropic De Sitter Universe.
The only asymptotical behaviour for the metric functions which could be common between the case
of this subsection and the previous one is an asymptotical static Universe. A necessary condition is
then m = 0. Then, we see from (3.18) that the Universe can not isotropize and thus, asymptotically
static Universe is not possible for the class of theories defined by (3.16). This last result excludes that
General Relativity with a scalar field and a cosmological constant, defined by m = 0 and n = 0,
isotropize at late time with a constant scale factor. This is in accordance with Wald results.
The late times behaviours of the classes of theories described in subsections 3.3.1 and 3.3.2 are represented
on figure 3.1.
To our knowledge the results get in this last section are new and most of then can be extended to any
functions eΩ and U tending asymptotically toward the forms examined above. In [42], the same type of
applications have been made in the Einstein frame. It was shown that the Universe tends toward an isotropic
De-Sitter model when the potential tends toward a constant and reciprocally. In the present paper, we can see
that such behaviour also arises when the potential diverges. In the same way, it was shown that the Universe
isotropizes when its isotropic part tends toward a power law behaviour of the proper time if the scalar field
is defined when the metric functions diverge but we had not get conditions on the exponent of the power
law representing eΩ. Moreover in subsection 3.3.1 we have also shown that Universe can isotropize toward
a static model which is not possible in the Einstein frame. This underlines that HST is not dynamically
equivalent to General Relativity with a scalar field and that new dynamical behaviours can be found.
3.4 Conclusion
In this work, we have determined, with help of quadrature, the solution of the field equations of the
HST with a potential in the Bianchi type I model when we know the form of the potential and the iso-
tropic part of the metric as some functions of the proper time. The first result we get is that the Universe
isotropize when the integral of Ge−3Ω tends asymptotically toward a constant. We had already obtained it
in [42] by help of Hamiltonian formalism. Physically, it means that the 3-volume of the Universe have to
grow faster than the gravitational function. It is in accordance with our present Universe which is expanding
with a probably constant gravitational function. The Brans-Dicke coupling function can be evaluated as
a function of the proper time and finally of the scalar field if it is an invertible function of t. However we
have not study any particular form of ω since the dynamical properties of the Universe does not depend on it.
We have looked for the exact solutions of two classes of theories respectively defined by power and
exponential laws of the proper time for eΩ and U . They lead to isotropic Universe with power or expo-
nential inflation and are linked, among others, to the presence of superpotential or conformal scalar field
cosmologies. Of course, the forms we have chosen for eΩ and U are particular ones. However most of the
results we obtained should stay true for any theory whose the isotropic part of the metric and the potential
asymptotically behave like these described in section 3.3. Particularly power laws of t are very interesting
since from a mathematical point of view, any solutions which can be developed as power law series can be
approximated in this way. Thus our results and the assumptions that the Universe be isotropic and undergoes
inflation at late times could constraint any scalar tensor theories whose anisotropic part of the metric and
potential can be developed as power series of the proper time or as exponential of t. Lets note also that from
a physical point of view, power laws of the proper time are good approximations for the behaviour of the
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3-volume at late times, when the solutions of the field equations approach FLRW ones, or at early times
when the singularity is described by Kasnerian behaviour.
When the potential and the isotropic part of the metric are written as functions of power of t (respecti-
vely m and n), the gravitational function is the sum of three powers of the proper time. Then, the Universe
isotropizes when m > 1 or 3m+ n > −1. In these two cases, an isotropic Universe with a power law for
the metric functions represents the late times attractor. In the first case, the Universe will undergo inflation.
In the second case, the presence of inflation at late times will imply n < −4. The opposite is not true.
We can not found the exact form of the anisotropic part of the metric for any values of m and n. However
some interesting cases can be studied. The first one corresponds to an asymptotical coasting universe for
which m = 1. Then, at late times the dynamical behaviour of the metric functions when universe isotro-
pizes, i.e. for n > −4, is a linear law of t. In the FLRW case, this theory does not suffer of the age problem.
A second case corresponds to a Universe with a cosmological constant (n = 0) which tends toward a power
law of times with the same form as the solution for the flat radiation dominated Universe in the isotropic
case (m = 1/2). For these two values of n and m, the Universe will always isotropize at late times. This
theory is thus able to build a bridge between an anisotropic Bianchi type I Universe with a cosmological
constant and an isotropic one behaving dynamically like a flat isotropic radiation dominated Universe. In a
general way, when we consider a cosmological constant and a power law for the isotropic part of the metric ,
if m > 0, the Universe isotropize at late times and the gravitational function behaves like t−2 and vanishes.
Moreover, if instead of a cosmological constant we choose a potential behaving like t−2, the gravitational
function will tend toward a constant instead of vanishing which is a physically interesting situation since
it is what we observe for G. Remark that, whatever m and n, the only way to get asymptotically a non-
vanishing gravitational constant with an expanding Universe is to choose m = 1/3 and n ≤ −2 or n = −2
and m ≥ 1/3. Hence, if we want to get at late times an inflationary Universe with a gravitation constant,
we have to choose a potential behaving as t−2. Note that the potential will then vanish at late times and will
diverge at early times (t = 0), thus solving the cosmological constant problem. The last case we study is this
of an asymptotical isotropic and static Universe (m = 0). It will be a late times attractor, i.e. the Universe
will always tend toward an isotropic and static Universe, if n > −1. This type of theory could help to solve
age and large scale structures formation problems.
When the potential and the isotropic part of the metric are written as functions of exponential of t (respec-
tively m and n), G−1 is then the sum of three exponentials of t. The Universe will isotropize at late times
if m > 0 or/and n > −3m. Under these conditions for m and n, a De-Sitter Universe is a late times at-
tractor. In the first case, this always give birth to an expanding Universe. In the second case, if the potential
asymptotically vanishes at late times as it could be the case for our present Universe, it can be contracting
or expanding Universe.
It is possible to calculate the exact solutions of the metric functions, i.e. the anisotropic part of the metric,
for any m and n. Thus, we have remarked that this class of models can not isotropize asymptotically toward
a static Universe (m = 0). However, in the neighbourhood of the singularity that we choose in t → −∞,
all the metric functions tend toward an exponential of the scalar field giving birth to the counterpart of a
De Sitter model for the anisotropic case, i.e. the metric functions behave as exponentials of t with different
exponents.
The two classes of theories we present in this paper have large regions of the parameters plane (m,n)
for which the Universe is able to isotropize and be in expansion with a vanishing potential (In this case, for
exponential laws of U and eΩ, the gravitational function always diverge. This is different when we consider
power laws.). Such types of theories could solve the cosmological constant problem since their potentials
decrease naturally when time increases. These regions of the plane (m,n) are shown in the figure 3.1.
This work can be extended in several ways. First, since G−1(Ω,
∑
n Un) = g1(Ω) +
∑
n g2(Ω,Un)
and ω(φ,Ω,
∑
n Un) = ω1(φ,Ω) +
∑
n ω2(φ ,Ω,Un), we are able from the dynamical properties of simple
classes of theories defined by Ω(t) and U(t) to deduce dynamical properties of more evoluted classes of
theories defined by sum of these functions. Secondly, other types of physically interesting potentials can be
studied such as these which tend toward a constant in an oscillating way as for instance U = sin t/t+ U0.
Finally, It would be interesting to extend this work to take into account the presence of a perfect fluid as
matter field for the Universe. It will be the subject of future works.
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FIG. 3.1 – These two fi gures summarise the asymptotical behaviours of the HST in the (m,n) plane when the potential and the isotropic parts of
the metric are respectively power or exponential laws of the proper times. We have annoted ”De”, ”In”, ”Is”and ”If”the regions of the plane where the
Universe is respectively decreasing, increasing, isotropic and inflationary at late times epochs. Gray regions represent the regions of the plane for which
the gravitational function diverge at late times.
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Chapitre 4
Dynamique asymptotique du mode`le de
Bianchi de type I: formalisme
Lagrangien 1(1 article)
Dans ce chapitre, nous conside`rerons la the´orie tenseur-scalaire de´finie par
L = φR − ω(φ)
φ
φ,µφ
,µ
G e´tant la fonction de gravitation et ω la fonction de Brans-Dicke, toutes deux de´pendantes du champ
scalaire φ. Notre but sera d’e´tudier le signe des de´rive´es premie`res et secondes des fonctions me´triques
en fonction de ω et de constantes d’inte´gration afin de comprendre qu’elles sont les the´ories compatibles
avec un Univers en expansion et avec une acce´le´ration de sa dynamique. A l’e´poque ou` nous avons e´crit
cet article, la pre´sente acce´le´ration de l’expansion de notre Univers n’avait pas encore e´te´ de´tecte´e, c’est
la raison pour laquelle il n’en est pas fait mention dans l’article et pourquoi la notion d’acce´le´ration est
syste´matiquement relie´e a` celle d’inflation.
Nous appliquerons nos re´sultats a` trois the´ories tenseur-scalaires de´finies par:
3 + 2ω = φ2cφ
2m
2ω + 3 = m | lnφ/φ0 |−n
2ω + 3 = m | 1− (φ/φ0)n |−1
Cette me´thode apparaıˆt plus efficace que la recherche de solutions exactes dans le sens ou` le comportement
asymptotique de l’Univers (expansion, acce´le´ration, contraction, etc) peut eˆtre de´termine´ pour de larges
classes de the´ories tenseur-scalaires. Cependant elle donne des re´sultats purement qualitatifs et ne nous
permet pas encore d’obtenir des re´sultats quantitatifs tel que le comportement asymptotique des fonctions
me´triques exprime´ a` l’aide du temps propre t ou des contraintes d’origine physiques telles que celles issues
de la nucle´osynthe`se[50] ou de l’isotropisation. De plus, nous n’avons pas re´ussi a` l’e´tendre a` d’autres
mode`les que celui de Bianchi de type I .
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Dynamical study of the empty Bianchi type I model in
generalised scalar-tensor theory.
Ste´phane Fay
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abstract:
A dynamical study of the generalised scalar-tensor theory in the empty Bianchi type I model is made.
We use a method from which we derive the sign of the first and second derivatives of the metric functions
and examine three different theories that can all tend towards relativistic behaviours at late time. We deter-
mine conditions so that the dynamic be in expansion and decelerated at late time.
Keys Words: Bianchi I; scalar-tensor theory; dynamical study.
Published in: Gen. Rel. Grav., Vol 32, Num 2, 2000
4.1 Introduction.
The scalar-tensor theories of gravitation allow to the gravitational constant to vary. Such a phenomenon
happens in a large number of theories which try to unify gravitation with the other interaction forces. In the
vacuum case, the most general form of the action of the scalar-tensor theories is written [31] :
S =
∫ [
F (φ)R − 1/2(∇ϕ)2 − U(ϕ)]√−gd4x (4.1)
where ϕ is a scalar field, U(ϕ) a potential. We get General Relativity with F (ϕ) = cte and Brans-Dicke
theory with U = 0, F (ϕ) = ϕ2/8ω and ω = cte. When F (ϕ) is anatically invertible [51] this action can
always be written with a Brans-Dicke scalar field. Putting φ = F (ϕ) and ω(ϕ) = F/
[
2(dF/dϕ)2
]
), we
get :
S =
∫ [
φR− ω(φ)
φ
(∇φ)2 − U(φ)
]√−gd4x (4.2)
We will take U(φ) = 0 so that we can obtain a Newtonian limit for the weak fields [29]. Techniques to
find exact or asymptotic solutions to the field equations derived from action (4.2), with or without matter,
in an anisotropic Universe, by means of a conformal transformation, have been described in [29]. Exact
solutions and asymptotic behaviours of the scale factor have been analysed for the generalised scalar-tensor
theory in FLRW model with matter in [52]. Dynamical studies have been made for Brans-Dicke theory in a
FLRW model in [53, 54, 55]. Here, we will work in an empty Bianchi type I Universe. We will introduce new
variables, write the field equations with their first derivatives and then perform an analysis to get analytically
the sign of the first and second derivatives of the metric functions, without asymptotic methods, whatever
ω(φ). Hence we will get the qualitative form of these functions in the Brans-Dicke frame for any time: are
they increasing or decreasing, do extrema exist and if so, how many, is there inflation, do they tend towards
a power law type, etc.
In section 4.2, we write the field equations of the vacuum Bianchi type I model with the new variables.
In section 4.3, we study particular values of these variables and in section 4.4 we describe the method which
gives the sign of the first derivatives of the metric functions, depending on the form of ω(φ). In section 4.5,
we apply our method to three different forms of the coupling function which are all such that ω → ∞
and ωφω−3 → 0 if we adjust some of their parameters. These two limits ensures that the PPN parameters
converge towards values in agreement with the observational data [56, 57]. Thus the different theories,
corresponding to different choices of the couplingω(φ), converge towards relativistic behaviours. In section
4.6, we examine the three metric functions and under what conditions they are increasing or decreasing
together, etc. In the section (4.7), we describe the method giving the sign of the second derivatives of the
metric functions and examine in which conditions they can be decelerated at late time. We apply our results
to the coupling functions of section 4.5.
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4.2 The field equations
The metric is:
ds2 = −dt2 + a2(ω1)2 + b2(ω2)2 + c2(ω3)2 (4.3)
where the ωi are the 1-forms of the Bianchi type I model, t the proper time and a(t), b(t), c(t) the metric
functions depending on t. We define the τ time as:
dτ = abcdt
and then, the field equations and the Klein-Gordon equation are written:
a,,
a
− a
,2
a2
+
a,
a
φ,
φ
− 1
2
ω,
3 + 2ω
φ,
φ
= 0
b,,
b
− b
,2
b2
+
b,
b
φ,
φ
− 1
2
ω,
3 + 2ω
φ,
φ
= 0 (4.4)
c,,
c
− c
,2
c2
+
c,
c
φ,
φ
− 1
2
ω,
3 + 2ω
φ,
φ
= 0
a,
a
b,
b
+
a,
a
c,
c
+
b,
b
c,
c
+
φ,
φ
(
a,
a
+
b,
b
+
c,
c
)− ω
2
(
φ,
φ
)2 = 0 (4.5)
φ,, = − ω
,φ,
3 + 2ω
(4.6)
We integrate (4.6) and get :
Aφ,
√
3 + 2ω = 1 (4.7)
A being an integration constant. We see in this last expression that the coupling function must be superior
to -3/2 so that the square root is real. We use (4.6) to introduce the second derivative of the scalar field in
(4.4) and put:
α =
a,
a
φ, β =
b,
b
φ, γ =
c,
c
φ, φ, = Φ (4.8)
After integrating, the field equations become:
α+
1
2
Φ = α0
β +
1
2
Φ = β0
γ +
1
2
Φ = γ0
αβ + αγ + βγ +Φ(α+ β + γ)− 1
4
(A−2 − 3Φ2) = 0 (4.9)
α0, β0, γ0 being integration constants. The constraint imposes the condition :
α0β0 + α0γ0 + β0γ0 = (4A
2)−1 (4.10)
The physical solutions are such that the metric functions and the scalar field are positive. Hence, the sign
of the variables α, β, γ will be the same as the sign of the first derivative of the metric functions. The sign
of Φ will be the same as φ,. Negative scalar fields have already been considered in [58] but it means that,
in the Einstein frame, the gravitational constant will be negative. For this reason, many authors deal with
positive scalar fields. We will do the same, but the method can easily be extended to negative ones. In what
it follows, we will consider only the metric function a. What we write for a will be valid for b and c. Let us
say a few words about exact solutions [29] of the field equations. From (4.9), we can easily show that:
a = exp(
∫
α0
φ
dτ + cte)φ−1/2 (4.11)
The scalar field can be calculated by integrating and inverting (4.12):
dτ = A
∫ √
3 + 2ωdφ (4.12)
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Therefore, we can obtain exact solutions of the metric functions for the simple form of the coupling function.
What is the link between the results we will obtain in the τ time and the behaviours of the metric
functions in the t time. Since a(τ) = a(τ(t)) = a(t), the amplitudes of the metric functions will be the
same in both τ and t times. Moreover as:
da/dt = da/dτdτ/dt = da/dτ(abc)−1 (4.13)
with abc > 0, the sign of the first derivatives of the metric functions will not be different in τ or t time. Of
course the amplitudes of all the derivatives will be different. While it will always be possible to determine
asymptotically the amplitudes of a,, this will not be the same for a˙.
Therefore, as we are mainly interested by the sign of a,, a,, and a¨, this is not important. The sign of the
second derivatives will be different in both times since
d2a/dt2 = a¨ = [a,, − a,(a,/a+ b,/b+ c,/c)] (abc)−2 (4.14)
an overdot denoting differentiation with respect to t.
For these reasons, all that we will say about the sign of the first derivatives will apply to both t and τ time.
Hence, results of section 4.3, 4.4, 4.5, 4.6 and in particular table 4.1 (except the sign of the second derivative
of the scalar field which will be different by φ,, in the t time) will not change in t time since they depends
on the sign of constants or first derivative of ω with respect to φ. In section 4.7, where we will deal with the
sign of the second derivatives, we will study separately the sign of a,, and a¨.
Another difference between τ and t time is that, for instance, t can diverge for a finite value of τ . It can,
for instance, transform a Universe that exists during a finite τ time into a Universe which would exist in an
infinite t time. But we will not pay attention to this type of phenomenon in our study. In fact, in most cases,
we will use φ as a time coordinate, particularly in section 4.5 and 4.7, and so we will have no need to know
the intervals of τ or t.
4.3 Study of the first derivative of a metric function.
We consider the first equation of (4.9). The solution of this equation in the (α,Φ) plane is represented
by a straight line. We have two cases depending on the sign of α0, which are represented on graph 1. To
describe the variations of the metric function a, we have to study the dynamic of a point (α,Φ) on this
straight line so that we know the sign of α and hence, this of a, during the time evolution. The straight line
cuts the Φ axe at (α,Φ) = (0,2α0) and the α axe at (α,Φ) = (α0,0). In (0,2α0), we have α = 0. This
means that :
- the metric function a reaches an extrema if the motion of the point (α,Φ) on the straight line is such
that the sign of α change. It is an inflexion point for the metric function, if the motion of the point (α,Φ) on
the straight line changes direction when it reaches (0,2α0).
- If the motion of the (α,Φ) point on the straight line is such that it tend asymptotically towards (0,2α0)
then a possible explanation is that the scalar field vanishes or that a ∝ τ .
In (α0,0), the first derivative of the scalar field disappears. We will show below that the scalar field
is a monotone function of τ . Hence , φ, = 0 can be an inflexion point for φ in the τ time if the motion
of the point (α,Φ) changes direction after reaching (α0,0). Otherwise it means that the scalar field tends
towards a constant. In this last case, we have φ → φ∗ = cte and (4.7) shows that ω → ∞. If we put
φ = φ∗ in the field equations (4.9), the metric functions are written a = eα0φ∗−1(τ−τ0), b = eβ0φ∗−1(τ−τ0),
c = eγ0φ
∗−1(τ−τ0)
, and become in the proper time a = a0tp1 , b = b0tp2 , c = c0tp3 with
∑
pi = 1 and∑
p2i = 1 − 2−1A−2(α0 + β0 + γ0)−2. Hence, when (α,Φ) → (α0,0), the metric functions tend towards
a Kasnerian behaviour.
We can make the following general observations valid in the τ time: when Φ 6∈ [2α0,0], the more
increasing (decreasing) the scalar field is, the more decreasing (increasing) the metric function will be.
When Φ ∈ [2α0,0], the scalar field and the metric function increase (decrease) if α0 > 0 (α0 < 0).
The last remark will concern the representation, in the (α,Φ) plane, of the solutions of the first equation
in (7). If we take as a convention that √3 + 2ω > 0, equation (4.7) shows that the sign of φ, = Φ depends
on the sign of the integration constant A. Hence the solution represented in figure 1 by the straight line is
physically composed of two separate solutions represented by two half-line, one corresponding to A > 0
and then Φ > 0 and the other to A < 0 and then Φ < 0. So, to the first equation of (4.9) correspond four
types of behaviours for the metric function and the scalar field, depending on the sign of α0 and A. We
will see below that each of them can be split again in two cases depending on the sign of Φ, = φ,,. These
four solutions are illustrated in figure 2. In this figure, {1}, {2}, {3}, {4} correspond to the four half-lines
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which represent the four physically different solutions of the first equation of (4.9). (τ1) and (τ2) represent
the finite or infinite values of the time τ for which (α,Φ) is equal to (0,2α0) and (α0,0). In what it follows,
we will consider the motion of a point (α,Φ) on each of the four half-lines. It depends on the form of the
coupling function ω(φ). To determine it, we need an equation to know how and under which conditions Φ
varies.
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FIG. 4.1 – .Figure 1 : solution of the fi rst equation of (4.9) in the α,Φ plane depending on the sign of α0.
Figure 2 : the four different physically solutions of the fi rst equation of (4.9).
Figure 3 : representation of all the solutions of the equations (4.9) in the ((α,β,γ),Φ) plane.
4.4 Study of the metric functions and scalar field variations depen-
ding on the form of ω(φ)
We have dτ = abcdt with abc > 0. Hence τ is an increasing function of t and the variations of the
metric functions in the τ time will be the same in the t time. From (4.6), we deduce the equation which
gives the variation of Φ depending on ω(φ) :
Φ, = −ωφ(φ
,)2
3 + 2ω
(4.15)
with ωφ = ω,/φ, = dω/dφ. 3 + 2ω is positive since ω > −3/2. Then, the sign of Φ, depends on the sign
of ωφ which is independent of the time we consider, namely τ or t (of course Φ, = φ,, and the sign of φ¨
will be different in the t time. But this is not important here since our final aim is to determine the sign of
the first derivatives of the metric functions which does not change in t time). So the results we will find
and which depend on the sign of the variations of Φ will be valid in both t and τ times. Hence, if ωφ has a
constant sign, the motion of the point (α,Φ) on each half-line will be monotone otherwise its direction will
change depending on the sign of ωφ. We now study the case where ω(φ) is a monotone function and get
eight different behaviours for the scalar field and the metric function corresponding to the split of each of
the 4 previous cases in two cases. First, we consider that the coupling function is an increasing function of
the scalar field. Then, ωφ > 0 and from (4.15) we deduce that Φ, = φ,, < 0. Consequently, the motion of
the point (α,Φ) on the half-lines will be such that Φ decrease. Then, if we are on the half-line {1}, the point
(α,Φ) moves from the left to the right. In the same time, τ increases and then we deduce that τ1 < τ2. On
{1}we have Φ = φ, > 0 : the scalar field is an increasing function of τ . When Φ→ +∞, α < 0. α remains
negative until (α,Φ) = (0,2α0), which means τ = τ1, and when Φ ∈ [0,2α0], α becomes positive. So, we
deduce that the metric function is first decreasing until τ = τ1 and then increases when τ > τ1 until τ = τ2,
the value of τ for which the scalar field becomes a constant: the metric function can have a minimum (but it
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Sign of Variation of Variation of half-line direction of type of
(ωφ, A, α0) φ α(τ) number the monotone behaviour
motion of the number
(α, Φ) point
(+,+,+) φ, > 0, φ,, < 0 minimum in τ1 {1} left to right {1}
when Φ = 2α0
(+,-,+) φ, < 0, φ,, < 0 increasing {2} left to right {2}
(+,+,-) φ, > 0, φ,, < 0 decreasing {3} left to right {3}
(+,-,-) φ, < 0, φ,, < 0 minimum in τ1 {4} left to right {4}
when Φ = 2α0
(-,+,+) φ, > 0, φ,, > 0 maximum in τ1 {1} right to left {1’}
when Φ = 2α0
(-,-,+) φ, < 0, φ,, > 0 increasing {2} right to left {2’}
(-,+,-) φ, > 0, φ,, > 0 decreasing {3} right to left {3’}
(-,-,-) φ, < 0, φ,, > 0 maximum in τ1 {4} right to left {4’}
when Φ = 2α0
TAB. 4.1 – The eight types of behaviours of the scalar field and metric function when the coupling constant
is a monotone function of the scalar field. Note that the sign of the second derivative of φ with respect to τ
or t will not be the same. But the signs of all the first derivatives will stay the same.
is not necessarily true as we will see below). The same type of reasoning can be applied when we consider
the half-lines {2}, {3} and {4}.
If now we consider that the coupling function is a decreasing function of the scalar field, we haveωφ < 0
and Φ, = φ,, > 0. The point (α,Φ) moves from the right to the left on each of the four half-lines and we
have τ2 < τ1. The same reasoning as in the case ωφ > 0 will hold. Hence we get four more cases. Table
4.1 summarises these eight cases : we give the sign of the triplet (ωφ,A,α0), independent of the time we
consider (t or τ ), the scalar field and metric function variations, the direction of the motion of the point on
each half-line and we allocate a number for each behaviour. Another condition has to be fulfilled in the cases
{1}, {1’}, {4}, {4’}, to have necessarily an extremum: we have to check if the value Φ = 2α0 belongs to
the interval in which Φ varies. For this purpose, we rewrite the equation (4.7) :
AΦ
√
3 + 2ω = 1 (4.16)
We determine the interval in which the scalar field φ varies by imposing the conditions
√
3 + 2ω > 0 and
φ > 0. Then from (4.16) we deduce the interval for Φ. The condition for an extremum to exist for the
behaviours of type {1}, {1’}, {4} and {4’} will be that this last interval contains the value 2α0. One can
also check if the value of the scalar field corresponding to 3 + 2ω = (2α0A)−2 beholds to the interval in
which φ varies.
Now, we consider the case where the coupling function ω(φ) is not a monotone function of the scalar
field. It means that the sign of ωφ will change during the evolution of the dynamic. In the interval of time
where ωφ will be positive, we will have behaviours of type {1}, {2}, {3} or {4} and when it becomes
negative the metric function and the scalar field will behave respectively as {1’}, {2’}, {3’} or {4’}. Hence,
the behaviours of the metric function when the coupling function is not monotone will be a succession of
behaviours of type {i}+{i’}+{i}+{i’}..., the repetitions of the scheme {i}+{i’} depending on the number
of zero of ωφ.
Note that to achieve our goal, that is determine the variation (sign of the first derivative) of the metric
function, we used quantities such that the second derivative of the scalar field or the amplitude of its first
derivative are not invariant when we change time coordinate from τ to t. But these two quantities can
always be written as function of ωφ or ω which are independent of time coordinate. Therefore our method
is in agreement with the fact that the sign of the first derivative of the metric function is the same in τ or t
time.
In the next section we will consider several forms of the coupling function with a decreasing scalar field,
i.e. A < 0.
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4.5 Applications.
We are going to examine the variations of the metric functions with three different forms of the coupling
function. The couplings we will consider are interesting for the following reasons. The first coupling is
3 + 2ω = φ2cφ
2m
. When m > 0 and φ → ∞ or m < 0 and φ → 0, ω → φ2m → ∞. When m < −1/4
and φ→ 0 or when m > −1/4 and φ→∞, ωφω−3 → 0. Hence, asymptotically, the theory tends towards
relativistic behaviours at late time (φ→ 0) when m < −1/4. When the scalar field becomes infinite, ω(φ)
tends towards a power law that corresponds to a power or exponential law for F (ϕ) (see (4.1)). Power
Law for ω(φ) have been studied in [59]. This class of theories is also in agreement with the constraints
imposed by the slow logarithmic decrease of the gravitational constant (dG/dt)G−1. The two other laws,
2ω + 3 = m | ln(φ/φ0) |−n and 2ω + 3 = m | 1 − (φ/φ0)n |−1 have been studied in [52] in a FLRW
Universe. For the first one, we recover the values of the PPN parameters in General Relativity when φ→ φ0
if n > 1/2, whereas for the second one there is no restriction on the value of the exponent n.
4.5.1 The theory 3 + 2ω = φ2cφ2m
We have :
ωφ = φ
2
cmφ
2m−1 (4.17)
The expression 3 + 2ω is positive for all positive values of the scalar field. Hence φ varies in [0,+∞[.
From (4.16) we deduce that Φ varies in ]−∞,0]. If m is positive, ωφ > 0 and the metric function behaves
as {2} and {4} whereas if m is negative, ωφ < 0, and it behaves as {2’} and {4’}. In the Cases {2} and
{2’}, the metric function increases. In the case {4} and {4’}, from (4.16) we deduce that the metric function
has an extremum when the scalar field is equal to (2α0Aφc)1/m. This last value is always positive and then
belongs to the interval in which the scalar field varies. We conclude that for the types {4} or {4’}, the metric
function will always have respectively a minimum or a maximum.
4.5.2 The theory 2ω + 3 = m | lnφ/φ0 |−n.
We restrict the parameters to n > 0, m > 0 so that 2ω + 3 is positive. We will first consider the case
where φ > φ0 . Then, we can write:
2ω + 3 = m(lnφ/φ0)
−n (4.18)
ωφ is always negative and Φ ∈ ]−∞,0]. Hence, if α0 > 0, the metric function is increasing. If α0 < 0, the
metric function will always have a maximum since Φ = 2α0 belongs to the interval where Φ varies.
If we chose for φ the interval [0,φ0], the metric function has a minimum if α0 < (2A
√
m)−1. Otherwise,
it is increasing.
4.5.3 The theory 2ω + 3 = m | 1− (φ/φ0)n |−1.
We restrict the parameters to n > 0, m > 0 and will take first φ > φ0. Hence we have:
2ω + 3 = m [(φ/φ0)
n − 1]−1 (4.19)
ωφ is always negative. If the integration constant α0 is positive, the metric function is increasing, whereas
if α0 is negative, since Φ ∈ ]−∞,0], the metric function will always have a maximum. If we choose
φ ∈ [0,φ0], the metric function is still increasing when α0 > 0 but have a minimum if α0 < 0.
4.6 Behaviour of the three metric functions.
The graph 3 represents the solutions of the system equations (4.9) on the plane ((α,β,γ),Φ). We choose
without loss of generality α0 < β0 < γ0. We distinguish four cases :
1. If Φ > 2γ0, all the metric functions are decreasing.
2. If Φ ∈ [2γ0,2β0], the metric function associated with the largest of the integration constants is increa-
sing whereas the two others are still decreasing.
3. If Φ ∈ [2β0,2α0], the metric function associated with the smallest of the integration constants is the
only one to be decreasing.
4. If Φ < 2α0, the three metric functions are increasing.
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If i constants among α0, β0 and γ0 are positive, we deduce from figure 3 that when φ is increasing, whatever
the form of ω(φ), only the i+1 first cases can exist, when φ is decreasing, whatever the form of ω(φ), only
the i+1 last cases can exist. Hence, in the case where α0, β0, γ0 are positive constant and A is a negative
one, all the metric functions will be increasing whatever the form of ω(φ). But, if α0, β0, γ0 are negative
and A positive, all the metric functions will be decreasing. We deduce also that to get three increasing
metric functions which tend towards a power law, that is ((α,β,γ),Φ) → ((α0,β0,γ0),0), when τ (and thus
t) increases, a necessary condition will be that α0, β0, γ0 be positive , A and ωφ have the same sign.
4.7 Study of the second-derivative of the metric function
In the FLRW models, a positive sign of the first and second derivatives of the scale factor with respect
to the cosmic time is the sign of inflation: the expansion in the t time is accelerated. Inflation in generalised
scalar-tensor theory and in FLRW models has been studied in [27] and [28]. It seems to be noteworthy that
it happens without a cosmological constant or potential. One can talk about inflation only when the second
derivatives of the metric functions with respect to t are positives. First, we are going to describe a method
giving the sign of the second derivative of the metric function with respect to τ from the knowledge of ω
and ωφ. Hence, we will be able to completely determine the qualitative form of the metric function in the τ
time. Second, we apply it and finally we will study the sign of a¨ and obtain conditions to have inflation in
Bianchi type I model.
4.7.1 Study of a,,
The first spatial component of the field equations is written :
a,,
a
=
a,2
a2
− a
,
a
φ,
φ
+
1
2
ω,
3 + 2ω
φ,
φ
(4.20)
φ2
a,,
a
= α2 − αφ, + 1
2
ωφ
3 + 2ω
φ,2φ (4.21)
But φ, = 1/(A
√
3 + 2ω), so we get :
φ2
a,,
a
= α2 − α
A
√
3 + 2ω
+
1
2
ωφ
(3 + 2ω)2
φ
A2
(4.22)
The sign of the left hand side of (4.22) is the same as a,,. The right hand side of equation (4.22) is an
equation of degree two in α. Hence, we have to know the sign of this equation in order to obtain the sign
of a,,, i.e. to determine its roots. It is important to recall that α can be expressed as a function of the scalar
field. We get :
α = α0 − 1
2
φ, = α0 − 1
2
1
A
√
3 + 2ω
(4.23)
Now we calculate the determinant of the second degree equation (4.22) :
∆ =
1
A2(3 + 2ω)
− 2 ωφ
(3 + 2ω)2
φ
A2
(4.24)
If ∆ is negative, the second degree equation is positive for all value ofα and a,, is positive. Then the dynamic
of the metric function is accelerated (this is not inflation since the sign of a,, and a¨ are not necessarily the
same). If ∆ is positive, the second degree equation has two real roots α1 and α2. From (4.24), we deduce
that ∆ < 0 if :
ωφ >
3 + 2ω
2φ
(4.25)
The condition (4.25) will be true for the three metric functions. It does not depend on a specific parameter
of one of these functions. Hence, when (4.25) is true, the dynamic of the three metric functions in the τ time
is accelerated. If now we consider ∆ > 0, we find two roots :
α1,2 = (
1
A
√
3 + 2ω
±
√
1
A2(3 + 2ω)
− 2ωφ
(3 + 2ω)2
φ
A2
)/2 (4.26)
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With the form of the coupling function, one can deduce the conditions so that a,, be positive or negative.
By conditions we mean the values of the scalar field and of the different parameters defining the form of the
coupling function, which rule the sign of a,,. To get this sign, we have to know the sign of:
α1,2(φ)− α(φ) = −α0 + (2A
√
3 + 2ω)−1
[
2±
√
1− 2ωφφ(3 + 2ω)−1
]
(4.27)
When α1−α and α2−α have the same sign, equation (4.22) is positive and thus a,, is positive; otherwise, it
means that α ∈ [α2,α1] and then a,, is negative. At late time, if φRG is the value of the scalar field for which
ω → ∞ and ωφω−3 → 0 (which ensures the theory is compatible with the observation) we deduce from
(4.27) that a necessary and sufficient condition for the dynamic of the metric function to be decelerated in
the τ time, will be:
lim
φ→φRG
ωφ < −2α20A2(3 + 2ω)2φ−1 (4.28)
4.7.2 Applications.
Theory 3 + 2ω = φ2cφ2m
Remember that for this form of 3+ 2ω we have φ ∈ [0,+∞[. We continue to choose A < 0 in order to
have a decreasing scalar field. We get :
α = α0 − 1
2
φ−m
Aφc
(4.29)
α1,2 =
φ−m(1 ±√1− 2m)
2Aφc
(4.30)
The condition (4.25) is satisfied when m > 1/2 : in this case we always have a,,, b,, and c,, positive. When
m < 1/2, we have to determine the sign of :
α1,2 − α = φ
−m(2±√1− 2m)
2Aφc
− α0 (4.31)
We will always have α1 < α2.
- If α0 = 0, we have α > α1 for all values of the scalar field. If m < −3/2, from equation (4.31) we
deduce that α2 < α < α1 and thus α,, < 0. If m ∈ [−3/2,1/2], we get α > α1,2 and then a,, > 0. Now
we consider general case where α0 6= 0.
– If m < 0,
– if α0 > 0, when φ→ ∞, α > α1. If m ∈ [−3/2,0], α > α1,2 and if m < −3/2, α ∈ [α1,α2].
Then the scalar field decreases and when φ→ 0, α > α1,2.
– If α0 < 0, when φ → ∞, if m ∈ [−3/2,0], α > α1,2, if m < −3/2, α ∈ [α1,α2]. When the
scalar field decreases and φ→ 0, α < α1,2.
Hence, we deduce that :
– If α0 > 0,
– if m ∈ [−3/2,0], we have a,, > 0,
– if m < −3/2, we have first a,, < 0 and then a,, > 0.
– If α0 < 0,
– if m ∈ [−3/2,0], we have a,, > 0, then a,, < 0 and finally a,, > 0,
– if m < −3/2, we have a,, < 0 and a,, > 0.
– If m ∈ [0,1/2],
We will always have φ−m(2 − 1√1− 2m) > 0. When φ → ∞, α is larger than α1,2 if α0 > 0 or
smaller if α0 < 0. For all value of α0, when φ decreases and tends towards 0, we have α > α1,2.
Hence, we deduce that if α0 < 0, first we have a,, > 0, then a,, < 0 and at last a,, > 0. If α0 > 0,
we always have a,, > 0.
From the knowledge of a, (see 4.5.2) and a,, it is now easy to know qualitatively the behaviours of the
metric function a, depending on its different parameters α0 and m. We deduce from our qualitative analysis
that:
– When m ∈ [0,1/2] and α0 > 0, the metric function is increasing and accelerated. When α0 < 0, the
metric function has a minimum. The branch before the minimum is accelerated whereas the branch
after the minimum has an inflexion point and is accelerated in late time.
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– When m > 1/2, the dynamic of the metric function is always accelerated.
– When m < 0 and α0 > 0, the metric function increases. It is accelerated if m ∈ [−3/2,0]. If m <
−3/2, it is first decelerated and then accelerated: the metric function has an inflexion point. If α0 < 0,
the metric function has a maximum. If m ∈ [−3/2,0], the dynamic is accelerated in both late and
early times whereas if m < −3/2, it is decelerated in early time and accelerated in late time.
Note that one can always obtain the value of the scalar field for which the sign of a,, changes by writing
α1,2−α = 0. We see that the theory 3+2ω = φ2cφ2m is always accelerated in late time in accordance with
the relation (4.28).
The theory 2ω + 3 = m | lnφ/φ0 |−n.
Here, we consider only the interval [φ0,∞[ for the scalar field, ωφ is always negative and then ∆ is
always positive. We have:
α1,2 − α = −α0 + (2A
√
m)−1(lnφ/φ0)n/2(2±
√
1 + nφ0 ln(φ/φ0)−1) (4.32)
When α0 > 0, in early time, φ → ∞ and α > α1,2. Then, at late time, when φ → φ0, if n > 1, we have
again α > α1,2 and then the metric function increases and is accelerated whereas if n ∈ [0,1], we have
α ∈ [α1,α2]. Then, the metric function increases but have an inflexion point. It is decelerated at late time.
When α0 < 0, the metric function has a maximum. If n > 1, the dynamic is both accelerated in early and
late time whereas if n ∈ [0,1], it is just accelerated in early time.
The theory 2ω + 3 = m | 1− (φ/φ0)n |−1.
Here again we consider the same interval for φ and ∆ will be always positive. We have:
α1,2 − α = −α0 + (2A
√
m)−1
√
(φ/φ0)−n − 1(2±
√
1 + n(φ/φ0)n/ [(φ/φ0)n − 1]) (4.33)
We get two important values for n: n = 3 or n = 4A2α20m.
– When α0 > 0, the metric function is increasing and its behaviour is accelerated if n < (3,4A2α20m)
or decelerated if n > (3,4A2α20m). If the value of n is between n = 3 and n = 4A2α20m, the metric
function has an inflexion point and the dynamic will be accelerated at late time if 3 < 4A2α20m or
decelerated if 3 > 4A2α20m.
– When α0 < 0, the metric function has a maximum. Its behaviour is decelerated if n > (3,4A2α20m).
If n < (3,4A2α20m) , the dynamic is accelerated at both late and early times. If the value of n is
between n = 3 and n = 4A2α20m, the dynamic is decelerated at early time when 3 < 4A2α20m and
becomes accelerated whereas when 3 > 4A2α20m, it is first accelerated and then decelerated at late
time.
In all the applications one can prove that the behaviours of a,, at early and late times are continuous. The
sign of a,, does not change between the late and early times because (α1,2 − α), vanish for only one value
of φ in the intervals in which the parameters of the three theories and the scalar field are allowed to vary. If
it was not the case, the sign of this last expression would vanish for, at least, two values of the scalar field.
In the next subsection we will talk about the second derivative of the metric function in t time. For the
sake of simplicity (the sign of the second derivative can change more than twice in t time) we will not study
the behaviour of these theories in the t time (qualitatively, only the sign of the second derivative changes).
Moreover, to do this we must carry out numerical computations as we will see, that seems diverge from our
goal, i.e. make a general study of the dynamic whatever the coupling function.
4.7.3 Study of a¨.
Here, when a¨ and the first derivative are positives one can speak about inflation. We have:
a¨
a
=
[
a,,
a
− a
,2
a2
− a
,
a
(
b,
b
+
c,
c
)
]
(abc)−2 (4.34)
The relations (4.7) and (4.22) imply:
a¨
a
(abc)2φ2 =
1
2
ωφ
(3 + 2ω)2
φ
A2
− α(β0 + γ0) (4.35)
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This is an equation of first degree for α. Its solution is:
α3 =
1
2
ωφ
(3 + 2ω)2
φ
A2
(β0 + γ0)
−1 (4.36)
We use equation (4.23) to write:
α− α3 = α0 − 1
2
1
A
√
3 + 2ω
− 1
2
ωφ
(3 + 2ω)2
φ
A2
(β0 + γ0)
−1 (4.37)
Then, one has to solve α − α3 = 0 for φ so that we can determine the sign of this last expression for
different intervals of the scalar field. This is not an easy task and to study the theories of the last subsection,
we would need numerical computation. In a general manner, to simplify the resolution, one can notice that
equation (4.37) is a third degree equation for (3 + 2ω)−1/2. Then, a¨ is positive when β0 + γ0 > 0 (< 0) if
α − α3 > 0 (< 0) and negative when β0 + γ0 > 0 (< 0) if α − α3 < 0 (¿0). When a theory tends toward
General Relativity, i.e. φ→ φRG, the dynamic of the metric function will be decelerated if:
lim
φ→φRG
ωφ < 2A
2α0(β0 + γ0)(3 + 2ω)
2φ−1 (4.38)
Under this condition one can not get inflation at late time. Note that (4.38) has the same form as (4.28)
except the introduction of the constant β0 + γ0. This comes from the fact that in the t time, all the metric
functions appear in each field equations. If we use the three coupling functions of subsection 4.7.2 with
equation (4.37), one obtain complex expressions which need numerical investigations to find their zeros.
Since the presence of matter tends to slow down the expansion, one can hypothesize that (4.38) could
be a sufficient (but not necessary) condition so that model with matter has a decelerated behaviour in the
same circumstances, that is at late time when the theory tends towards a relativistic behaviour.
4.8 Conclusions.
From the form of the coupling function ω(φ), we can deduce the qualitative behaviour of the metric
functions. It depends on the sign of dφ/dτ , dω/dφ and the integration constants α0, β0, γ0. We have
studied two things : sign of the first and second derivatives of the metric functions.
For the first derivative, the main difficulty is to find the zeros of ωφ. When ω(φ) is a monotonous
function of the scalar field, we have eight basic possible behaviours ({1}, {2}, {3}, {4}, {1’}, {2’}, {3’},
{4’}) for a metric function because dφ/dτ , dω/dφ and the corresponding integration constants can be
positive or negative (2*2*2=8). When ω(φ) has one or several extrema, the behaviour of the metric function
is a succession of behaviours of types {i} + {i’}, {i} and {i’} being the number of two of the eight basic
behaviours, one with ωφ > 0 and the other with ωφ < 0. For the behaviours of type {1}, {1’}, {4} and
{4’}, a complementary condition has to be fulfilled so that the metric function a (b, c) has an extremum :
the value 2α0 (2β0, 2γ0) has to be in the interval in which dφ/dτ varies otherwise the metric function is
monotone. Or equivalently, a time independent formulation of this condition will be that the value of the
scalar field corresponding to 3 + 2ω = (2α0A)−2 ((2β0A)−2, (2γ0A)−2) have to belong to the interval in
which φ varies.
For the second derivative of the metric functions in the τ time, if the condition (4.25) is fulfilled, the
dynamic of the metric functions is always accelerated. If it is not the case, we have to examine, for the
metric function a for instance, the sign of α1 − α and α2 − α. If these expressions have the same sign, the
second derivative of a is positive otherwise it is negative.
In the t time, the dynamic is accelerated if (4.35) is positive and decelerated otherwise. If moreover, the
first derivative is positive, we have inflation.
With this method we have been able to completely determine, whatever τ , the qualitative form of the
metric functions for three different theories. Each of them can be compatible with the value of the PPN
parameters at late time if we adjust their parameters. By using the results of subsection 4.7.3 concerning the
sign of the second derivative in the cosmic time and numerical calculations, it is also possible to obtain the
qualitative form of the metric functions in the t time.
Moreover, if with ω → +∞ and ωφω−3 → 0, we want the three metric functions to be increasing and
decelerated at late time in the cosmic time, we deduce of the study that we must have: (α0,β0,γ0) > 0 and
A and ωφ must have the same sign, which is positive since ω → +∞ and ωφ < 2A2 inf [α0(β0 + γ0),
β0(α0 + γ0), γ0(α0 + β0)](3 + 2ω)2φ−1 when φ tends towards φRG, φRG being the smallest value of the
scalar field. In these conditions the metric functions have a power law form.
74 CHAPITRE 4. DYNAMIQUE ASYMPTOTIQUE 1...(1 ARTICLE)
In section 4.6, we have determined the conditions to have 1, 2 or 3 increasing metric functions; in fact,
this is a graphic translating of some information contained in the constraint equation of the field equations.
We have studied the simplest anisotropic cosmological model but we hope to extend this method to more
complicated ones such as Bianchi types II and V and in more complex situations, i.e. with cosmological
constant or potential. The main advantage of such study is to reveal completely the dynamic of the metric
functions whatever the form of the coupling function and not only for a particular one or for asymptotic
behaviour.
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Chapitre 5
Dynamique asymptotique du mode`le de
Bianchi de type I: formalisme
Lagrangien 2(1 article)
Dans ce chapitre, nous e´tudierons une the´orie tenseur-scalaire de´finie par le Lagrangien
L = G(φ)−1R − ω(φ)
φ
φ,µφ
,µ
Comme dans le pre´ce´dent chapitre, notre but sera de de´terminer les signes des de´rive´es premie`res et se-
condes des fonctions me´triques par rapport a` G et ω. C’est donc une ge´ne´ralisation des re´sultats du chapitre
4, G e´tant cette fois une fonction inconnue du champ scalaire. Bien entendu, une transformation de ce
champ scalaire, ψ = G(φ)−1, rame`ne la the´orie de´finie ci-dessus a` la the´orie du chapitre pre´ce´dent. Cepen-
dant pour eˆtre applique´e, il faut pouvoir inverser G ce qui n’est pas toujours analytiquement faisable. Aussi,
si l’on veut obtenir des re´sultats aussi ge´ne´raux que ceux du chapitre 4, il ne faut pas qu’ils de´pendent d’une
hypothe`tique inversion de G et l’on doit conside´rer le Lagrangien ci-dessus.
Nous appliquerons nos re´sultats a` deux the´ories respectivement lie´es a` la the´orie de Brans-Dicke et a` la
the´orie des cordes sans son tenseur antisyme´trique et de´finie par
G−1 = e−φ
ω = ω0φe
−φ
et
G−1 = e−φ + n
ω = ω0φ(e
−φ + n)
La` encore, nous ne sommes pas parvenu a` ge´ne´raliser cette me´thode aux autres mode`les de Bianchi ni a`
conside´rer une the´orie a` champ scalaire massif, c’est-a`-dire avec une troisie`me fonction inde´termine´e du
champ scalaire qui jouerait le roˆle de son potentiel. Cette me´thode semble donc atteindre la` ses limites.
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Dynamical study of the hyperextended scalar-tensor
theory in the empty Bianchi type I model.
Ste´phane Fay
66 route de la Monte´e Jaune
37510 Savonnie`res
France
Abstract
The dynamics of the hyperextended scalar-tensor theory in the empty Bianchi type I model is investigated.
We describe a method giving the sign of the first and second derivatives of the metric functions whatever
the coupling function. Hence, we can predict if a theory gives birth to expanding, contracting, bouncing
or inflationary cosmology. The dynamics of a string inspired theory without antisymetric field strength is
analysed. Some exact solutions are found.
pacs: 04.50.+h, 98.80.Hw
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5.1 Introduction
We study the dynamics of the metric functions for the hyperextended scalar-tensor theory in the empty
Bianchi type I model.
The cosmological principle is based on the hypothesis of an isotropic and homogeneous Universe. Ho-
wever, at early times, Universe could have been anisotropic. We can quote several reasons in favour of
this hypothesis [60]. Firstly, the isotropic hypothesis rests on observations such as the cosmological back-
ground. But it does not rule out the possibility of an anisotropic Universe for primordial time. Secondly,
if the Universe is too isotropic and homogeneous, it is difficult to explain formation of structures, like ga-
laxies: presence of anisotropies is necessary. Last, it could be easier to avoid singular Universe under these
conditions.
Anisotropic Universes are described by the Bianchi models. Among these models, the only ones which
isotropize and are in accordance with our present Universe at late time, are these of type I , V , V II0, V IIh
and IX . Current observations favour open and flat models and recent measurements seem to indicate that
our present Universe undergoes inflation [9, 10]. Then it is a serious possibility that our Universe be spatially
flat. It corresponds to the Bianchi type I model which will be the geometrical framework of this paper.
An important field of study in cosmology is the introduction of scalar fields in gravity theories. There
are many reasons to justify their presence. Firstly, they are predicted by unified theories and could be the
result of the compactification of extra dimensions appearing in theories like supersymetric, Kaluza-Klein or
string theories. Secondly, they provide a way to get inflation [27], ending naturally without any fine-tuning.
At last, the scalar-tensor theories can respect the solar system tests [61] as well as nucleosynthesis one but
make very different predictions from General Relativity at early time. Among the scalar tensor theories, the
most famous and simplest generalisation of General Relativity is the Brans-Dicke theory [7]. The coupling
between the graviton and the dilaton, represented by the scalar field φ, is described by a coupling constant
ω. If it is larger than 500, the theory respects the solar system tests. However, string theory in the low
energy limit, which could describe the physics of the early Universe, is identical to Brans-Dicke theory
with ω = −1 after scalar field redefinition. Such contradiction between these two values of the coupling
constant looks like the cosmological constant (Λ) problem: its observed value is about 120 orders smaller
than what expected from a theoretical point of view. One way to solve this problem is to choose a variable
cosmological constant. We can adopt the same solution concerning the coupling constant and consider a
coupling function depending on the scalar field, ω(φ). Such theories are called Generalised Scalar-Tensor
theories (GST) and have been studied in the FLRW [52, 62, 63, 64] and anisotropic [29, 65] models in
presence of matter.
In these theories φ−1 plays the role of a varying gravitational constant. However such a choice seems
to be arbitrary. It is interesting to consider a function G(φ)−1 instead of φ in front of the scalar curvature
term in the Lagrangian: this is the Hyperextended Scalar-Tensor theory (HST) [35, 66]. It can be rewritten
as a GST [31, 67] by redefining a scalar field Φ = G(φ)−1. Then we need to find the inverse function of
G(φ)−1 which is not always analytically defined. This justifies the study of the HST.
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Let’s write few words about the relations between GST and HST and their relationship with General
Relativity. The GST are agreed with the solar system tests if at late time ω → ∞ and ωφω−3 → 0. For
the HST, there is an additional unknown function of the scalar field, G(φ)−1. If we put Φ = G(φ)−1, we
obtain a GST with a coupling function written Ω(φ). It can be expressed as a function of ω(φ) and G(φ)−1:
Ω(Φ) = ω(φ)G(φ)−1(G−1φ )
−2φ−1. Then, we deduce that the two conditions so that HST is agreed with
solar system tests will be respectively: ωG−1(G−1φ )−2φ−1 →∞ and (G−1φ )3G2ω−2φ2(ωφω−1+G−1φ G−
φ−1 − 2G−1φφG) → 0. If we choose G(φ)−1 = φ, we recover the usual conditions for GST. Lots of
gravitation theories belong to HST class as dilaton gravity with G−1 = 1/2e−φ and ω = −1/2φe−φ,
generally coupled scalar field with G−1 = 1/2(γ − ξφ2) and ω = 1/2φ, induced gravity with G−1 =
1/2ǫφ2 and ω = 1/2φ, etc [68]. It is difficult to choose physically interesting G−1 and ω. Different periods
of the Universe could be approximated by different coupling functions. A way to select them is to impose
that the theory be in accordance with the solar system tests at late time. We can also use dynamical criterions:
the metric functions should be increasing at late time, eventually have a minimum so that they avoid the Big
Bang, and have an inflationary period.
It is in view of determining such characteristics for the metric functions that we will examine the dyna-
mics of the HST in the empty. A more realistic model will take into account matter fields. But then, most
of time only asymptotic studies are workable for a given form of ω and G−1. Generally it does not allow to
detect the presence of several extrema, quasi-static phases for the dynamics or multiple inflationary phases.
Our motivation is also to detect such physically important behaviours for any form of ω and G−1, i.e. to
study the dynamics of the metric functions whatever the value of the time and not only asymptotically. The
price to pay for this full description of the dynamics is the absence of matter fields.
However, since their presence tends to oppose to expanding Universe, we hope that necessary and suffi-
cient conditions we will establish to get expansion, inflation or quasi-static phases for instance in an empty
model, will be either necessary or sufficient if matter fields are present. Hence, more complete studies of
large classes of new theories specified by ω and G−1 with matter fields could be stimulated if they already
have physically interesting dynamical characteristics in the empty. At the opposite, large classes of theo-
ries could be discriminated if their dynamical behaviours in the empty were in contradiction with current
observations.
The paper is organised as follows: in section 5.2, we write the field equations in the empty Bianchi type
I model and introduce new variables to transform them into a differential system of first order. We give the
exact solution of the field equations. In section 5.3, we study the sign of the first derivatives of the metric
functions and determine in which conditions they are increasing, decreasing or have extrema. In section 5.4,
we study their second derivatives to predict the appearance of inflation or quasi-static phases. In these two
last sections, we applied our results to a string inspired theory without H-field. We conclude in section 5.5
by showing the advantages of the method we present in this work to study any empty HST. We give the
conditions on G(φ)−1 and ω(φ) so that the Universe respects the solar system tests, be in expansion and
accelerated at late time, and avoid the Big-Bang.
5.2 Field equations and exact solution
5.2.1 Field equations
We use the following line element:
ds2 = −dt2 + e2α(ω1)2 + e2β(ω2)2 + e2γ(ω3)2 (5.1)
where the ωi:
ω1 = dx
ω2 = dy
ω3 = dz
are the 1-forms of the Bianchi type I model, t the proper time and eα, eβ , eγ the metric functions depending
on t. The Lagrangian of the HST is written:
L = G(φ)−1R − ω(φ)
φ
φ,µφ
,µ (5.2)
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G and ω depend on the scalar field and specify the theory. Varying the action with respect to the space-time
metric and scalar field, we obtain the field equations and the Klein-Gordon equation:
Rµν − 1
2
gµνR = G
[
ω
φ
φ,µφ,ν − ω
2φ
φ,λφ
λgµν + (G
−1),µ;ν − gµν✷(G−1)
]
(5.3)
φ˙2
[
−ωφ
φ
+
ω
φ2
−G(G−1)φω
φ
]
+
2ω
φ
✷φ+ 3G(G−1)φ✷(G−1) = 0 (5.4)
a dot meaning a derivative with respect to t time. Using the form (5.1) of the metric and τ time defined by
dt = eα+β+γdτ , we get:
α′′ + α′G(G−1)′ + 12G(G
−1)′′ = 0 (5.5)
β′′ + β′G(G−1)′ + 12G(G
−1)′′ = 0 (5.6)
γ′′ + γ′G(G−1)′ + 12G(G
−1)′′ = 0 (5.7)
α′β′ + α′γ′ + β′γ′ +G(G−1)′(α′ + β′ + γ′)− ωG2 φ
,2
φ = 0 (5.8)
φ,2
[
−ωφ
φ
+
ω
φ2
−G(G−1)φω
φ
]
− 2ωφ
′′
φ
− 3G(G−1)φ(G−1)′′ = 0 (5.9)
a prime meaning a derivative with respect to τ . The functions α, β and γ play equivalent roles in the field
equations. So, in what follows, we will only consider the metric function eα.
We are interested in the signs of first and second derivatives of the metric functions and not in their
amplitudes. Since the product eα+β+γ is positive, the signs of the first derivatives in the τ and t times will
be the same whereas they will be different for second derivatives. Hence, to determine the sign of (eα)., we
will study this of α′ in section 5.3. In section 5.4 we will determine the signs of the second derivatives by
studying separately (eα).. and (eα)′′. This is justified by the fact that sometimes solutions are known in the
τ time and not in the t time.
Now, we define new variablesA, B, C and F in order to transform the second order field equations into
a first order system:
A = α′G−1
B = β′G−1 (5.10)
C = γ′G−1
F = 12 (G
−1)′
Then, after integration, the spatial components of the field equations are written:
A+ F = A0 (5.11)
B + F = B0 (5.12)
C + F = C0 (5.13)
A0, B0 and C0 being integration constants. We also integrate the Klein-Gordon equation and get:
3
4
(G−1),2 +
1
2
G−1ωφ−1φ,2 = −Π (5.14)
Π being an integration constant. This last relation is written again:[
3
4
(G−1) 2φ +
G−1ω
2φ
]
φ,2 = −Π (5.15)
From the constraint equation of the field equations we deduce the following relation between the integration
constants:
A0B0 +A0C0 +B0C0 = −Π (5.16)
The quantity between square brackets in the left hand-side of equation (5.15) is proportional and has the
same sign as the energy density of the scalar field in the Einstein frame. For physical reasons, we will take
a positive energy density, i.e.
3
4
(G−1) 2φ +
G−1ω
2φ
> 0 (5.17)
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Hence, we deduce that −Π > 0. If we choose G−1 = φ, we recover the usual relation for a positive energy
density for GST, i.e. 3 + 2ω > 0. The sign of φ′ is constant and depends on the sign of the square root of
the energy density: if we take it positive (negative), the scalar field will be increasing (decreasing). Hence,
the scalar field being a monotone function of time, it will be considered as a time variable.
From now, we will just consider the first spatial component of the field equations, i.e. equation (5.11)
since we only need to study the dynamics of eα. The set of values (A,F ), solution of (5.11), can be graphi-
cally represented in the (A,F ) plane by a straight line. During time evolution, the dynamics of the solution
is described by the motion of a point of coordinate (A,F ) on this set.
5.2.2 Exact solution
Using (5.11) and the first relation of (5.10), we deduce the exact solution for α(τ):
α− α0 =
∫
A0
G−1
dτ − 1
2
ln(G−1) (5.18)
α0 being an integration constant. If we write dτ = φ,−1dφ and express φ′ using (5.15), we obtain α(φ):
α− α0 =
∫
A0
G−1
√
− 1
Π
[
3
4
(G−1) 2φ +
G−1ω
2φ
]
dφ − 1
2
ln(G−1) (5.19)
and analogous relations for β and γ with couples of constants (β0,B0) and (γ0,C0) respectively instead of
(α0,A0).
There are two interesting asymptotical values for the couple (A,F ). The first one is (A,F ) → (0,A0).
It means that G−1 → 2(A0τ + A1). Then, we deduce from (5.18) that the metric function tends toward a
constant. Thus, the point (0,A0) stands for the static solution for eα. The second one is (A,F ) → (A0,0).
ThenG−1 tends toward a constant. From (5.18) we get that α→ α1τ+α2, α1 and α2 being some constants.
The function β and γ will behave in the same way in respectively (B0,0) and (C0,0). In the t time, this so-
lution for the metric functions corresponds to power laws of t.
5.3 First derivatives of the metric functions
Using (5.19), we can write α′ as a function of φ and then study its sign. However, even in the case of
very simple functions G−1 and ω, the expression thus obtained is often difficult to analyse. The method we
describe below allow to get in a simple manner the sign of the first derivative.
5.3.1 Sign of the first derivative
Now, we are explaining how to determine the sign of the first derivative of α for successive intervals
of scalar field, considered as a time variable. For the clarity of the discussion, we will assume that φ is an
increasing function of t or τ time, i.e.
√−Π > 0. Moreover, we will need to evaluate (G−1)′ and (G−1)′′
for some values of the scalar field. To this end, we express the derivatives of G−1 with respect to τ as
functions of φ. Since (G−1)′ = G−1φ φ′, we obtain:
(G−1)′ = (G−1)φ
√
−Π
3
4 (G
−1
φ )
2 + G
−1ω
2φ
(5.20)
In the same way, we get:
(G−1)′′ = −4Π2(G
−1)φφωG−1φ− (G−1) 2φ ωφ+ (G−1)φ(ωG−1 −G−1ωφφ)
(2G−1ω + 3φ(G−1) 2φ )2
(5.21)
To apply our method we need also to determine the following intervals:
1. The scalar field variation interval is defined by the condition (5.17): its energy density in the Einstein
frame have to be positive. We write it as [φ0,φn].
2. We split it in several subintervals such as in each of them, G−1, (G−1)′ and (G−1)′′ have constant
signs. We note these subintervals [φ0,φn] = [φ0,φ1] ∪ ... [φl−1,φl] ∪ ... ∪ [φn−1,φn].
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FIG. 5.1 – The straight line describing the set of solutions (A,F ) of the fi rst spatial component of the fi eld equations in the plane (A,F ). To know
the sign of the fi rst derivative of the metric function eα, we have to analysed the dynamics of a point (A,F ) on this straight line. For that, we split the
scalar fi eld variation interval, considered as a time variable, in n sub-intervals such as the signs of G−1, (G−1)′ and (G−1)′′ be constant. Hence, on
each of this interval [φl−1,φl], we know the sign of F given by (G−1)′ and in which direction the point (A,F ) moves on the straight line depending
on the fact that F increases or decreases, i.e. on the sign of (G−1)′′ . Then we have to check if F can take the value 2A0 when φ ∈ [φl−1,φl]. When
it is true, it means that a metric function have an extremum for this range of the scalar fi eld. Otherwise, it is monotone. Thus we deduce what is the sign
of A on this scalar fi eld interval and, as G−1 has also a constant sign, we get the sign of α′ = AG. Hence, on each interval [φl−1,φl], we obtain the
sign of the fi rst derivative of the metric function.
Remember that they can be compared to time intervals since φ is an increasing function of time.
As a fi rst step, we have to determine the direction of the motion of the point (A,F ) on the straight line
defined by equation (5.11) (see figure 5.1). Since F = 1/2(G−1)′, it means that on each interval [φl−1,φl]
when (G−1)′′ > 0, F increases and thus the point (A,F ) moves from the right to the left. Otherwise, F
decreases and the points moves from the left to the right.
As a second step, we determine the sign of A on each interval [φl−1,φl]. Lets illustrate this point when
A0 > 0:
– If (G−1)′ < 0, F is negative. We see on the straight line represented on figure 5.1 that then A > 0
whatever the sign of (G−1)′′.
– If (G−1)′ > 0 and (G−1)′′ > 0,F is positive and increases on [φl−1,φl]:F ∈
[
1/2(G−1)′(φl−1),1/2(G−1)′(φl)
]
.
Since the sign of A changes when F = A0, we have to check if this value belongs or not to this last
interval. We have three possibilities:
– If (G−1)′(φl) < 2A0, it implies that (G−1)′(φl−1) < 2A0 and then A > 0.
– If (G−1)′(φl−1) > 2A0, it implies that (G−1)′(φl) > 2A0 and then A < 0.
– If (G−1)′(φl−1) < 2A0 and (G−1)′(φl) > 2A0, as F increases, first we have A > 0 and then
A < 0.
– If (G−1)′ > 0 and (G−1)′′ < 0, F is positive and decreases. Then, for the same reasons as before,
we have three possibilities:
– If (G−1)′(φl−1) < 2A0, it implies that (G−1)′(φl) < 2A0 and then A > 0.
– If (G−1)′(φl) > 2A0, it implies that (G−1)′(φl−1) > 2A0 and then A < 0.
– If (G−1)′(φl−1) > 2A0 and (G−1)′(φl) < 2A0, as F decreases, first we have A < 0 and then
A > 0.
Hence, this shows that the sign of A when the point (A,F ) moves on the straight line of figure 5.1 repre-
senting the solution of the equation (5.11), is perfectly determined on each interval [φl−1,φl] by the sign
of (G−1)′, (G−1)′′ and the ordering of the quantities (G−1)′(φl−1), (G−1)′(φl) and 2A0. Of course, the
method is the same if the scalar field is decreasing or A0 < 0.
As a third and last step, we determine the sign of α′ on each intervals [φl−1,φl]. Since the signs of A and
G−1 are known on [φl−1,φl], we immediately deduce the sign of α′ = AG: If G > 0 (G < 0), when A > 0,
the metric function is increasing (decreasing). Otherwise, it is decreasing (increasing).
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Thus, on each interval [φl−1,φl] we are able to determine if the metric function is increasing, decreasing or
have an extremum. The scalar field being a monotone function of time, we can describe for any time the
evolution of the sign of the first derivative of eα, i.e. its dynamics.
What happens when the theory respects the solar system tests? Our present Universe being in expansion,
we write the conditions so that a metric function is increasing depending on G−1, ω and their derivatives
with respect to φ. Since A = A0 − F = α′G−1, the metric function is increasing on an interval of scalar
field if (A0 − 1/2(G−1)′)G > 0. Moreover, we know that Ω = ωG−1(G−1φ )−2φ−1 have to diverge at late
time so that the theory is compatible with the relativistic values of the PPN parameters. If we examine the
relation (5.20), we deduce that this limit corresponds to (G−1)′ → 0. Hence, for a theory respecting the
solar system tests at late time, the metric function α will be increasing if A0G > 0. Since gravitation is
attractive and G can play the role of an effective gravitational constant, we have G−1 > 0 and thus A0 > 0.
Finally, as (G−1)′ = 2F → 0, we deduce also that all the metric functions tend toward power law in the t
time as shown previously.
To summarise, for an expanding Universe, respecting the solar system tests at late time, all the metric
functions tends toward power laws of the proper time and the initial conditions are such as (A0,B0,C0) >
(0,0,0). Mathematically, it would be interesting to transform the system of equations (5.11-5.13) so that we
use the dynamical system methods and analyse if power laws solutions for the metric functions correspond
to future attractor. Such a study is beyond the scope of this paper and will be done in a next one.
In what follows, it seems to be physically reasonable to impose G−1 > 0. For the GST, it is equivalent
to choose φ > 0.
5.3.2 Applications
Brans-Dicke theory
We chose:
G−1 = e−φ
ω = ω0φe
−φ
with ω0 > −3/2 so that the energy density of the scalar field is positive. This choice corresponds to the
string theory without H-field and with the term ω0 in front of φ,µφ,µ instead of 1. By putting Φ = e−φ, we
recover the Lagrangian of the Brans-Dicke theory with a coupling constant equal to−ω0. We calculate that:
(G−1)′′ = 0
(G−1)′ = −2
√
−Π/(3 + 2ω0)
The sign of α′ is the same as A since G−1 > 0. F is a negative constant equal to F0 = −
√
−Π/(3 + 2ω0).
If F0 > A0 then (A,F ) is such as A < 0 and the metric function is decreasing. It is increasing otherwise
(figure 5.2). We recover the usual dynamics of the Brans-Dicke theory for the Bianchi type I model.
String inspired theory
We modify the previous Lagrangian. In string theory, we can take into account the string loop effects
by substituting the coupling function e−φ by the series B(φ) = e−φ + a0 + a1eφ + a2e2φ + ... In our
application, we will limit the series to its two first terms [69, 70]. Note that no theory predicts the value
of the ai today. Hence, cosmological applications are susceptible to restrict the range of these parameters.
Moreover, we consider again that ω0 can be different from 1. This is justified by the fact that in our four
dimensional Universe, it could exist moduli fields whose forms depend on the compactification scheme,
producing ω0 6= 1 [71]. Recent progress have been made on dual transformations concerning empty string
theory (i.e. without any axion or moduli fields) with a constant ω0 [72].
We examine the string inspired theory without H-field defined by:
G−1 = e−φ + n
ω = ω0φ(e
−φ + n) (5.22)
Using (5.19), we have calculated the exact solution of the field equations (see 5.6). It is clearly easier to use
the method described above than derive the sign of α′ from this solution. As φ is increasing, the theory will
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FIG. 5.2 – The Brans-Dicke theory. We have sign of (G−1,(G−1)′,(G−1)′′) = (+,− ,0) for any value of φ. F is a negative constant equal to
F0 . Whatever the sign of A0, when F < A0, A > 0. If A0 < 0, when F > A0, then A < 0. The sign of A is the same as the fi rst derivative of eα .
TAB. 5.1 – Scalar field variation intervals such as its energy density and G−1 be positives
ω0 < −3/2 ω0 ∈ [−3/2,0] ω0 > 0
n < 0 φ ∈ [φ2,ln(−1/n)] φ ∈ ]−∞,ln(−1/n)] φ ∈ ]−∞,ln(−1/n)]
n > 0 energy density < 0 φ ∈ ]−∞,φ1] φ ∈ ]−∞,+∞[
respect the solar system tests at late time for φ → +∞. Then G−1 → n and n can be seen as the present
value of the gravitational constant.
We search for the scalar field variation interval so that G−1 and its energy density is positive. This last
quantity vanishes for eφ1,2 = 1/n(−1±
√
−3/(2ω0)). After few algebra we obtain the table 5.1 giving all
the possible scalar field variation intervals depending on n and ω0.
We find that the sign of (G−1)′ is always negative and conclude that F < 0 whatever φ. The sign
of (G−1)′′ is the same as nω0: it means that 2F = (G−1)′ is a monotone function. Hence, the signs of
(G−1,(G−1)′,(G−1)′′) are these of (+,− ,nω0): they are constant whatever φ and we have no need to split
the scalar field variation interval in n sub-intervals.
This last result and the ”step 2”, show that we have to compare the values of (G−1)′ to the constant 2A0
when φ is equal to the boundaries of each of its variation interval so that we detect the presence or absence
of extrema. We calculate that:
(G−1)′(+∞,−∞,φ1,2,− ln(−n)) = (0,−
√
−4Π(3 + 2ω0)−1,−∞,−
√
−4Π/3).
From these results, we use the method described in section 5.3 to get the dynamics of the metric function
eα:
– If A0 > 0:
– As 2F = (G−1)′ < 0, A is always positive. Since G−1 > 0, it follows that the metric function
eα is always increasing.
– If A0 < 0:
– If ω0 < −3/2 and n < 0, 2F = (G−1)′ increases from−∞ to −
√
−4Π/3. If this last value is
smaller than 2A0, eα is increasing. Otherwise it has a maximum. This case is shown on figure
5.3.
– If ω0 ∈ [−3/2,0] and n > 0, (G−1)′ decreases from −
√
−4Π/(3 + 2ω0) to −∞. If the first
value is smaller than 2A0, eα is increasing. Otherwise, it has a minimum.
– If ω0 ∈ [−3/2,0] and n < 0, 2F = (G−1)′ increases from−
√
−4Π/(3 + 2ω0) to−
√
−4Π/3.
If the two values are smaller than 2A0, eα is increasing. If both are larger than 2A0, eα is
decreasing. If 2A0 belongs to the interval defined by these values, eα has a maximum.
– If ω0 > 0 and n > 0, 2F = (G−1)′ increases from −
√
−4Π/(3 + 2ω0) to 0. If the first value
is larger than 2A0, eα is decreasing, otherwise a maximum exists. It is the only case for which
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-(-4Π/3)^(1/2)/2
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-(-4Π/3)^(1/2)/2
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FIG. 5.3 – The string inspired theory when ω < −3/2, n < 0 and A0 < 0. F increases (this is indicates by the direction of the arrows on each
straight line of the fi gures) from−∞ to−
√
−4Π/3/2 since (G−1)′′ > 0. On the fi rst fi gure, this last value is smaller than A0 . Then A is always
positive and since G−1 > 0, α′ is positive. The metric function eα is increasing. On the second fi gure,−
√
−4Π/3/2 is larger than A0. As long as
F < A0, A > 0 and then when F > A0 , A < 0. Since A and α′ have the same sign we deduce that the metric function has a maximum.
at late time, the metric function tends toward a power law type for t. Moreover, the theory is
compatible with solar system tests since φ→ +∞. However, the dynamics at late time is not in
accordance with the observations. On this simple example, we see that conditions for the respect
of the solar system tests are not sufficient to ensure a realistic dynamics of the Universe for our
present time.
– If ω0 > 0 and n < 0, 2F = (G−1)′ decreases from −
√
−4Π/(3 + 2ω0) to −
√
−4Π/3.
If these two values are smaller than 2A0, eα is increasing. If they are larger than 2A0, eα is
decreasing. If 2A0 belongs to the interval defined by these values, it has a minimum.
Hence the method described in the previous section allows to know all the conditions for which the metric
functions are decreasing, increasing or ”bouncing”. It would have been more difficult to get the same results
from the exact solution α(φ).
5.4 Sign of the second derivative
In this section, we study the sign of the second derivatives of eα in τ and t times. This is justified by the
fact that sometimes solutions are known in one time but not in the other. In what follows, we assume that
we know the scalar field variation interval.
5.4.1 Sign of the second derivative in the τ time
The sign of the second derivative of the metric function in the τ time is the same as:
G−2(eα)′′ = G−2eα(α′′ + α,2) (5.23)
The spatial component (5.5) of the field equations provides:
G−2α′′ = −A(G−1)′ − 1/2G−1(G−1)′′ (5.24)
From the equation (5.11) we get:
G−2α,2 = A2 = (A0 − 1/2(G−1)′)2 (5.25)
Then, from the two last equations we deduce that the sign of (eα)′′ is the same as:
G−2(α′′ + α,2) =
3
4
(G−1),2 − 2A0(G−1)′ − 1
2
G−1(G−1)′′ +A20 (5.26)
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It is a second-degree equation for (G−1)′. With the help of the relations (5.20-5.21), we can express its
coefficients as a function of the scalar field. Its determinant is equal to:
∆ = A20 + 6ΠG
−1[−G−1ω(G−1)φ + φω(G−1) 2φ + φG−1(G−1)φωφ −
2φG−1ω(G−1)φφ]/(2G−1ω + 3φ(G−1) 2φ )2 (5.27)
and its roots are:
(G−1)′root12 =
4A0 ±
√
∆
3
(5.28)
We deduce that:
– If ∆ < 0, the second-degree equation is negative and then (eα)′′ > 0.
– If ∆ > 0, (G−1)′ − (G−1)′root1 and (G−1)′ − (G−1)′root2 have different signs, (eα)′′ < 0.
– If ∆ > 0, (G−1)′ − (G−1)′root1 and (G−1)′ − (G−1)′root2 have the same signs, (eα)′′ > 0.
All these inequalities can be expressed as some functions of φ. From them, it is possible to derive the scalar
field intervals so that (eα)′′ is positive or negative. Since we can determine the scalar field intervals for
which the sign of (eα)′ is constant, it is possible to describe completely the dynamical evolution of the
metric function α(τ).
5.4.2 Sign of the second derivative in the t time
The sign of the second derivative in the t time is the same as:
d2eα
dt2
= [(eα)′′ − (eα)′(α′ + β′ + γ′)] e−2(α+β+γ) (5.29)
Using (5.23) to express G−2(eα)′′ and the relations (5.20-5.21), we get the expression giving the sign of
(eα)..:
G−2
d2eα
dt2
eα+2(β+γ) = (Bo+ Co)

−Ao+ (G−1)φ
2
√√√√− Π
G−1ω
2φ +
3(G−1) 2
φ
4


−2ΠG−1[−G−1ω(G−1)φ + φω(G−1) 2φ + φG−1(G−1)φωφ
−2φG−1ω(G−1)φφ]/(2G−1ω + 3φ(G−1) 2φ )2 (5.30)
Since it can be written as a function of the scalar field, it is possible to deduce the scalar field intervals so
that (eα).. is positive or negative. By Comparing them with these for which the sign of the first derivative
is constant, we will get the qualitative dynamical behaviour of α(t). When the sign of the second derivative
of the metric function with respect to t is positive on a scalar field interval, the dynamics is accelerated.
If, at the same time 1, the metric function is increasing, we are in the presence of inflation. Lets note that
it happens naturally without any potential. Such phenomenon has been studied in the GST and received
the name of kinetic inflation [27]. Inflation in the HST has been studied in [51]. When the right hand side
of the equation (5.30) vanishes, the metric function eα have a point of inflection. Physically, it means that
we could be in presence of a quasi-static phase for the dynamics of the Universe, at least in the direction
associated with the metric function eα.
If we assume that the theory is in agreement with solar system tests at late time, then we know that
Ω→∞ and (G−1)′ → 0. We introduce this limit in the expression (5.30) and obtain the condition to have
an inflationary behaviour for the metric function at late time: 2ΠG−1[ − G−1ω(G−1)φ + φω(G−1) 2φ +
φG−1(G−1)φωφ−2φG−1ω(G−1)φφ]/(2G−1ω+3φ(G−1) 2φ )2 < −A0(B0+C0). If our present Universe
undergoes inflation (observations of higher redshift objects seem to be necessary to confirm this pheno-
menon [73]), this last inequality could play the same role as the two conditions necessary so that a GST
respects the solar system test (i.e. ω > 500 and ωφω−3 → 0) and thus, help to select physical interesting
HST.
1. Here, we consider φ as the time variable.
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5.4.3 Application in the t time: the string inspired theory
For this theory, (5.30) takes the form:
4Πnω0e
φ(1 + neφ)2(2ω0n
2e2φ + 4ω0ne
φ + 3 + 2ω0)
−2 +
(B0 + C0)
[
−A0 −
√
−2Π(2ω0n2e2φ + 4ω0neφ + 3 + 2ω0)−1
]
(5.31)
We look for the asymptotic sign of this equation for the different cases described in table 5.1 and depending
on n and ω0. From this table, we deduce:
– If ω0 < −3/2 and n < 0, eα is decelerated at early time. At late time the second derivative has the
sign of −(B0 + C0)(A0 +
√
−Π/3).
– If ω0 > −3/2 and n < 0, the second derivative at early and late times has respectively the sign of
−(B0 + C0)(A0 +
√
−Π/(2ω0 + 3)) and −(B0 + C0)(A0 +
√
−Π/3).
– If ω0 ∈ [−3/2,0] and n > 0, the second derivative at early time has the sign of −(B0 + C0)(A0 +√
−Π/(2ω0 + 3)). The dynamics of the metric function is accelerated at late time. Since we have
shown that it is always increasing for these values of ω0 and n, we have inflation.
– If ω0 > 0 and n > 0, the second derivative at early time has the sign of −(B0 + C0)(A0 +√
−Π/(2ω0 + 3)) whereas at late time it has this of −A0(B0 + C0).
Lets note that if A0 > 0, eα is always an increasing function and any accelerated behaviour will correspond
to inflation. Moreover, (5.31) can be seen as a polynome for eφ. We do not make its complete study since
this section is just an application but it seems to be clear that it should have more than one zero. Hence,
the theory should have several phases of inflation. Mathematically, an asymptotical study could not have
detected such behaviour. This is one of the advantage of the method presented in this paper.
5.5 Conclusion
We have studied the dynamical behaviour of the metric functions for the HST in the empty Bianchi
type I model for any form of G−1 and ω. Such dynamical study has always been done for the GST with
matter field in FLRW models [52, 62, 63, 64] and Bianchi models [29, 65]. However, most of time it
concerns asymptotic behaviours. Here, we have made the choice to consider a simpler theory, i.e. without
matter field, but to study its dynamics for any time and not only asymptotically. Mathematically, we get a
more accurate description of the dynamics than with asymptotical methods. The spliting of the scalar field
variation interval in several ones allow to get all the extrema of the metric functions as well as their types.
The calculation of the zeros of equation (5.30) enable to get the intervals of φ, considering as a time variable,
in which a metric function is accelerated, decelerated as well as its inflexion points. Comparing these two
types of scalar field intervals, we are able to describe completely the dynamical behaviour of the metric
functions. Thus physically, it is possible to predict if a theory, defined by ω(φ) and G(φ), will give birth to
an Universe with several bounces. Such a scenario could be one of the keys to homogenise the Universe in
the manner of a Mixmaster model. We can also predict if there will have several periods of inflation. It is
also an interesting behaviour since some problems need inflation to be solved (age problem, isotropisation)
whereas for others, it is prefered that the Universe be decelerated (formation structures). Last, we can detect
quasi-static phases which are likely to favour the appearance of some structures we observe in the Universes
and to solve the age problem. We think that the detection of such characteristics in an empty model may
stimulate and justify more complex researches when matter fields are present. Asymptotical studies are
generally not able to detect such behaviours.
We have applied this method to a string inspired theory. Since we have determined the exact solution
of the field equations as function of φ (cf 5.19), it is easy to calculate the exact solution of this theory
(5.6). Clearly, it seems to be difficult to study the dynamical behaviour of the metric function from the
expression thus obtained. We have shown that the late time behaviour of this theory is not compatible with
our observed Universe. However it could be an interesting model for early time behaviour. The metric
functions are monotone or have one and only one extremum. If all the metric functions have a minimum,
the Big-Bang can be avoided. For that, it is necessary that ω0 ∈ [−3/2,0] and n > 0 or ω0 > 0 and n < 0.
We have also shown that several periods of inflation are possible.
Although GST is often claimed to be equivalent to HST it is only true if the inverse function of G−1
can be analytically determined [51]. Hence, HST is a more general class of scalar tensor theories than GST
which is obtained for G−1 = φ. In this case, it is well known that the theory will respect the solar system
tests if ω → ∞ and ωφω−3 → 0. For any form of G, these conditions become ωG−1(G−1φ )−2φ−1 → ∞
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and (G−1φ )3G2ω−2φ2(ωφω−1+G
−1
φ G−φ−1−2G−1φφG)→ 0. For this limit, we have shown that the metric
functions tend toward a power law type in the t time and G−1 toward a constant which then may correspond
to the present value of the gravitational constant. Mathematically, it would be interesting to study the fields
equation (5.11-5.13), which are first order equations, in the light of the dynamical system methods [25]
so that we learn if this behaviour could be a late time attractor. Physically, the fact that G tends toward
a constant is associated with a power law types for the metric functions is in good agreement with what
should be the dynamical behaviour of our present Universe and thus confirmed the viability of scalar tensor
theories.
We conclude by giving the conditions onG and ω so that the Universe at late time, respects the solar sys-
tem tests, be accelerated and bouncing. When the theory respects the solar system tests, we have (G−1)′ →
0. Then, the Universe is in expansion and accelerated if A0G is positive, 2ΠG−1[ − G−1ω(G−1)φ +
φω(G−1) 2φ +φG
−1(G−1)φωφ−2φG−1ω(G−1)φφ]/(2G−1ω+3φ(G−1) 2φ )2 < −A0(B0+C0) and other
similar conditions obtained by circular permutations on A0, B0 and C0. Since G could play the role of an
effective gravitational constant, it means that today G > 0 and thus (A0,B0,C0) > 0. This restricts the
range of the initial conditions. If moreover we want that all the metric functions have a minimum so that
the Big-Bang is avoided and if we assume that G was positive (negative) at early time, we need to choose
G(φ)−1 and ω(φ) so that (G−1)′′ is negative (positive). The conditions concerning the respect of the solar
system tests and these described in this paragraph and concerning the dynamics of the metric functions put
strong constraints on the form of G(φ)−1 and ω(φ). For the latter, to our knowledge, we have not seen
equivalent ones in the literature.
5.6 Appendix: Exact solution of the string inspired theory
From (5.19), we get α(φ):
Solution with ω0 > 0:
α− α0 = (5.32)
−ln(
√
e−φ+n)+Ao{√2√ω0φ+
√
3ln(e−φ+n)−√3 + 2ω0ln{−Π(3+2ω0+2eφnω0+eφ
√
3 + 2ω0[(3+
2ω0+4e
φnω0 +2e
2φn2ω0)/(e
2φ−Π)]1/2√−Π)/eφ}−√3ln{−3−Πe−φ+√3[(3 + 2ω0+4eφnω0+
2e2φn2ω0)/(e
2φ−Π)]1/2(−Π)3/2}+√2√ω0ln{−ω0Πe−φ+−nω0Π+−Π
√
ω0/2[(3+2ω0+4eφnω0+
2e2φn2ω0)/(e
2φ −Π3/2)]1/2}}/(2√−Π)
with τ − τ0 =
√−Π(6φ + 2√6√ω0arctan{(3 + 2ω0 + 2eφnω0)/(
√
6eφn
√
ω0)} + 3ln{(3 + 2ω0 +
4eφnω0 + 2e
2φn2ω0)e
−2φ})/(3n2ω0).
Solution with ω0 < 0:
α− α0 = (5.33)
−ln(
√
e−φ + n) + Ao{√−ω0arctan{(
√
2eφ(1 + eφn)
√−ω0[(3 − 2 − ω0 − 4eφn − ω0 − 2e2φn2 −
ω0)/(−Πe2φ)]1/2
√−Π)/(−3+2−ω0+4eφn−ω0+2e2φn2−ω0)}/(
√−2Π)+√3ln(e−φ+n)/(2√−Π)+
((−3 + 2−ω0)ln{−Π(3− 2−ω0 − 2eφn−ω0 + eφ
√
3− 2− ω0[(3− 2−ω0 − 4eφn− ω0 − 2e2φn2 −
ω0)/(−Πe2φ)]1/2√−Π)e−φ})/(2[−Π(3− 2−ω0)]1/2)−
√
3ln{−3−Πe−φ+√3[(3− 2−ω0− 4eφn−ω0− 2e2φn2−
ω0)/(−Πe2φ)]1/2 −Π3/2}/(2
√−Π)}.
with τ − τ0 =
√−Π(−6φ+ 2√6√−ω0arctanh{(−3− 2ω0 − 2eφnω0)/(
√
6eφn
√−ω0)} − 3ln{(−3−
2ω0 − 4eφnω0 − 2e2φn2ω0)e−2φ})/(−3n2ω0)
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Chapitre 6
Dynamique asymptotique du mode`le de
Bianchi de type I: formalisme
Hamiltonien(1 article)
Ce chapitre pre´sente notre premie`re utilisation du formalisme Hamiltonien ADM. On souhaite de´terminer
sous quelles conditions un champ scalaire conduit un mode`le de Bianchi de type I a` s’isotropiser asymp-
totiquement tout en e´tant en expansion et avec un potentiel positif, dans les re´fe´rentiels de Brans-Dicke et
d’Einstein. On analyse alors les deux cas particuliers pour lesquels les fonctions me´triques tendent vers des
lois en puissance ou en exponentielle du temps propre dans le re´fe´rentiel d’Einstein.
L’avantage du formalisme Hamiltonien sur le formalisme Lagrangien est que le syste`me d’e´quations obtenu
est du premier ordre et est donc plus facile a` analyser. L’inconve´nient, c’est que les re´sultats sont e´videment
exprime´s en fonction des variables Hamiltoniennes dont l’interpre´tation physique n’est pas toujours aussi
commode que celles du formalisme Lagrangien. Le formalisme Hamiltonien sera l’un des ingre´dients prin-
cipaux que nous utiliserons dans la partie IV de cette the`se lorsque nous analyserons le processus d’isotro-
pisation des mode`les cosmologiques de Bianchi.
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Hamiltonian study of the Generalized scalar-tensor
theory with potential in a Bianchi type I model
Ste´phane Fay
66 route de la Monte´e Jaune
37510 Savonnie`res
France
Abstract
We study the generalized scalar tensor theory with a potential in the Bianchi type I model by using the
ADM formalism. We examine the conditions for the Universe to be in expansion, isotropic and with a posi-
tive potential at late time in the Brans-Dicke and Einstein frames. In particular, we analyse the two important
cases where metric functions tend, in an asymptotic way, toward power or exponential laws in the Einstein
frame.
pacs: 11.10.Ef, 04.50.+h, 98.80.Hw, 98.80.Hw, 98.80.Cq
Published in: Class. Quant. Grav., Vol 17, Num 4, 2000
6.1 Introduction
We study the Generalized Scalar Tensor theory with a potential depending on a scalar field in the Bianchi
type I model. This theory has the same form as Brans-Dicke theory but with a coupling function depending
on a scalar field. Its dynamical behaviour with matter, but without a potential, in the homogeneous Bianchi
type models has been studied by Wands and Mimoso [29] and in the FLRW models by Barrow and Parson
[52].
The potential can be considered as an effective cosmological constant. Such a constant can rule out the
Universe age problem [74]. The cosmological constant is a source of negative pressure able to accelerate
the expansion of Universe and hence to give birth to inflation. Then, the Universe would seem younger than
it is. Moreover, new observations [9][10] would show that the Universe is undergoing inflation and this the
presence of a positive cosmological constant although this accelerated behaviour remains to be confirmed.
However the present value on this constant is in contradiction with the value predicted by particle physics
for the early Universe. This is the reason why a model with a varying effective cosmological constant is
so interesting. One recalls that the empty generalized scalar tensor theory can naturally generate inflation
without a potential: this is what is usually called kinetic inflation [28][27].
The aim of this work is to analyse under which conditions the Universe can isotropize and be in expan-
sion with a positive potential at late time in the Einstein and Brans-Dicke frames. Once they are derived,
we look for additional conditions such that the metric functions tend asymptotically toward exponential or
power laws of the proper time in the Einstein frame. We discuss whether such theories can respect the solar
system tests. When no matter field is present, this means that the coupling function ω becomes infinite or
at least greater than 500 and ωφω−3 tends to vanish, where ωφ is the derivative of ω with respect to the
scalar field. No such conditions are known in a theory with a potential but if we add one and consider it
as an effective cosmological constant, the observations show that it should be rather small at late time. So
it seems reasonable to assume that these three conditions, ω → ∞, ωφω−3 → 0 and a small potential at
late time, are necessary but not sufficient for the solar system tests to be respected in a generalized scalar
tensor theory with a potential. Note that even if a generalized scalar tensor theory tends toward a relativistic
behaviour, it does not mean that its solutions, in these conditions, will tend toward relativistic one as shown
in [75].
To obtain these results, we will employ a Hamiltonian formalism and more precisely the ADM forma-
lism. It is often used in quantum cosmology, to find the wave-function of the Universe but less so to study
classical problems such as the search for exact solutions or dynamics of the classical field equations [76].
Usually Lagrangian methods are preferred.
This paper is organised as follows: in section 6.2, we establish the field equation of the ADM formalism
in the Einstein frame. In section 6.3 we analyse the dynamics of the theory in this frame and when it
isotropizes. In section 6.4, we examine which conditions have to be respected by the Hamiltonian and the
scalar field so that the Universe can isotropize and be in expansion at late times in the Brans-Dicke frame
with a positive potential. In section 6.5, we discuss the best conditions in each frame so that the Universe can
be isotropic, expanding, and with positive potential at late times and say a few words about the production
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of exact solutions. Using these elements, we look for the conditions such that the metric functions of the
generalized scalar tensor theory tend toward exponential or power law solutions in the Einstein frame.
6.2 Field equations
In the Einstein frame, the metric can be written as:
ds2 = −(N¯2 − N¯iN¯ i)dΩ¯2 + 2N¯idΩ¯ωi +R20e−2Ω¯e2βijωiωj (6.1)
the ωi being the 1-forms of the Bianchi type I model. The barred quantities are those of the Einstein frame.
N¯ and N¯i are respectively the lapse and shift functions. The relation between the metric functions of the
Einstein and Brans-Dicke frames is:
gij = g¯ijφ
−1 (6.2)
With (i,j) = 0,1,2,3. Hence, in the Brans-Dicke frame, a potential U of the Einstein frame can be written
as:
UBD = Uφ
2 (6.3)
The Lagrangian of the generalized scalar tensor theory with a potential is given by:
S = (16π)−1
∫ [
R¯− (3/2 + ω(φ))φ,µφ,µφ2 − U(φ)
]√−g¯d4x (6.4)
where φ is a positive scalar field, ω(φ) is the coupling function, and U(φ) is the potential. As the Universe
is homogeneous, the scalar field depends on time variable only. We use the method employed in [77][78] to
find the ADM Hamiltonian. The ADM form of the action is written as:
S = (16π)−1
∫
(πij
∂g¯ij
∂t¯
+ πφ
∂φ
∂t¯
− N¯C0 − N¯iCi)d4x (6.5)
the πij and πφ are, respectively, the conjugate momentum of the metric functions g¯ij and the scalar field,
N¯ and N¯i play the role of Lagrange multipliers. The quantities C0 and Ci are, respectively, the super-
Hamiltonian and the supermomentum defined by:
C0 = −
√
(3)g¯
(3)
R¯− 1√
(3)g¯
(
1
2
(πkk)
2 − πijπij) + 1√
(3)g¯
π2φφ
2
6 + 4ω
+
√
(3)g¯U(φ) (6.6)
Ci = πij|j (6.7)
the ”(3)” hold for the quantities calculated on the 3-space and the ”|” for the covariant derivative in the
3-space. By varying the action with respect to N¯ and N¯ i we find the two constraints C0 = 0 and Ci = 0.
Then, by using them and the form of the metric functions, g¯ij = R20e−2Ω¯e2βij with (i,j) = 1,2,3, and after
taking the surface integral
∫
ω1 ∧ ω2 ∧ ω3 equal to (4π)2 1, the action (6.5) becomes:
S = 2π
∫
πikdβik − πkkdΩ¯ + 1/2πφdφ (6.8)
The final form of the action is obtained by defining the traceless diagonal matrix βij and pij by following
the procedure introducing by Misner [79]. We define:
pik = 2ππ
i
k −
2
3
πδikπ
l
l (6.9)
and parameterise:
6pij = diag(p+ +
√
3p−,p+ −
√
3p−,− 2p+) (6.10)
βij = diag(β+ +
√
3β−,β+ −
√
3β−,− 2β+) (6.11)
Moreover, on the hypersurface of constant time, πij|j = 0 for the Bianchi type I and IX without rotation.
Using the expression (6.9)-(6.11), the action (6.8) can be written as:
S =
∫
p+dβ+ + p−dβ− + pφdφ−HdΩ (6.12)
1. This value is valuable for Bianchi type I and IX models.
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with pφ = ππφ and H = 2ππkk . We can obtain the expression of the quantity H , that is πkk from the
constraint C0 = 0. Then, we find for H :
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 36π2R40e
−4Ω¯(V − 1) + 24π2R60e−6Ω¯U (6.13)
The potential V (β+,β−) depends on the Bianchi model. For the Bianchi type I model, V = 1. Finally the
field equations for the generalized scalar tensor theory are Hamilton’s equations for the Hamiltonian H :
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6Ω¯U (6.14)
β˙± =
∂H
∂p±
=
p±
H
(6.15)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(6.16)
p˙± = − ∂H
∂β±
= 0 (6.17)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6Ω¯Uφ
H
(6.18)
H˙ =
dH
dΩ¯
=
∂H
∂Ω¯
= −72π2R60
e−6Ω¯U
H
(6.19)
where a dot denotes a derivative with respect to Ω¯. Moreover we will choose N¯ i = 0 and we express N¯ by
writing that ∂
√
g¯/∂Ω¯ = −1/2πkkN¯ (see [78], p1830 for a detailed calculus). Hence, we find:
N¯ =
12πR30e
−3Ω¯
H
(6.20)
Equation (6.17) shows that the conjugate momemta p± are constants. Then, from the equations (6.15), we
deduce that β+ − (p+p−1− )β− is constant and the Universe point moves on a straight line in the (β+,β−)
plane. Since we have dt¯ = −N¯dΩ¯ 2, equation (6.20) shows that when the Hamiltonian has a constant sign,
Ω¯ is a monotonous function of t¯, decreasing if H > 0 and increasing otherwise.
6.3 Dynamical study of the metric functions in the proper time of the
Einstein frame
In this section we analyse the dynamics of the metric functions in the Einstein frame. They can be
written:
g¯ij = R
2
0e
−2Ω¯+2βij (6.21)
With (i,j) = 1,2,3. Using dt¯ = −N¯dΩ¯, we obtain:
dg¯ij
dt¯
= 2R20(
dβij
dt¯
− dΩ¯
dt¯
)e−2Ω¯+2βij = 2R20e
−2Ω¯+2βij H − pij
HN¯
(6.22)
the product HN¯ being positive. We are interested in the sign of the quantity (6.22) which depends on the
sign of H − pij . For sake of simplicity, we will consider a potential with a constant sign. We will see later
how to extend our results to the case where the sign of the potential varies. Then, the equation (6.19) shows
that the sign ofHH˙ is constant and so forH and H˙ .H is a monotonic function of time and pij is a constant,
which means that equation (6.22) can only have one zero. So if there is an extremum for the metric function
when the potential is of constant sign, it is unique. Ω¯ is also a monotonic function of t¯.
If Hini and Hfin are the two values of the Hamiltonian at the extremities of the t¯ proper time interval,
H will evolve monotonically from Hini to Hfin. The first derivative (6.22) of the metric function in the
Einstein frame will vanish if the three conditions C1, C2 and C3 are true:
– C1: H and pij have the same sign
– C2 and C3: pij belongs to the interval defined by Hini and Hfin
2. We choose dt¯ = −N¯dΩ¯ as in [77] but dt¯ = N¯dΩ¯ is also a valid choice and would not change our results in t or t¯ times.
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Hence, we have to consider the following four cases for which we give the variation of the metric function
depending on the t¯ time:
Case 1a: U < 0, H˙ and H > 0
We recall we have dt¯ = −NdΩ¯. Hence taking into account (6.20), when Ω¯ increases, t¯ decreases. The
Hamiltonian is a decreasing function of t¯. The three conditions Ci become:
– C1: pij > 0
– C2: Hfin − pij¡0
– C3: Hini − pij¿0
Whatever case we consider, if C2 or C3 are false, respectively C3 or C2 are true. In addition, in the present
case, if C3 is false, C1 is true.
If the three conditions are true, the metric function has a maximum in the proper time of the Einstein
frame since the Hamiltonian will be equal to pij for a value of Ω¯. If C1 is wrong, it is increasing since then
H − pij has always the sign of H .
If C2 is wrong, the Hamiltonian is always larger than pij , and the metric function is again increasing for
the t¯ time.
If C3 is wrong, C1 is true, and the metric function decreases since the Hamiltonian is always smaller
than pij .
The same reasoning will hold for the other cases.
Case 1b: U < 0, H˙ and H < 0
When Ω¯ increases, t¯ is increasing. The Hamiltonian is a negative and decreasing functions of these times
coordinates. When C2 is wrong, C1 is true. The three conditions can be written as:
– C1: pij < 0
– C2: Hfin − pij¡0
– C3: Hini − pij¿0
If they are all true, the metric function has a maximum.
If C1 or C3 is false, it is decreasing.
If C1 is true, C2 is false and it is increasing.
Case 2a: U > 0, H˙ < 0 and H >0
When Ω¯ increases, t¯ decreases. The Hamiltonian is a positive and decreasing function of Ω¯ and then an
increasing function of t¯. When C2 is wrong, C1 is true. The three conditions can be written as:
– C1: pij > 0
– C2: Hfin − pij¿0
– C3: Hini − pij¡0
If they are all true, the metric function has a minimum.
If C1 or C3 is false, it is increasing.
If C2 is false, C1 is true, and the metric function is decreasing.
Case 2b: U > 0, H˙ > 0 and H <0
When Ω¯ increases, t¯ increases. The Hamiltonian is a negative and increasing function of the two time coor-
dinates. When C3 is false, C1 is true. We obtain for the three conditions:
– C1: pij < 0
– C2: Hfin − pij¿0
– C3: Hini − pij¡0
If the three conditions are true, the metric function has a minimum.
If C1 or C2 is false, it is decreasing.
If C1 is true, C3 is false, the metric function is increasing.
All these results are summarised in table 6.1.
Before analysing this table, lets note that we will use the expression ”Big-Bang singularity” to denote the
fact that the three metric functions decrease toward zero. In addition the expression ”pancake singularity”
or ”cigar singularity” apply, respectively, to the cases where one or two metric functions decrease toward
zero.
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H , H˙ > 0, U < 0 H , H˙ , U < 0 H , U > 0, H˙ < 0 H˙ , U > 0, H < 0
C1, C2, C3: true Maximum Maximum Minimum Minimum
C1: false Increasing Decreasing Increasing Decreasing
C2: false Increasing Decreasing
C3: false Decreasing Increasing
C2: false, C1: true Increasing Decreasing
C3: false, C1: true Decreasing Increasing
TAB. 6.1 – Dynamical behaviour of a metric function in the proper time of the Einstein frame depending on
the signs of the potential, the Hamiltonian and its initial and final values.
From the table 1, we obtain the following results in the Einstein frame. We deduce that a metric function
could have a maximum (minimum) only in the presence of a negative (positive) potential. Moreover, all
the conjugate momentum pij can not have the same sign and then the condition C1 can not be true for all
the metric functions. We deduce that, when the Hamiltonian is positive, the three metric functions can be
increasing together at late times, but not decreasing. All types of singularity, Big-Bang type, pancake type
or cigar type are possible at early time. When the Hamiltonian is negative, the three metric functions can
be decreasing together at late time but not increasing. The singularity if it exists will only be of pancake or
cigar type at early time. We have already written that as long as the potential has a constant sign, the metric
function can have one and only one extremum. This is also the case when we consider flat or open FLRW
models with trace-free matter, φ finite and ωφ > 0 as shown in [52]. In this paper it is also proved that
flat FLRW models can only contain a single minimum whereas here, a single maximum is also allowed for
negative potential.
Lastly, it is easy to calculate that dβ±/dt¯ ∝ e3Ω¯. This means that the Universe will isotropize, that
is g¯ij/(dg¯ij/dt) tends toward the same function whatever i and j, only when Ω¯ → −∞. This value will
correspond to late (early) times for t¯ if the Hamiltonian is positive (negative).
When the sign of the potential varies, the table is always true but Hini and Hfin define the different
intervals of values of the Hamiltonian for which the sign of the potential is constant. Hence, if asymptotically
the sign of the potential is constant, one can always use the previous results.
6.4 Necessary and sufficient conditions to obtain an isotropic Uni-
verse in expansion at late time in the Brans-Dicke frame.
In this section we look for isotropisation and expansion of the metric functions at late time in the Brans-
Dicke frame. Let t0 be the maximum value (finite or not) of the t-time coordinate, that is the value of t at
late time. We suppose that the physical conditions in t0 are the same as those of today. Hence the scalar field
will be such that ω > 500, ωφω−3 → 0 and U → 0 or very small. These conditions have been assumed to
be necessary so that the relativistic values of the PPN parameters are respected. In a Universe without any
matter field [56][57] they can be written as:
β = 1 +O(ωφω
−3) (6.23)
γ = 1− (ω + 2)−1 (6.24)
Since in the generalized scalar tensor theory the inverse of the scalar field can be considered like the gravita-
tional coupling function G, we assume that it tends toward a positive constant at late times. This is justified
by measurements of the quantity G˙G−1. For a review of these experiments see [52]. Hence, a relativistic
limit shall be asymptotically recovered.
A necessary and sufficient condition such that the Universe is isotropic at late time, that is gij/(dgij/dt)
tends toward the same function whatever i and j, will be:
dβ±/dt ∝ e3Ω¯
√
φ→ 0 (6.25)
that is β± tend toward a constant. Then, the three metric functions are proportional to the function e−2Ω¯
in the Einstein frame or e−2Ω¯φ−1 in the Brans-Dicke frame. If we want that the Universe be in expansion
at late times, this last function have to be increasing in the Brans-Dicke frame when t → t0. We write the
derivative of this function with respect to Ω¯:
(e−2Ω¯φ−1). = −e−2Ω¯φ−1( φ˙
φ
+ 2) (6.26)
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There are two ways so that it can be increasing in the t-time. Firstly, we suppose that t0 coincides with an
infinite value of Ω¯.
If φ˙φ−1 > −2 when t → t0, e−2Ω¯φ−1 is a decreasing function of Ω¯ and it will be an increasing func-
tion of t if the Hamiltonian is positive. This means that t→ t0 coincides with Ω¯→ −∞. We note that for a
decreasing scalar field on the t time there are no additional conditions coming from the fact that φ˙φ−1 > −2
whereas an increasing one have to respect φ˙φ−1 ∈ [−2,0] when t→ t0 3. Hence, in a Universe undergoing
expansion at late times in the Brans-Dicke frame, increasing scalar field φ(t) implies fine-tuning.
As the scalar field tends toward a constant and Ω¯ → −∞, equation (6.25) shows that the Universe
isotropizes in a natural way, that is without any other condition.
If now φ˙φ−1 < −2 when t → t0, e−2Ω¯φ−1 is an increasing function of Ω¯ and it would be an increa-
sing function of t if the Hamiltonian were negative. This means that t → t0 coincides with Ω¯→ +∞. The
scalar field is always a decreasing function of t.
The relation (6.25) shows that the Universe will isotropize at t0 if then φ < e−6Ω¯.
Secondly, if we consider that the t0 time coincides with a finite value of Ω¯, we can write the same conditions
so that the function e−2Ω¯φ−1 is an increasing function of t at late times depending on the sign of φ˙φ−1+2,
but to obtain an isotropic Universe the scalar field has to vanish in t0 since from (6.25) we see that dβ±/dt
is now proportional to φ1/2.
Another fact to take into account to obtain a realistic Universe at late t time is the recently observed ac-
celerated dynamics of the Universe which implies a positive cosmological constant. So that the potential,
in Einstein or Brans-Dicke frames, is positive at late time, we deduce from (6.19) that when the Hamilto-
nian is positive (negative), it is a decreasing (increasing) function of Ω¯ and hence an increasing function of t.
Finally we summarise these results in table 2.
From the above, we deduce the following results in the Brans-Dicke frame. When Ω¯ diverges at late t-time,
the Universe of the Bianchi type I model, in the generalized scalar tensor theory and in the Brans-Dicke
frame, with a positive potential will isotropize and be in expansion if φ˙φ−1 > −2 and the Hamiltonian is
a positive and increasing function of the t-time. If φ˙φ−1 < −2, the Hamiltonian have to be a negative and
increasing function of the t-time and the scalar field has to be less than e−6Ω¯. If Ω¯ tends toward a constant
at late t-time, we need φ˙φ−1 > −2 (φ˙φ−1 < −2 ), a positive and increasing (negative and increasing)
Hamiltonian in the t-time and a vanishing scalar field. Let us note, that a Universe able to isotropize at both
late and early times can exist.
Remark: All the results of table 2 are expressed in the Ω¯-time except the sign of H and dH/dt. By
defining the 3-Volume V in the Brans-Dicke time by V = e−3Ω¯φ−3/2 = det
√
(3)gφ−3/2 one can also
write the condition on the sign of φ˙φ−1 + 2 with physical quantities of the Brans-Dicke time. By writing
that φ˙ = dφdt
dt
dΩ¯
, this expression becomes:
φ˙
φ
+ 2 =
dφ
dt
φ−1
[
ln(V −1/3φ1/2)
]−1
(6.27)
6.5 Discussions
Numerous works have been devoted to the problem of the physical frame between the Brans-Dicke or
Einstein frame [80, 81, 82]. In the Brans-Dicke frame, the scalar field is related to the gravitational coupling
function and is non-minimally coupled to the gravitational field. In the Einstein frame, the scalar field is
associated with the rest mass of the particles and is minimally coupled to the gravitational field. Lets exa-
mine the optimal conditions in each frame to obtain asymptotically an isotropic expanding Universe with a
positive potential.
In the Einstein frame, we need a positive Hamiltonian so that the three metric functions are increasing at
late times. The potential will be positive if H is a decreasing function of Ω¯ and then an increasing one of t¯.
In these conditions, no more than two metric functions can have one and only one minimum. All types of
singularity are possible at early time. Since the Universe isotropizes if Ω¯→ −∞ and as H > 0, it will arise
at late times.
3. We would have the inverse situation if we had considered a negative scalar fi eld.
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In the Brans-Dicke frame, an expanding and isotropic Universe with a positive potential at late times can be
realized in four different ways described in table 2. However, only one of them does not need the scalar field
to vanish asymptotically. It is such that the Hamiltonian has the same features as in the Einstein frame with
Ω¯→ −∞ and φ˙/φ > −2. It is important to avoid the scalar field vanishing because it would mean that the
gravitational constant is asymptotically infinite. However its current observed value seems to be small and
constant.
Hence, this work does not allow us to argue in favour of one of the frame since the Hamiltonian and time
Ω¯ have the same features in both frames, corresponding to the dynamics and properties of the Universe we
want to obtain at late time, that is isotropy, expansion and positive potential. This is not a surprise because,
when we have studied the late time behaviour of the metric functions in the Brans-Dicke frame, we have
assumed that asymptotically the scalar field tended toward a constant. Thus, at late time, the two frames
become similar.
Before carrying on with this discussion, it is useful to know how to find exact solutions from the sys-
tem of equations (6.14)-(6.20) by making use of our previous results. In the generalized scalar tensor theory
with a potential, two functions can be chosen arbitrarily to completely define the theory. The method we
will use is the following:
We choose U(Ω¯) or H(Ω¯) and we determine respectively the Hamiltonian or the potential with (6.19) and
then the functions β± with (6.15). Then, we choose ω(Ω¯) or φ(Ω¯) and with (6.14), we obtain respectively
the scalar field or the coupling function. With the help of (6.20) and (6.2), we find Ω¯(t¯) and t¯(t) and then
the expressions of each quantity in the proper time of each frame. Since we have determined what are the
characteristics of H , φ and Ω¯ to obtain physically interesting late time behaviour, it is easy to obtain as
many exact solutions as we want with isotropic expanding behaviour and positive potential.
Other methods such as dynamical ones could be used to study the equations (6.14)-(6.20) since they consti-
tute a system of first order differential equations. However our goal is to find conditions to obtain an asymp-
totically isotropic expanding Universe with a positive potential and here such a method is not necessary.
Application of dynamical methods to the system of equations (6.14)-(6.20) will be the subject of future
works. Some more powerful methods to derive exact solutions from Hamiltonian formalism have been de-
veloped in [76]. They rely on symmetries such as Killing tensor symmetries. However, it is difficult to
predict the late time behaviour of the solutions thus obtained and, if they are very efficient when a perfect
fluid is present, it is different if we consider any potential. The method explained above has the advantage of
predicting the late time behaviour of the solution once the two unknown functions fixed thanks to the results
of the previous sections. We will use it to examine two important asymptotical behaviours in the Einstein
frame for the metric functions: exponential and power-law behaviours. We have chosen to study them in the
Einstein frame rather than in the Brans-Dicke frame since we will be able to compare our results with those
obtained in General relativity with a scalar field.
Firstly, we examine the exponential behaviour for the metric functions. Then, we shall try to recover the
”No Hair Theorem” for the Bianchi type I model so that we test our results. Wald [49] has shown that, in the
case of General Relativity with a scalar field and a cosmological constant, all the Bianchi models (except
contracting Bianchi type IX) initially in expansion approach the isotropic De Sitter solution. If we consider
the Generalized scalar tensor theory in the Einstein frame, we obtain a positive cosmological constant by
choosing H = Λe−3Ω¯ with Λ > 0. Then, the metric functions are:
g¯ij = e
Λ(6πR30)
−1(t¯−t¯0)+2pij(3Λ)−1e−Λ(4πR
3
0
)−1(t¯−t¯0)+2βij0 (6.28)
βij0, t¯0 and pij being some constants. Ω¯ varies from +∞ to −∞ and t¯ respectively from −∞ to +∞.
At late times, whatever the coupling function such that φ(Ω¯) is defined for Ω¯ → −∞, the Universe will
isotropize and approach a De Sitter model in accordance with Wald. The properties of the Hamiltonian and
the time Ω¯ correspond to those we have defined for this type of behaviour in section 6.3. At early time,
when Ω¯ → +∞, the β± functions dominate the dynamical behaviour, and the singularity will be of cigar
or pancake type. If we choose Λ < 0 the behaviour of the late and early times are inverted.
Now, we make the opposite reasoning. We suppose that at late time, the 3-volume has an exponential
behaviour. We want to know whether the Universe will isotropize and whether the potential and the cou-
pling constant respect the solar system tests at late time. As we know the form of the 3-volume asympto-
tically, we can determine that of the Hamiltonian H(Ω¯) from dt¯ = −N¯dΩ¯. With this expression, we can
check that for a general asymptotical form 1/f(t¯) of the 3-volume, H−1 will be equal asymptotically to
(−12πR30)−1(
[
A(Ω¯)G(Ω¯)
].
+ B˙(Ω¯)), where A and B are any function such that A → 1, B → 0 when
Ω¯ → −∞, G = F (f−1(e3Ω¯)) and F = ∫ f(t¯)dt¯. Here, 1/f(t¯) = e3t¯ and G = −1/3e3Ω¯. We will
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choose a class of Hamiltonian functions such that H and H˙ do not oscillate at late times that is the first
and second derivatives of A and B vanish asymptotically (however our results will be the same for types
of functions such cos(Ω¯−1) and sin(Ω¯−1) corresponding respectively to A and B with damped oscillations
and which have the same asymptotic characteristics described above). Hence, the Hamiltonian tends toward
e−3Ω¯. This form excludes any oscillating potential at late time. From (6.19), we deduce that U → C2,
where C is a constant. It follows from the results of section 6.3, that if the scalar field is also defined in
Ω¯ → −∞, the Universe isotropize at late time, corresponding to this last value of Ω¯. Then it tends toward
a De Sitter behaviour and the potential toward a positive constant. This generalizes the result of Wald for
Bianchi type I model to any potential that is asymptotically constant and does not oscillate. Using (6.14)
and (6.16), we show that asymptotically, 3 + 2ω ∝ φ2φ˙2 and ωφω−3 ∝ φ˙4φ−5 − φ¨φ˙2φ−4. If φ tends
toward a non-vanishing constant, then the coupling function and ωφω−3 respectively diverge and vanishes
asymptotically. This limit for the scalar field is the most interesting one since it is proportional to the inverse
of the gravitational function. This leads to the fact that any ω satisfies the solar system tests for such a limit
reached in Ω¯→ −∞. It will also be the case for the potential if the constant C2 is sufficiently small. Other
limits for φ could be envisaged and not be in contradiction with the previous quoted tests or isotropisation
in Einstein frame. Above all φ→∞ which leads to an asymptotically vanishing gravitational constant. We
will present some examples in the next paragraph.
Another interesting behaviour for the 3-volume is a power law one since more often we search for theo-
ries which tend toward General relativity at late times and since this last one, in isotropic and flat cases,
has most of time power law solutions. Let us have a look at what happens when the 3-volume of the Uni-
verse tends toward a power law form of t¯ at late time, that is e−3Ω¯ ∝ t¯3m. We proceed in the same way
as previously. We deduce that asymptotically the Hamiltonian tends toward elΩ¯ with l = m−1 − 3. To
obtain a positive potential we shall have l < 0, that is m 6∈ [0,1/3]. Then, if the scalar field is defined in
Ω¯ → −∞, the Universe isotropizes and the metric functions tend toward a power law t¯2m. The Universe
is in expansion if m > 0 that is l > −3 and undergoes inflation if m > 1, that is l ∈ [−3,− 2]. In
what it follows, we assume that l belongs to [−3,0]. From (6.19) we deduce that the potential is propor-
tional to e(2l+6)Ω¯. At late times, it vanishes in agreement with solar system tests, whatever l. Concerning
the coupling function ω, we have the same limits as above as long as l < 0 and we can write the same
things. However, here we shall also use the fact that φ˙ = U˙U−1φ and φ¨ = U¨U
−1
φ − U˙2UφφU−3φ . Howe-
ver, at late time U˙ = (2l + 6)U and U¨ = (2l + 6)2U . Thus, asymptotically 3 + 2ω ∝ φ2U2φU−2 and
ωφω
−3 ∝ U3
[
UUφ + φ(UUφφ − U2φ)
]
U−5φ φ
−5
. So, for any given form of U(φ), we can determine whe-
ther the solar system tests will be recovered as the Universe isotropize in Ω¯→ −∞. As an application, we
examine two typical forms for the potential: U = ekφ and U = φk. For the first form, the scalar field shall
tend toward (2l+6)k−1Ω¯ and for the second one toward e(2l+6)k−1Ω¯. Both limits are defined for Ω¯→ −∞.
Thus, the forms we choose for the potential are compatible with a scalar field defined in Ω¯→ −∞. Firstly,
we examine U = ekφ with k > 0. Such potentials are well motivated, especially from string theory. They
are also used to generate scaling solutions for which the energy density of the scalar field mimics the equa-
tion of state of a barotropic fluid [83] although they are not necessary well adapted [84] to this type of
problem. Asymptotically, the scalar field diverges and the potential vanishes. Hence, ω and ωφω3 respecti-
vely diverges and vanishes for Ω¯ → −∞. A theory with the same types of potential and behaviour at late
times for the Universe has been studied in [85, 86]. However the coupling function was a constant and did
not diverge at late times. Hence the corresponding Hamiltonian does not belong to the class we used in this
work and will probably be oscillating at late times. Secondly, we examine U = φk with k < 0. Recently,
this type of potential has been use to generate scaling solutions too [87]. Again the scalar field diverges
asymptotically and the potential vanishes. At late time ω becomes a constant and ωφω−3 vanishes. Thus,
for these types of potentials, the scalar field is defined in −∞ where it diverges and ω and U respect the
solar system tests.
We conclude this discussion by summarising these results. We have shown that to obtain an isotropic ex-
panding Universe at late times with a positive potential, we shall have H > 0, H˙ < 0 and Ω¯ → −∞.
This is necessary and sufficient for Einstein frame, sufficient and better for the Brans-Dicke frame since the
gravitational constant does not diverge.
We have presented a method to obtain exact solution in the two frames. Then, considering the Einstein
frame, we have recover Wald’s theorem for Bianchi type I model.
The next results have been obtained by making the assumptions that the coupling function was such that the
scalar field be defined in Ω¯ → −∞ and that the Hamiltonian and thus the potential do not oscillate at late
times.
Then, we have proved that when the 3-volume behaves asymptotically like an exponential, the Universe iso-
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tropizes toward a De Sitter model and the potential became asymptotically a constant. Moreover, if at late
times the scalar field is a constant different from zero, which seems to be a physically reasonable assumption
if we consider measurements of the gravitational constant, the values of ω and ωφω−3 are in agreement with
the solar system tests. Reciprocally, when a non-oscillating potential becomes a constant asymptotically, the
Universe tends toward a De Sitter model whatever ω in accordance with our assumptions. This generalizes
Wald’s result for the Bianchi type I model and shows that the De Sitter model is an attractor for this class
of potential.
When the 3-volume behaves asymptotically as a power law of t¯, the Universe isotropizes and the metric
functions tend toward t¯2m. The potential will be positive if m > 1/3 and will vanish asymptotically. Thus,
such a type of Universe solves the cosmological constant problem naturally. This enlightens the importance
of power-law solutions in cosmology. If we assume that φ tends toward a constant, once more again, the
coupling function respects the solar system tests. We can also express ω and ωφω−3 asymptotically as some
functions of φ, the potential and its derivative with respect to the scalar field. Then, we have shown that
for an exponential potential ekφ with k > 0, the coupling function and ωφω−3 were in agreement with the
solar system tests. ω can not be a constant since it diverges and thus, such theory will not tend toward a
Brans-Dicke one. For a power law potential φk with k < 0, the coupling function tends toward a constant
and ωφω vanishes. So, the theory can tend toward Brans-Dicke theory and this constant have to be larger
than 500 so that the theory respects the solar system tests at late times. For these two types of potentials, the
scalar field diverges. We have checked that its asymptotic form was defined in Ω¯→ −∞.
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Expansion in t0 Isotropisation in t0 UBD > 0 in t0
Ω¯ diverges φ˙/φ > −2, H > 0: Ω¯→ −∞ Yes dH/dt > 0 or dH/dΩ¯ < 0
φ˙/φ < −2, H < 0: Ω¯→ +∞ Yes if φ < e−6Ω¯ dH/dt > 0 or dH/dΩ¯ > 0
Ω¯→ cte φ˙/φ > −2, H > 0 Yes if φ→ 0 dH/dt > 0 or dH/dΩ¯ < 0
φ˙/φ < −2, H < 0 Yes if φ→ 0 dH/dt > 0 or dH/dΩ¯ > 0
TAB. 6.2 – Conditions for the Universe to be isotropic, in expansion and with a positive potential at late
time in the Brans-Dicke frame.
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Chapitre 7
Occurence d’une singularite´ pour les
mode`les de Bianchi(1 article)
Un important proble`me en cosmologie est la pre´sence de singularite´s, c’est-a`-dire un ensemble de points
de l’espace-temps ou` les lois classiques de la physique cessent d’eˆtre valable. On trouve de nombreux
articles sur ce sujet dans la litte´rature. L’un des plus ce´le`bre d’entre eux est celui d’Hawking et Penrose qui
ont montre´ que, pour les mode`les FLRW en pre´sence de matie`re, il y avait toujours une singularite´ lorsque
les conditions d’e´nergie fortes et faibles e´taient respecte´es[88]. On peut e´galement aborder ce proble`me du
point de vue de la construction du Lagrangien d’une the´orie de la gravitation comme l’a fait Brandenberger
dans [89, 90, 91]. En cosmologie quantique l’absence de singularite´ est parfois impose´e comme condition
initiale en e´crivant que la fonction d’onde de l’Univers est nulle lorsque les fonctions me´triques le sont aussi.
Enfin, dans le cadre de la the´orie des cordes, Gasperini et Veneziano ont propose´ le mode`le de Pre´-Big-Bang
[92, 93] susceptible d’e´viter la singularite´. Dans tous les cas, il est toujours difficile de trouver des the´ories
qui en sont de´pourvues. Parmi les conditions ne´cessaires a` leur absence, il faut que certains scalaires dont
les scalaires de courbure, de Ricci et de Kretchmann ne divergent pas. Ce point de vue a e´te´ e´tudie´ quels
que soient les invariants de courbure pour les mode`les isotropes et la the´orie tenseur-scalaire ge´ne´ralise´e
(G = φ−1) par S. K. Rama dans [94]. Dans ce travail nous e´tablirons des conditions suffisantes permettant
aux trois scalaires pre´cite´s de rester finis dans le cadre de la the´orie tenseur-scalaire hypere´tendue de´finie
par
L = G(φ)−1R − ω(φ)
φ
φ,µφ
,µ
et pour les mode`les de Bianchi de type I , II , V I0 et V . On espe`re ainsi obtenir des contraintes sur la forme
que prendrait le Lagrangien d’une the´orie de la gravitation d’ou` pourrait eˆtre absente une singularite´ graˆce
a` la pre´sence d’un champ scalaire. A cette fin, nous allons rechercher des conditions suffisantes portant sur
les formes de G(φ) et ω(φ) afin de pouvoir construire des the´ories pre´cise´es par la donne´e de ces fonctions
et telles que les invariants de courbure ne divergent pas. Mis a` part le champ scalaire, nous ne conside´rerons
pas d’autre type de contenu mate´riel comme des fluides parfaits. En effet, nous sommes inte´resse´s par le
comportement asymptotique de ces scalaires et les mode`les vides de matie`re constituent souvent des limites
asymptotiques pour les mode`les avec fluide parfait. La relative simplicite´ mathe´matiques des e´quations de
champs obtenues dans ce contexte nous permettra d’expliciter des conditions suffisantes a` l’aide unique-
ment de G et ω afin d’e´viter la divergence des scalaires que nous e´tudierons.
On pourrait objecter que cette e´tude est re´alise´e a` un niveau classique alors que les singularite´s rele`veraient
plutoˆt d’une cosmologie quantique. Cependant il n’est pas de´raisonnable de penser que l’absence de sin-
gularite´ pourrait eˆtre une pre´diction re´alise´e par les the´ories de la gravitation tant au niveau classique que
quantique.
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Suffi cient conditions for curvature invariants to avoid
divergencies in Hyperextended Scalar Tensor theory for
Bianchi models
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Abstract
We look for sufficient conditions such that the scalar curvature, Ricci and Kretchmann scalars be boun-
ded in Hyperextended Scalar Tensor theory for Bianchi models. We find classes of gravitation functions
and Brans-Dicke coupling functions such that the theories thus defined avoid the singularity. We compare
our results with these found by Rama in the framework of the Generalised Scalar Tensor theory for the
FLRW models.
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7.1 Introduction
An important problem in cosmology is the presence of singularities, i.e. a set of points in spacetime
where the laws of classical physics would be broken. This problem has been studied in numerous papers.
One of the most famous is this of Hawking and Penrose [88]. It is shown that, for the FLRW models with
matter field respecting the strong and weak energy conditions, it always exists a singularity. Some methods
have also been developed to build Lagrangien such that the theory hence defined be non singular [89, 90, 91].
Another method is used in quantum cosmology where the absence of singularity is sometimes imposed by
writing that the wave function vanishes with the scale factor. Last, for the string theory, Gasperini and
Veneziano have proposed the models of Pre-Big-Bangs which could allow to avoid the singularity [92, 93].
In any case, to get a non singular theory it is necessary that all the curvature invariants be bounded.
This point has been studied by Rama in [94] for the FLRW models and the Generalised scalar tensor theory
(GST). In this paper we wish to examine from the same viewpoint what is the situation in the Hyperextended
scalar tensor theory (HST) for the Bianchi models by studying the divergence of the scalar curvature, Ricci
and Kretchmann scalars which are the most common curvature invariants met in the literature. Note that
this type of study is made at a classical level whereas singularity deals with quantum cosmology. However,
we hope that the absence of singularity at a classical level would indicate their absence at a quantum one.
Let us justify the geometrical framework of this paper. Although for present time our Universe seems to
be isotropic, it is not proved that it was the case at early times or even that it is not a local phenomenon. Then,
it is interesting to consider the homogenous models, i.e. the Bianchi models. Among them, the Bianchi types
I , V , V II0, V IIh and IX models, which admit FLRW solutions, are able to isotropize [95]. Hence we will
study the Bianchi type I and V models. When they isotropize, the first one tends toward the flat isotropic
model and the second one toward the open one. We will also study the Bianchi type V I0 model, considered
in [96, 97]. Last we will examined the Bianchi type II model which is representative of the Bianchi models
of class A during phases of strong anisotropy [72].
Let us justify the study of the HST [35, 51]. Its Lagrangian contains two free functions depending on a
scalar field φ. The first one,G(φ), represents the gravitational function and the second one, ω(φ), a coupling
function between the scalar field and the metric. The scalar fields are predicted by particle physics theories
as string theory or supergravity. In cosmology they allow to solve numerous difficulties as age problem
or inflationary exit. However, the use of theories with free functions depending on φ is also the source of
new problems: what are the classes of functions G and ω which are agreed with both observational tests
[64, 98, 99] and theoretical considerations such as the absence of singularity. In this work we will consider
this last question: our goal is to find sufficient conditions on G and ω such that some curvature invariants do
not diverge. We will not consider other forms of matter but scalar fields since scalar field dominated models
are often asymptotical solutions for early or late times.
The paper is organised as follows. In section 7.2, we write the field equations of the HST, the scalar
curvature, Ricci and Kretchmann scalars. In section 7.3, we determine sufficient conditions such that they
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be bounded at any times for the Bianchi type I , II , V and V I0 models. In section 7.4, we use them to
determine some suitable forms of ω for the GST and a string inspired theory. We conclude in section 7.5
and compare our results with these of Rama.
7.2 The curvature invariants
We use the following line element:
ds2 = −dt2 + e2α(ω1)2 + e2β(ω2)2 + e2γ(ω3)2 (7.1)
The ωi are the one forms specifying each Bianchi model. The Lagrangien of the HST is written:
L = G(φ)−1R − ω(φ)
φ
φ,µφ
,µ (7.2)
where φ is the scalar field, ω the coupling function and G the gravitation function, both depending on φ.
We get the field equations and the Klein-Gordon equation by varying the action with respect to the metric
functions and the scalar field:
Rµν − 1
2
gµνR = G[
ω
φ
φ,µφ,ν − ω
2φ
φ,λφ
λgµν + (G
−1),µ;ν − gµν✷(G−1)] (7.3)
φ˙2
[
−ωφ
φ
+
ω
φ2
−G(G−1)φω
φ
]
+
2ω
φ
✷φ+ 3G(G−1)φ✷G−1 = 0 (7.4)
An overdot means a derivative with respect to the proper time t. To calculate the curvature invariants, we
define the τ time by dt = eα+β+γdτ . It would be more interesting to use the proper time t, since τ is not
a physically significant times. However calculus in the Bianchi model are more tractable in the τ time. In
fact, we will first get our results in the τ time and will generalise then in the t times in the last section by
making comparisons with the results of Rama for the FLRW models.
The first curvature invariant we compute is the scalar curvature, obtained by contracting the equation (7.3):
R = V −2G(−ωφ−1φ′2 − 3(G−1)′′) (7.5)
The prime holds for derivative with respect to τ and V = eα+β+γ defines the 3-volume of the Universe.
We introduce (7.5) in (7.3) to obtain an expression for Rµν and then we get the Ricci scalar:
RµνR
µν = V −4G2[ω2φ−2φ′4 + ωφ−1φ′2(3(G−1)′′ − 2(G−1)′V ′V −1)
+(−(G−1)′′2 + (G−1)′2V −2V ′2 − 2(G−1)′′(G−1)′V −1V ′)] (7.6)
Last, the Kretchmann scalar defined as RαβµνRαβµν will be calculated with the help of:
Rαβµν = Γαβν,µ − Γαβµ,ν + ΓmβνΓαmµ − ΓmβµΓαmν − CmµνΓαβm (7.7)
with
Γαβµ = 1/2(gαβ,µ + gαµ,β − gβµ,α + Cµαβ + Cβαµ − Cαβγ) (7.8)
The Γ are the connections and the C the structure constants specifying each Bianchi model. To express
this scalar as a function of V , ω, G and φ, as the two previous ones, we need to solve the field equations
(7.3)-(7.4) to get α, β and γ depending on this quantities. In the next section we choose sufficient conditions
such that the three curvature invariants be bounded.
7.3 Sufficient conditions such that the scalar curvature, Ricci and
Kretchmann scalars be bounded
The Klein-Gordon equation can be integrated to give:[
3
4
(G−1) 2φ +
1
2φ
G−1ω
]
φ′2 = φ0 (7.9)
φ0 is an integration constant. The scalar field is thus a monotonous function of time. The term in square
bracket is proportional to the energy density of the scalar field in the Einstein frame. If we assume a positive
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energy density, we get a variation interval for φ. Moreover, equation (7.9) allows us to write φ′, (G−1)′ =
G−1φ φ
′ and (G−1)′′ = ((G−1)′)φφ′ as functions of ω and G:
(G−1)′ = φ1/20 (G
−1)φ(
3
4
(G−1φ )
2 +
G−1ω
2φ
)1/2 (7.10)
(G−1)′′ = 4φ0
2(G−1)φφωG−1φ− (G−1) 2φ ωφ+ (G−1)φ(ωG−1 −G−1ωφφ)
(2G−1ω + 3φ(G−1) 2φ )2
(7.11)
Our aim being to choose sufficient conditions on G and ω such that the curvature invariants do not diverge,
we have just to write them as function ofG, ω, φ and their derivatives with respect to τ and to use the expres-
sions (7.10) and (7.11) to achieve our goal. In the first subsection, we look for these sufficient conditions.
Sometimes, their expressions depend on the Bianchi type. They will be studied in the second subsection.
7.3.1 Sufficient conditions such that the curvature invariants be bounded
Each of the three curvature invariants depends on the 3-volume. So the first sufficient condition we will
choose will be V 6= 0. Its expression as a function of the scalar field depends on the Bianchi model and will
be studied in the next subsection. Assuming that V 6= 0, sufficient conditions such that the scalar curvature
(7.5) be bounded whatever the Bianchi type will be that the following quantities do not diverge:
– G(G−1)′′
– Gωφ′2φ−1
Each of them may be expressed as a function of G and ω independently of the Bianchi type.
For the Ricci scalar, it is sufficient that the following quantities do not diverge:
– G(G−1)′′
– Gωφ′2φ−1
– G(G−1)′
– V ′V −1 i.e. α′ + β′ + γ′
The expression of the last one as a function of G and ω depends on the Bianchi model and will be studied
in the next subsection. The two first conditions have already been chosen for the scalar curvature. The third
one is new. Its expression as a function of G and ω does not depend on the Bianchi type and can be written
with help of (7.10) and (7.11).
The expressions of all the sufficient conditions as function of G and ω such that the Kretchmann scalar be
bounded depends on the Bianchi model. For the Bianchi type I and V model, it is sufficient that the first
and second derivatives of α, β and γ be bounded. For the Bianchi type II model, we have an additional
conditions, i.e. α have to be bounded. Idem for the Bianchi type V I0 model for which α and β have not to
diverge. These conditions always imply that V ′V −1 is bounded. Of course, requiring that the derivatives of
α, β and γ do not diverge for the Kretchmann scalar is also sufficient such that the two previous curvature
invariants be bounded. Then, the sufficient conditions we found above as function of G and ω are contained
in the requirement that these derivatives be bounded. However, they have been found independently of any
Bianchi model. It is why we have considered that it was interesting to deduce them separately.
7.3.2 Expression of the sufficient conditions depending on the Bianchi model as
function of the scalar field
In what follows, we examine the previous conditions whose expressions as function of the scalar field
depends on the Bianchi model, i.e. V = eα+β+γ 6= 0 and the conditions related to the Kretchmann scalar.
The structure constants of the Bianchi type I model are all vanishing. The spatial components of the field
equations are:
α′′ = −α′G(G−1)′ − 12G(G−1)′′
β′′ = −β′G(G−1)′ − 12G(G−1)′′ (7.12)
γ′′ = −γ′G(G−1)′ − 12G(G−1)′′
We multiply each of them by G−1. After an integration, we get:
α′ = (K − 1/2(G−1)′)G (7.13)
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From a second integration, we deduce:
α = K
∫
Gφ′−1dφ− 1/2 lnG−1 (7.14)
K is an integration constant. Equivalent expressions can be found for β and γ. With simple considerations,
we get some sufficient conditions such that the derivatives of α, β and γ be finite and V 6= 0:
– K
∫
Gφ′−1dφ does not diverge toward −∞
– G is bounded and non vanishing
– G(G−1)′ is bounded
– G(G−1)′′ is bounded
Each of them can then be written as function of the scalar field by using equations (7.10) and (7.11). We
will study their physical meaning in the last section. In [29] where a GST with a perfect fluid in the Bianchi
type I model is considered, similar conditions for the absence of singularity was found: it has been shown
that singularity occurs when V → 0 and φ→∞.
Suffi cient conditions such that eα and the fi rst and second derivatives of α, β and γ be bounded for
the Bianchi type II model and the metric functions be non vanishing.
The non vanishing structure constants are C123 = −C132 = 1. The spatial components of the field
equations are written:
α′′ = −α′G(G−1)′ − 12G(G−1)′′ − 1/2e4α
β′′ = −β′G(G−1)′ − 12G(G−1)′′ + 1/2e4α (7.15)
γ′′ = −γ′G(G−1)′ − 12G(G−1)′′ + 1/2e4α
In the Einstein frame where the metric functions are related to these of the Brans-Dicke frame by gµν =
Gg˜µν , the solutions of the field equations are well known. They are written α˜ = 1/2 ln(k cosh−1 [τ˜ − τ˜0]),
β˜ = B0+B1τ˜ − 1/2 ln(k cosh−1 [τ˜ − τ˜0]) and a similar expression for γ. k, B0, B1 and τ˜0 are integration
constants. From the Klein-Gordon equation in the Einstein frame, we get τ˜ − τ˜0 =
∫
G/φ′dφ. Hence, we
deduce the expression of the metric functions in the Brans-Dicke frame:
α = 1/2 ln{kG cosh−1(k ∫ G/φ′dφ)}
β = B0 + B1
∫
Gφ′−1dφ− 1/2 ln{kG−1 cosh−1(k ∫ Gφ′−1dφ)
γ = C0 + C1
∫
Gφ′−1dφ− 1/2 ln{kG−1 cosh−1(k ∫ Gφ′−1dφ)
Thus, some sufficient conditions such that eα and the first and second derivatives of α, β and γ be bounded
for the Bianchi type II model with V 6= 0 will be:
–
∫
Gφ′−1dφ is bounded.
– G is bounded and non vanishing.
– G(G−1)′ is bounded.
– G(G−1)′′ is bounded.
These conditions are the same as these of the Bianchi type I model but now
∫
Gφ′−1dφ have to be bounded
such that eα stays finite.
Suffi cient conditions such that eα, eβ , the fi rst and second derivatives of α, β and γ be bounded for
the Bianchi type V I0 model and the metric functions be non vanishing.
The non vanishing structure constants are C123 = −C132 = C213 = −C231 = 1. We will consider the LRS
case for which α = β. The spatial components of the field equations are written:
α′′ = −α′G(G−1)′ − 12G(G−1)′′ (7.16)
γ′′ = −γ′G(G−1)′ − 12G(G−1)′′ + 2e4α
The first equation is the same as for the Bianchi type I model. Its solution is then:
α = K
∫
G/φ′dφ− 1/2 lnG−1
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Putting it in the second equation of (7.16), we get:
γ = −1/2 lnG−1 + (∫ G/φ′dφ)2 + 2 ∫ e4K ∫ G/φ′dφ/φ′dφ
Some sufficient conditions such that eα, eγ , the first and second derivatives of α and γ be bounded with
V 6= 0 are thus:
–
∫
Gφ′−1dφ is bounded.
– G is bounded and non vanishing.
– G(G−1)′ is bounded.
– G(G−1)′′ is bounded.
–
∫
e4K
∫
Gφ′−1dφφ′−1dφ does not tend toward −∞.
These conditions are the same as these of the Bianchi type II model except the last one which seems to be
specific to the Bianchi type V I0 model.
Suffi cient conditions such that the fi rst and second derivatives of α, β and γ be bounded for the
Bianchi type V model and the metric functions be non vanishing.
The non vanishing structure constants of this model are C221 = −C212 = C331 = −C313 = 1. The spatial
components of the field equations are written:
α′′ = −α′G(G−1)′ − 12G(G−1)′′ + 2e2β+2γ
β′′ = −β′G(G−1)′ − 12G(G−1)′′ + 2e2β+2γ (7.17)
γ′′ = −γ′G(G−1)′ − 12G(G−1)′′ + 2e2β+2γ
In the Einstein frame, these three equations are turned into General Relativity equations for the Bianchi
type V model whose solutions in the T˜ time defined by dτ˜ = dT˜ e−β˜−γ˜ = Gdτ have been found by Joseph
[100]:
e2α˜ = K2 sinh(2T˜ )
e2β˜ = K2 sinh(2T˜ ) tanh(T˜ )
√
3
e2γ˜ = K2 sinh(2T˜ ) tanh(T˜ )−
√
3
We then calculate that:
τ˜ − τ˜0 = 1/2K−2 ln tanh T˜ =
∫
Gφ′−1dφ (7.18)
The central member of this last expression is defined for T˜ ∈ [0,+∞[ and vary from−∞ to 0. We deduce
that the integral diverges when T˜ → 0 and vanishes when T˜ → +∞. So, some sufficient conditions such
that the first and second derivatives of α, β and γ be bounded with V 6= 0 are:
– T˜ is bounded and non vanishing, i.e.
∫
Gφ′−1dφ do not diverge toward −∞ and is non vanishing.
– G is bounded and non vanishing.
– G(G−1)′ is bounded.
– G(G−1)′′ is bounded.
These conditions are similar to these of the Bianchi type I model but the integral of G with respect to τ
shall be non vanishing. This is in agreement with [29] where it was noticed that the behaviour of the Bianchi
type V model near the singularity is a subset of the Bianchi type I model.
A summarise of these results is presented on tables 7.1 and 7.2.
7.4 Applications
In this section, we use the sufficient conditions of tables 7.1 and 7.2 to find some forms of the functions
G and ω such that the scalar curvature, the Ricci and Kretchmann scalars do not diverge for GST and string
inspired theories.
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7.4.1 Generalised scalar tensor theory
The GST is defined by G−1 = φ. Lots of papers are devoted to its study [58, 54, 52, 29]. For this class
of theories, we have calculated that:
G = 1/φ
G(G−1)′ ∝ φ−1(3 + 2ω)−1/2
G(G−1)′′ ∝ −ωφφ−1(3 + 2ω)−2
Gωφ′2φ−1 ∝ ωφ−2(3 + 2ω)−1
From table 7.2 we see that whatever the Bianchi type, G have to be bounded and non vanishing. Hence,
φ is strictly positive or negative and bounded. Since G(G−1)′ have not to diverge, we shall ask also that
3 + 2ω be non vanishing. This last function have to be positive such that the energy density of the scalar
field be positive in the Einstein frame. Last, G(G−1)′′ have also to be bounded: from what we write for φ,
we deduce that it will be verified if it is also the case of ωφω−2. All these conditions imply that Gωφ′2φ−1
will stay bounded.
A function ω corresponding to these requirements will be, as instance, 3 + 2ω = m+ [−(i+ φ)(j + φ)]n
with m > 0, (i,j) < (0,0) and n > 1. The scalar field is then defined on the closed interval [−i,− j].
As φ′ ∝ 1/√3 + 2ω and G does not diverge, we can show that the integrals of the table 7.2 stay finite.
Numerically, we have checked that
∫
Gφ′−1dφ is non vanishing. Hence, for all the Bianchi models we have
studied, none of the three curvature invariants diverges.
The low energy action of the string theory without antisymetric strength field is a HST with G−1 = ω =
e−φ. In this application, we will choose G−1 = e−φ and ω = e−φΩ(φ). At early time, the compactification
of extra dimensions could give birth to physical phenomenon which would be described by such theories
[71, 72]. It is then interesting to find these which are non singular. We have:
G = eφ
G(G−1)′ ∝ −2φ0eφ(3 + 2φ−1Ω)−1/2
G(G−1)′′ ∝ 4φ20eφ(−Ω+ φΩφ)(3φ+ 2Ω)−2
Gωφ′2φ−1 ∝ e2φ(3φΩ−1 + 2)−1
G will be bounded and non vanishing if φ is bounded. From this, we deduce that G(G−1)′ is bounded and
real if Ωφ−1 > −3/2. Then, G(G−1)′′ is bounded if φ2ΩφΩ−2 is finite. All these conditions imply that
Gωφ′2φ−1 is always finite. A function Ω corresponding to these requirements, have the same form as in the
previous subsection with (i,j) < (0,0), n > 1, m > −3/2 and mi−1 < 3/2. Then, the same remarks as in
subsection 7.4.1 apply here.
7.5 Final remarks and conclusion
In this work, we have determined sufficient conditions such that the scalar curvature, the Ricci and
Kretchmann scalars do not diverge for the HST in Bianchi models. It is necessary such that the theory be
non singular. These conditions are summarised in table 7.1 and 7.2.
Of course, other types of sufficient conditions can be chosen from this work. As instance, we can replace
the two conditions ”G(G−1)′ is bounded” and ”V 6= 0” by ”G(G−1)′V −1 = GG˙−1 is bounded”. This
new condition can be written as a function of φ by help of (7.10) and the expressions of V (φ) for each
Bianchi model. It is even possible to write the three curvature invariants as functions of φ, G, ω and their
derivatives with respect to φ and to search conditions such that the invariants be bounded directly from these
expressions. However, it is not an easy task, particularly when we consider the Kretchmann scalar.
What are the physical interpretation of the conditions we have chosen? Whatever the Bianchi models, the
gravitation function G have to be bounded and non vanishing. It follows that (G−1)′ and (G−1)′′ are boun-
ded. Another conditions is that
∫
Gφ′−1dφ =
∫
Gdτ is bounded. Hence, we deduce that the sign of G
will not change during time evolution: the gravitation is either attractive or repulsive but can not change its
nature. If G tends toward a constant as it seems to be the case for our present epoch or is asymptotically
monotone, as
∫
Gdτ is bounded, τ is bounded. As dt = V dτ , it means that if the 3-volume of the Universe
diverge or tends asymptotically toward a constant, t will behave in the same way. Hence, a finite asymptotic
value of the Universe 3-volume means a finite interval of proper time and an infinite asymptotical value, an
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open interval of proper time for the Universe. We have also chosen that Gωφ′2φ−1 be bounded. As G do
not diverge, if we impose that the solar system tests be respected, i.e. ω →∞, we need then φ′φ−1 → 0. As
instance, It could be realised if the scalar field tended toward a constant which is a realistic assumption for
late times period. Note that the condition on Gωφ′2φ−1 is not independent of the others: it is a consequence
of the Klein-Gordon equation, the fact that G−1 is non vanishing, bounded and (G−1)′ is bounded. This
fact has been observed in the applications of section 7.4.
Finally, the conditions we have established such that the three curvature invariants we studied be finite can
be summarised in four simple points for the Bianchi types I, II, V and VI models:
– G is bounded and non vanishing
– (G−1)′ and (G−1)′′ which can be expressed with equations (7.10) and (7.11) are bounded
–
∫
Gdτ does not diverge toward −∞ or/and +∞ depending on the Bianchi models
– For the Bianchi type V I0 model there is a special conditions, i.e.
∫
e4K
∫
Gdτdτ does not diverge.
From these conditions and the fields equations obtained for each Bianchi model, we deduce that the nth
derivatives of each metric function with respect to τ will be bounded if the nth derivative of G with respect
to τ is bounded. This derivative can be calculated as a function of G, ω and their derivatives with respect
to the scalar field with help of the recursive relation dnG/dτn = d
[
dn−1G/dτn−1
]
/dφφ′ and the relation
(7.9). Adding this last conditions to the four previous one, this ensures then that each curvature invariant is
bounded.
Each of these conditions can be expressed with G, ω and their derivatives with respect to the scalar field.
Hence we have achieved the goal we fixed at the beginning of the paper: we have found a simple set of suf-
ficient conditions such that the invariant curvatures of the HST be bounded. The theories defined by these
conditions could then be interesting theories to represent asymptotical behaviour of an anisotropic Universe
if we assume that the singularity must be avoided.
A similar work has been carried out by Rama [94], with the GST with a perfect fluid for the FLRW
models. In this last paper, as sufficient conditions such that none of the curvature invariant diverges, it was
chosen that the invert of the scale factor, eA, and the successive derivatives of A with respect to the proper
time t be bounded. If we exclude the conditions specific to the presence of matter, the others were written:
– e−A is bounded
– φ˙φ−1 is bounded
– ωφ˙2φ2 is bounded
– φn(3 + 2ω)−1dn(3 + 2ω)/dφn(φ˙φ−1)n is bounded
We have recovered the first one by writing that the 3-volume be non vanishing. It implies also that
∫
Gdτ
is bounded. Since we have chosen that G(G−1)′ and V −1 are bounded, it means that there product is
bounded too. This implies the second condition since dt = V dτ and φ should be replaced by G−1 for the
hyperextended theory. However the reverse is false. In this way, the sufficient conditions we have chosen are
more restrictive for the functions G and ω than these of Rama. We can recover the third condition of Rama
in the same way since we have assumed that V −1 and Gωφ′2φ−1 were bounded. the fourth condition come
from the fact that the successive derivatives ofA have to be bounded and should be related with the condition
on the finiteness of dnG/dτn. Hence, by matching the conditions chosen in this work, we can recover all the
conditions of [94] which are not concerned by the presence of matter. The main difference comes from the
fact that we have replaced φ by G−1, i.e it arises because we have considered an hyperextended rather than
a generalised scalar tensor theory. It is a difference of physical order. There is also another difference which
is of geometrical order. The only condition present in this work and not in [94] is the one for the Bianchi
type V I0 model, implying that
∫
e4K
∫
Gφ′−1dφφ′−1dφ is bounded. It seems to be a specific condition
characterising this model since it has no equivalent in the other Bianchi models. It would explain why it
does not appear in the paper of Rama since Bianchi type V I0 model can not be related to a FLRW one.
Hence, this paper complete [94] by extended some of its results in the HST for Bianchi models which was
one of the issues evoked in its conclusion.
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curvature invariant Bounded quantities
R G(G−1)′′, Gωφ′2φ−1, α′, β′, γ′
RµνR
µν G(G−1)′′, Gωφ′2φ−1, G(G−1)′, α′, β′, γ′
RαβµνR
αβµν
I et V α′, β′, γ′, α′′, β′′, γ′′
II α′, β′, γ′, α′′, β′′, γ′′, eα
V I0 α
′
, β′, γ′, α′′, β′′, γ′′, eα,eγ
TAB. 7.1 – When V 6= 0, it is sufficient that these quantities be bounded such that the curvature invariants
do not diverge. For the scalar curvature and the Ricci scalar, these conditions are independent on the
considered Bianchi models.
Model Conditions
I G, G(G−1)′, G(G−1)′′ are bounded,G is non vanishing
K
∫
Gφ′−1dφ does not diverge toward −∞
II G, G(G−1)′, G(G−1)′′ is bounded,G is non vanishing∫
Gφ′−1dφ is bounded
V I0 G, G(G
−1)′, G(G−1)′′ is bounded,G is non vanishing
LRS
∫
Gφ′−1dφ is bounded∫
e4K
∫
Gφ′−1dφφ′−1dφ does not tend toward −∞
V G, G(G−1)′, G(G−1)′′ is bounded,G is non vanishing∫
Gφ′−1dφ is non vanishing and does not diverge toward −∞
TAB. 7.2 – Sufficient conditions such that the Kretchmann scalar be bounded and the 3-volume be non
vanishing for the Bianchi type I , II , V I0 and V models.
108 CHAPITRE 7. OCCURENCE D’UNE SINGULARIT ´E ...(1 ARTICLE)
109
Chapitre 8
Syme´tries de Noether des mode`les
FLRW(1 article)
Dans ce chapitre, nous e´tudions les mode`les homoge`nes d’un point de vue radicalement diffe´rent de
celui des chapitres pre´ce´dents. En effet, nous nous placerons dans le cadre des cosmologies homoge`nes et
isotropes FLRW et surtout nous nous inte´resserons a` la pre´sence de syme´tries de Noether. La the´orie que
nous conside´rerons est la the´orie tenseur-scalaire hypere´tendue (HST) de´finie par le Lagrangien
L =
[
G(φ)−1R+ ωφ−1φ,µφ,µ − U
]√−g + Lm
Il comporte une fonction de gravitation G, une constante de couplage ω et un potentiel U , chacune de ces
fonctions e´tant de´pendante du champ scalaire φ, et Lm repre´sente le Lagrangien d’un fluide parfait. C’est
donc la the´orie la plus comple`te que nous ayons e´tudie´e jusqu’a` pre´sent et un moyen radical de contraindre
les formes de G, ω et U est, comme nous allons le voir, d’exiger qu’elle soit compatible avec les syme´tries
de Noether.
Bien suˆr rien ne prouve qu’une telle caracte´ristique soit ne´cessaire a` une the´orie de la gravitation du
type tenseur-scalaire. Expliquons l’inte´reˆt de ces syme´tries. Le the´ore`me des syme´tries de Noether e´tablit
que pour chaque syme´trie continue des lois de la physique, il doit exister une loi de conservation et
re´ciproquement, pour chaque loi de conservation, il doit exister une syme´trie continue. Dans ce travail, ces
syme´tries seront e´tudie´es via l’approche de Ritis et al [101] et Capozziello et al [102]. Nous conside´rerons
un Lagrangien L et un champ de vecteurs χ et nous rechercherons la syme´trie de´finie par la de´rive´e de Lie
ℓχL. Ceci nous permettra de trouver une relation devant eˆtre respecte´e entre les trois fonctions G, ω et U
afin qu’une syme´trie de Noether existe. Il est alors possible de de´duire les quantite´s conserve´es et des so-
lutions exactes mais nous n’irons pas jusque la`. Ce dernier type de calculs doit d’ailleurs eˆtre effectue´ avec
prudence: il a e´te´ re´cemment montre´ que ces syme´tries, dans certains cas, ne sont pas consistantes avec les
e´quations de champs et que d’autres types de syme´tries peuvent exister[103].
Le contexte ge´ome´trique de ce travail sera les mode`les FLRW. Il constitue une ge´ne´ralisation importante
des travaux effectue´s dans [101] et dans [102]. Il serait inte´ressant d’e´tendre cette e´tude aux mode`les de
Bianchi mais les e´quations deviennent rapidement inextricables de`s le mode`le de Bianchi de type I et une
adaptation de la me´thode utilise´e ici est ne´cessaire et reste a` de´finir.
L’avantage de cette me´thode est donc d’imposer des contraintes tre`s fortes sur les the´ories tenseur-scalaires
mais l’inconve´nient, c’est de supposer la pre´sence d’une syme´trie de Noether, ce qui n’est pas toujours
aise´ment justifiable.
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We study in which conditions the Hyperextended Scalar Tensor theory in an FLRW background admits
a Noether symmetry and derive the vectors field generating it.
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8.1 Introduction
One of the most well-known scalar tensor theories is the Brans-Dicke one [7] developed in the sixties.
This interest was motivated by the fact that it is able to reconcile a relativistic theory of gravitation with the
ideas of Mach. It introduced the ideas of a gravitational coupling function, G, varying as the inverse of the
scalar field φ and thus depending on the time[6] and of a coupling constant, ω, between the scalar field and
the metric functions. With the discovery of inflation by Guth [8] in the eighties allowing explaining why
the Universe could be so flat or so isotropic, the interest for the scalar tensor theories has increased and
found new justifications. Inflation could have been recently detected with the supernovae of type IA[9, 10]
and is often interpreted as the presence of a cosmological constant Λ in the field equations. In the same
time, physical particle progress have shown the importance of massive scalar field or varying gravitational
functions. As instance the gravitational and the Brans-Dicke coupling functions of the low energy effective
string action are exponential laws of φ. Moreover, unification theories predict a cosmological constant larger
than the presently observed value. One way to solve this cosmological constant problem could be to consider
a varying potential instead of a constant one. Thus the connection between particle physics and cosmology
encourage us to consider scalar-tensor theories more general than the Brans-Dicke one. The Lagrangian
of the Hyperextended Scalar Tensor theories (HST) seems to be suited to take into account this need for
generality since it is written with a gravitational function G(φ) and a Brans-Dicke coupling function ω(φ).
It is why we have chosen to study it when a potential U(φ) and a perfect fluid are presents.
The HST thus defined has then 3 undetermined functions. This is an advantage and a drawback at the
same time. The advantage comes from the fact that any result we will obtain from this theory will be very
general and could be applied to a large number of scalar tensor theories simply by assuming some special
forms for G and ω. As instance, General Relativity with a scalar field is obtained with G = G0 and Brans-
Dicke theory forG−1 = φ and ω = ω0. The drawback is that there are few indices indicating us what should
be the physically interesting forms of the three undetermined functions depending on the scalar field. We can
try to determine some of their characteristics from an observational point of view. Hence, in [41] it is shown
how from the observations, it could be possible to determine the full Lagrangian and thus the potential from
the luminosity distance and the linear density perturbation in the dust like matter as function of redshift.
In [64], the convergence toward General Relativity, the presence of singularity or the dynamical evolution
of the Universe at any time have been studied depending on the form of ω. In [104], observation of the
variation of the fine-structure constant is analysed, giving us restriction on the possible variation of G. We
can also leave the cosmological principle, assuming an anisotropic Universe and looking for the forms of
the functions allowing the isotropy[105]. Considering the relations of this theory with the particle physics,
another possibility is to claim that the HST could respect some of its symmetries as Noether symmetries.
This is the approach chosen in [106, 101] and that we will follow in this work. Our goal will be to look for
the existence conditions of a Noether symmetry for the HST in different physical (in the vacuum (i.e. with
a non-massive scalar field), with a potential or with a perfect fluid) and geometrical (flat open and closed
Universe) contexts. Lets note that a transformation of the scalar field,G−1 = Φ allows to reduce the number
of the undetermined function from three to two. The theory thus defined is named Generalised Scalar Tensor
theory (GST) and has been studied from the same point of view in [106, 101]. However, these results can
not be extended to HST by help of an inverse transformation and thus be related on important theories as the
effective low energy string theory. The two classes of theories are physically equivalent but it is not possible
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to know the constraint imposed by the Noether symmetry on G, U and ω from these determined for the
GST.
Lets explain the interest of the Noether symmetries 1. Noether symmetries theorem states that for every
continuous symmetry of the laws of physics, there must exist a conservation law and reciprocally for every
conservation law, there must exist a continuous symmetry. In this work, it will be studied via the approach
of de Ritis et al [101] and Capozziello et al [102]. We will consider a point Lagrangian L and a vector field
χ. A first step is to find the symmetry χ, defined by the Lie derivative ℓχL. The second step that we will
not consider in this paper, is to determine the conserved quantity Q that can be found by computing the
Cartan one form θL = ∂L∂a˙ da +
∂L
∂φ˙
dφ, contracting it with χ to get Q = iχθL. Then, the calculus of Q can
allow to solve exactly the field equations as shown in the previously quoted papers. Thus Noether symmetry
is very important in the search for exact solutions of theories having particular symmetries and conserved
quantities, helping the study of more general ones. However, note that recently, it has been demonstrated
that Noether symmetry could, for some cases, not be consistent with dynamical equations and that other
type of symmetries could exist[103] indicating that in the future we will have to proceed with care when we
consider the second step.
The geometrical framework of this study will be the FLRW models. It would be more logical to consi-
der an anisotropic and inhomogeneous model more qualified to describe the geometry of the early Universe
where particle physics naturally takes place. However, it does not exist a full classification of these geome-
tries contrary to the FLRW or Bianchi models. The relative simplicity of the FLRW models will allow us
to study the Noether symmetries for a whole class of geometrical models and thus we will be able to make
comparisons between each of them.
The plane of this paper is the following: in the section 8.2, we look for the conditions allowing a Noether
symmetry for the HST in the FLRW models. We discuss our results and conclude in the section 8.3.
8.2 Noether symmetry of the FLRW
We use the following form of the metric describing an isotropic and homogeneous Universe:
ds2 = −dt2 + a2dΩ (8.1)
a being the scale factor. The Lagrangian of the HST with a potential and a perfect fluid is written:
L =
[
G(φ)−1R+ ωφ−1φ,µφ,µ − U
]√−g + Lm (8.2)
G being the gravitational coupling function, ω the Brans-Dicke coupling function, U the potential, φ the
scalar field from which depends on previous quantities and Lm the Lagrangian corresponding to a perfect
fluid with equation of state p = (δ − 1)ρ. Using the fact that ∫ ✷G−1√−g = 0, the point Lagrangian for
the FLRW models is written:
L = −6G−1aa˙2 − 6G−1φ a2a˙φ˙+ ωa3φ−1φ˙2 + 6kaG−1 − a3U + ρ0(γ − 1)a3(1−γ) (8.3)
To find the conditions for Noether symmetry, we will follow the approach of de Ritis et al [101] and Capoz-
ziello et al [102]. We will consider the configuration space E = (a,φ) whose corresponding tangent space
is TE = (a,a˙,φ,φ˙). The vector field X generating the symmetry is then:
X = α
∂
∂a
+ χ
∂
∂φ
+ α˙
∂
∂a˙
+ χ˙
∂
∂φ˙
(8.4)
where α and χ are some functions of a and φ. The existence of a Noether symmetry induces the existence of
the vectors field X such that ℓXL = 0, ℓX being the Lie derivative with respect to X . The meaning of this
equation is that L is constant along the flow generated by X . We deduce from it a second-degree expression
for a˙ and φ˙ whose coefficients only depend on a and φ and have to vanish.
8.2.1 Vacuum model
Applying the principle described above, we get the following equations when no potential or perfect
fluid is present:
k(G−1α+ (G−1)φaχ) = 0 (8.5)
1. Excellent tutorial from professors C. T. Hill and L. M. Lederman can be found on that subject in www.emmynoether.com.
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G−1α+ (G−1)φaχ+ 2G−1a∂α∂a + (G
−1)φa2 ∂χ∂a = 0 (8.6)
3ωα− ωφ−1aχ− 6φ(G−1)φ ∂α∂φ + 2ωa∂χ∂φ + ωφaχ = 0 (8.7)
6(G−1)φα+ 3(G−1)φφaχ+ 3(G−1)φa∂α∂a + 6G
−1 ∂α
∂φ − ωφ−1a2 ∂χ∂a + 3(G−1)φa∂χ∂φ = 0 (8.8)
They are the same as these of [106] when we choose G−1 = φ. We are going to examine successively the
case of curved and flat models.
k 6= 0
Following the methods of [106], from the previous equations system, it should be possible to determine
a relation between ω and G necessary for the existence of a symmetry and the forms of α and χ determining
the vector field generating it. Starting from (8.5), we deduce that α = −G(G−1)φaχ. Then, putting this
quantity in (8.6) and integrating, we get:
χ = n(φ)a−2 (8.9)
α = −n(φ)G(G−1)φa−1 (8.10)
with n(φ) a function of the scalar field that we have to determine. We introduce these expressions in (8.7)
and we get the relation we are looking for between ω and G:
ω = 3ω0φ(G
−1)2φG(G
−2 − 2ω0)−1 (8.11)
ω0 being an integration constant. To obtain n(φ), we replace ω in (8.8) by this last expression. We find that:
n(φ) = n0(2ω0 −G−2)(G−1)−1φ (8.12)
n0 being an integration constant. We conclude that in the vacuum case and for a curved FLRW model, a
HST whose Brans-Dicke coupling function is linked to the gravitational function by the relation (8.11) has
a Noether symmetry generated by a vectors field X defined by (8.12) and (8.9). These relations generalise
these found in the case of GST in [106].
k = 0
The equation (8.5) vanishes and then we have 4 undetermined quantities (the partial derivatives of α
and χ) and three equations. To find some solutions, we assume that α and χ can be written with separating
variables as successfully done in [106] in the case of GST and we define α = α1(a)α2(φ) and χ =
χ1(a)χ2(φ). Introducing these expressions in (8.6), we find that it will be satisfied if α2 = mG(G−1)φχ2,
m being a constant. Then we do the same thing with (8.7) and see that we must have χ1 = na−1α1.
Introducing these expressions for α2 and χ1 in the equations (8.6-8.8), we deduce from the two first ones
the expressions for α−11 dα1/da and χ
−1
2 dχ2/dφ that we use in the last equations. We get the following
relation that have to be satisfied between ω and G:
ω = φG(G−1φ )
2 6mω0(m+ n)G
3m/n+1 − 3
n2ω0G3m/n+1 + 2
(8.13)
So that α and χ be determined we calculate that:
α1 = α10a
−m(2m+n)−1 (8.14)
χ2 = χ20(G
−1)−1φ G
m(3m+2n)
n(2m+n) (n2ω0 + 2G
−3m/n−1)1/2 (8.15)
α10 and χ20 being integration constants. Consequently a HST whose gravitational function and Brans-Dicke
coupling functions are linked by the relation (8.13) have a Noether symmetry generated by the vectors field
defined by α1, α2, χ1 and χ2.
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8.2.2 HST with potential
When we consider a potential, only the first equation of (8.5-8.8) changes and is written:
6kG−1α− 3a2Uα+ 6kaχ(G−1)φ − a3χUφ = 0 (8.16)
Let’s consider a model with and without curvature. Using the same method as in section 8.2.1, we express
α with (8.16) and put its expression in (8.6) to determine this of χ. It comes:
χ = n(φ)(2kG−1 − a2U)[3a2U(G−1)φ +G−1(6k(G−1)φ − 2a2Uφ)]
−3U(G−1)φ+3UφG
−1
6U(G−1)φ−4UφG
−1
a−2 (8.17)
n(φ) being a function depending on the scalar field. If we Introduce the forms of α and χ in (8.7) we get a
differential equation for n(φ) which is written with 3 different powers of a and logarithm of an expression of
a and φ. This equation having to vanish, the coefficient of the logarithmic expression has to be equal to zero.
This is only possible if the power of the expression for χ is a constant F0, i.e. when U = U0G−
3(1+2F0)
3+4F0 , U0
being an integration constant. In the same way the coefficient of the powers of a have to be equal to zero
thus defining a system of 3 equations whose the only solution is the General Relativity with G = G0 and
ω = 0. However, for this theory χ is undetermined and thus we conclude that for a massive HST in a curved
Universe, there is no Noether symmetry. As shown in [103], it does not mean that there is no symmetry at
all, and then conserved quantities, but only for the special one we have considered and which belongs to the
class of point symmetries[101].
k = 0
Contrary to what happens for the vacuum case, the equation (8.5) is not identically zero but is written:
3Uα+ aχUφ = 0 (8.18)
It follows that we have not to assume a variable separation for α and χ. From this last equation, we deduce:
α = 1/3aχU−1Uφ (8.19)
We introduce this result in (8.6) and derive χ:
χ = n(φ)a
3(U(G−1)φ−G
−1Uφ)
−3U(G−1)φ+2G
−1Uφ (8.20)
n(φ) being a function of the scalar field. In the equation (8.8), we replace α and χ by their forms above
thus getting a differential equations for n(φ). Its form is F1(φ)nφ + F2(φ) + F3(φ)ln(a) = 0. To satisfy
it, it is necessary that F3 = 0 thus implying U = U0G−p with p a constant or G = G0, which corresponds
to General Relativity with a massive scalar field. This two cases allow independently that F3 = 0 and are
independents each others since in the second one, their is no constraint between G and U . We examine
successively these two cases.
When U = U0G−p, we get an expression for nφ from (8.8). Introducing α, χ and nφ in the equation (8.7),
we get the following relation between G and ω:
ω =
φ
[−3 + 2p(3− p)ω0G−p+1] (G−1)2φ
2G−1 − 3ω0G−p (8.21)
ω0 being an integration constant. Using this last expression, we derive the exact form of n:
n = n0G
p(−6p2+p+3)
2(p−1)(3+2p)2 (2G−1 − 3ω0G−p)
(1+p)(3−2p)2
2(p−1)(3+2p)2 (8.22)
n0 being an integration constant. Consequently a massive HST whose potential is proportional to a power
of the gravitation function which itself depends on the Brans-Dicke coupling function by the relation (8.21)
have a Noether symmetry generated by a vectors field X determined by the relations (8.19-8.22).
If we consider the General Relativity, a Noether symmetry only exists in presence of a cosmological
constant. However χ is not determined and thus there is no symmetry.
When G = G0, we calculate from the equations (8.7) and (8.8) that a Noether symmetry will exist if:
ω =
2φ(Uφ)
2
G0(ω0 + 3U)U
(8.23)
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Then, from (8.23), we derive the form of n:
n = n0U(ω0 + 3U)
1/2(Uφ)
−1 (8.24)
Thus a Noether symmetry can exist for General Relativity with a massive scalar field different of a constant
in a flat Universe if the relation (8.23) between the potential and the Brans-Dicke coupling function is satis-
fied and is generated by a vector fields X defined by (8.19), (8.20) et (8.24).
8.2.3 HST with a perfect fluid
The term representing a perfect fluid with an equation of state p = (γ − 1)ρ in the Lagrangian is
ρ0(γ − 1)a3(1−γ). Once again, only the equation (8.5) is modified and written:
2kG−1α+ 2akχ(G−1)φ − ρ0(γ − 1)2a2−3γα (8.25)
We deduce from it an expression for α:
α = −2akχ(G−1)φ(2kG−1 − ρ0(γ − 1)2a2−3γ)−1 (8.26)
that we introduce in (8.6). Then, we get for χ:
χ = n(φ)a
4−3γ
−2+3γ
[
(γ − 1)2ρ0a2 − 2ka3γG−1
] [
(γ − 1)2ρ0a2 + 2ka3γG−1
] 1−3γ
−2+3γ (8.27)
n(φ) being a function depending on the scalar field. We calculate it by using the expressions for α and χ in
(8.8). To this end, we consider three values of γ, 1, 0 and 4/3 corresponding respectively to a dust dominated,
vacuum energy dominated and radiation dominated Universe. In the first case, the equation (8.25) takes the
same form as in the vacuum and thus the results are the same as these of section 8.2.1. In what follows, we
will consider only the two last ones.
k 6= 0
When γ = 0 or γ = 4/3, if we introduce the expressions for α and χ in the equation (8.8), we get a
polynomial expression for a whose coefficients have to be zero. It corresponds to a system of 3 equations
with 3 unknowns G, ω and n that we have to determined.
When the Universe is vacuum dominated, the only possible solution corresponds to General Relativity or
n = 0 but once again χ is undetermined and a Noether symmetry does not exist.
When the Universe is radiation dominated, the equations are satisfied if:
n = n0
√
G−1(G−1)−1φ (8.28)
ω = −3/2ω0φG(G−1)2φ (8.29)
Thus, the HST with a perfect radiative fluid can have a Noether symmetry if this relation between the gravi-
tational coupling function and the Brans-Dicke coupling function is satisfied. It is generated by the vectors
field X defined by (8.26-8.28).
k = 0
For a flat Universe, the equation (8.25) shows that α = 0. Then we can calculate that χ = n(φ)a−1
whatever γ 6= 1 with:
n(φ) = n0
√
ω0 − 2G−1(G−1)φ (8.30)
ω = 3φ(G−1)2φ(ω0 − 2G−1)−1 (8.31)
It follows that for a flat model with a perfect fluid, the HST admit a Noether symmetry when the equation
(8.31) is satisfied. It is then generated by the vectors field X defined by (8.26), (8.27) and (8.30).
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8.3 Discussion
In this work, we have studied the Noether symmetries of the HST for the FLRW models in vacuum, with
a massive potential or with a perfect fluid. Our results consist in the determination of conditions allowing
the existence of symmetry. They are relations between the functions G, ω or U , conditions on their forms
or on the type of geometry. Moreover, for each case, we have determined the vectors field X generating the
symmetry.
When we consider a HST without any potential or perfect fluid, for a curved or flat geometry, a Noether
symmetry will exist if respectively the relations (8.11) or (8.13) are respected between the gravitational and
Brans-Dicke coupling functions. They generalise these found in [101].
When we consider a potential, a symmetry can only exist for a flat Universe. The potential have to be propor-
tional to a power of the gravitational coupling function or the theory to correspond to the General Relativity
with a massive scalar field different from a cosmological constant. Respectively, a relation between ω and
G defined by (8.21) or ω and U defined by (8.23) have to be satisfied.
When we consider a perfect fluid, for a dust dominated Universe the results are the same as these of the
vacuum case. For a curved Universe, if the Universe is vacuum energy dominated, the symmetry does not
exist. If it is radiation dominated, a relation between ω and G defined by (8.29) have to be respected. For the
existence of a Noether symmetry for a flat Universe and for any type of matter, the relation that is imposed
by the symmetry is given by (8.31). These results are summarised in the table 8.1. For each of these cases,
we have calculated all the elements allowing the determination of the vectors field X generating the Noether
symmetry.
Lets discuss about interesting theories. Whatever the relation existing between G, ω and U for the sym-
metry existence, the General Relativity defined by G = G0 and ω = 0 with or without a cosmological
constant always respects it. However, in this case, the quantity χ is never defined and the General Relativity
has no symmetry as conclude in [107]. The only case for which General Relativity admits a Noether sym-
metry is in presence of a massive scalar field, the potential being different from a cosmological constant,
in a flat Universe. Therefore, we recover and generalise the result of [101] which corresponds to the theory
defined by ω = φ, and then to an exponential potential.
If we consider a GST defined by G−1 = φ, in the vacuum case, the only GST admitting a Noether theory is
defined by ω = 3mω0(φ2− 2ω0)−1 for a curved Universe and ω =
[−3 + 6mω0(m+ n)φ−3m/n−1] (2+
n2ω0φ
−3m/n−1)−1 for a flat Universe as it has been shown in [106] where the dynamics of these two
theories are studied. If we consider a potential in a flat Universe, we note that its only form allowing a
symmetry is a power law of the scalar field. Then, the Brans-Dicke coupling function have to be ω =[−3 + 2p(3− p)ω0φp−1] (2 − 3ω0φp−1)−1. It is interesting to note that it is the same form as this of the
GST in the empty. If we consider the presence of a radiative fluid, the Brans-Dicke theory is the only GST
allowing a symmetry for a Universe with a curvature.
If we consider a theory whose gravitational function is defined by e−φ and corresponding to the form usually
used for the effective string theory action at low energy, we remark that for a flat Universe the only type
of potential allowing a symmetry will be an exponential law of the scalar field. The Brans-Dicke coupling
function is then ω = φe−φ
[
3 + 2pω0(p− 3)e(p−1)φ
]
(−2+ 3ω0e(p−1)φ)−1 and is quite different from the
ω usually used for this type of theory although it asymptotically tends toward it.
In a general way, we note that the type of geometry favouring a Noether symmetry is rather a flat one. To
our knowledge, such an attempt to draw up a complete list of the HST, in various physical and geometrical
contexts, admitting a Noether symmetry, does not exist in the literature. A next step will be to look for
conserved quantities and then to try to determine the main dynamical characteristics of classes of models
thus defined as it has been done for the special cases of GST in [106]. Here, since our goal was to find the
conditions for the existence of Noether symmetries, we have not undertaken this task that will be probably
too large for a single article. Another possible extension will be to consider Bianchi models.
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k 6= 0 k = 0
Empty ω = 3ω0φ(G−1)2φG ω =
[−3 + 6mω0φ−3m/n−1(m+ n)]
(G−2 − 2ω0)−1 (2 + n2ω0φ−3m/n−1)−1
Potential No symmetry If U = U0G−p,
ω =
φ[−3+(6−2p)pω0G−p+1](G−1)2φ
2G−1−3ω0G−p
If G = G0, ω = 2φ(Uφ)
2
G0(ω0+3U)U
Dust: γ = 1 Same as for empty Same as for empty
Vacuum: γ = 0 No symmetry ω = 3φ(G−1)2φ(ω0 − 2G−1)−1
Radiation: γ = 4/3 ω = −3/2ω0φG(G−1)2φ ω = 3φ(G−1)2φ(ω0 − 2G−1)−1
TAB. 8.1 – Classification of the Hyperextended Scalar Tensor theories admitting a Noether symmetry.
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Chapitre 9
Conclusion
Nous avons recherche´ une me´thode suffisamment efficace pour nous permettre d’e´tudier un grand
nombre de mode`les cosmologiques homoge`nes afin de contraindre de vastes classes de the´ories tenseur-
scalaires.
De ce point de vue, la moins performante est sans aucun doute celle consistant a` rechercher des solutions
exactes. Le grand nombre de fonctions inconnues du champ scalaire (fonction de gravitation, fonction de
Brans-Dicke, potentiel) et le manque de motivation physique permettant d’en connaıˆtre la forme, ne per-
mettent pas de trouver aise´ment des solutions ge´ne´rales et inte´ressantes.
Une manie`re plus inte´ressante de proce´der est de se demander comment contraindre le champ scalaire afin
que l’Univers ait certaines proprie´te´s asymptotiques ayant des fondements observationnels ou the´oriques
solides: expansion, acce´le´ration, isotropisation et absence de singularite´.
Pour ce faire, nous avons utilise´ les formalismes Lagrangien et Hamiltonien. Les re´sultats sont plus diffi-
ciles a` obtenir avec le premier qu’avec le second mais les interpre´tations physiques y sont en revanche plus
faciles.
Pour finir, nous avons e´galement conside´re´ la pre´sence d’une syme´trie de Noether pour les mode`les ho-
moge`nes et isotropes FLRW. De tre`s fortes contraintes pe`sent alors sur les fonctions inconnues des the´ories
tenseur-scalaires mais les motivations physique quant a` l’imposition de ces syme´tries restent obscures. De
plus, il a e´te´ montre´ que ces contraintes n’e´taient pas toujours compatibles avec les e´quations de champs.
La plupart de ces me´thodes sont soient limite´es au mode`le de Bianchi de type I le plus simple ou ne per-
mettent d’e´tudier que des the´ories tenseur-scalaires avec un nombre limite´ de fonctions inconnues du champ
scalaire.
Dans la partie suivante nous allons utiliser une me´thode, comparable a` celle de´crite par Wainwright et El-
lis dans leur livre ”Dynamical Systems in Cosmology” mais utilisant le formalisme Hamiltonien ADM
au lieu du formalisme orthonormal, qui nous permettra d’e´tudier n’importe qu’elle the´orie tenseur-scalaire
pour tous les mode`les de Bianchi de la classe A en recherchant les mode`les qui s’isotropisent aux e´poques
tardives.
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Quatrie`me partie
Isotropisation des mode`les de Bianchi
en the´ories tenseur-scalaires
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Nous allons pre´senter une me´thode nous permettant d’e´tudier le processus d’isotropisation des mode`les
de Bianchi de la classe A en pre´sence d’un ou plusieurs champs scalaires et de matie`re. Exiger que ces
mode`les s’isotropisent nous permettra de contraindre de vastes classes de the´ories tenseur-scalaires. Contrai-
rement aux autres me´thodes que nous avons vues pre´ce´demment, il ne sera pas ici ne´cessaire de se donner
de manie`re adhoc la forme des fonctions du champ scalaire ou de la me´trique ou de faire des hypothe`ses
the´oriques telles que l’absence d’une singularite´ initiale ou la pre´sence de syme´tries de Noether. Nos objec-
tifs sont les suivants:
– Caracte´riser les champs scalaires capables de conduire un mode`le cosmologique anisotrope vers l’iso-
tropie.
Une the´orie tenseur-scalaire peut eˆtre de´finie par plusieurs fonctions du champ scalaire (fonction
de Brans-Dicke ω, potentiel U , fonction de gravitation G) dont les formes restent aujourd’hui large-
ment inconnues bien que quelques indices nous soient donne´s par la physique des particules comme
le me´canisme de Higgs ou la supergravite´. Nous verrons qu’imposer un Univers isotrope aux e´poques
tardives est e´galement un moyen de les contraindre.
– Connaıˆtre l’e´tat final de l’Univers lorsqu’il est isotrope
Quel est l’e´tat dynamique de l’Univers lorsque le processus d’isotropisation est acheve´? L’isotro-
pisation me`ne-t-elle a` une de´ce´le´ration ou a` une acce´le´ration de l’expansion? L’Univers est-il plat ou
courbe´? Est-il domine´ par un champ scalaire quintessent? Si nous supposons que le potentiel mime
une constante cosmologique variable, peut il re´soudre le proble`me de cette constante?
– Quelle est la robustesse des re´ponses obtenues aux questions pre´ce´dentes?
Afin d’e´prouver la robustesse de nos re´sultats, nous e´tudierons plusieurs classes de the´ories tenseur-
scalaires. Que se passe-t-il lorsque l’on conside`re plusieurs champs scalaires, un fluide parfait, un
couplage entre ce fluide et un champ scalaire ou un champ scalaire non minimalement couple´ a` la
gravitation?
C’est a` cet ensemble de questions que nous allons tenter de re´pondre en utilisant syste´matiquement la
me´thode suivante, me´langeant formalisme Hamiltonien et me´thodes d’e´tude des syste`mes dynamiques:
1. On de´termine les e´quations de champs du premier ordre de Hamilton.
2. Afin d’utiliser les me´thodes d’e´tudes des syste`mes dynamiques[25], on re´e´crira ces e´quations a` l’aide
de variables normalise´es.
3. On cherchera et e´tudiera alors leurs points d’e´quilibre correspondant a` des e´tats isotropes stables.
4. On appliquera nos re´sultats a` quelques the´ories tenseur-scalaires couramment e´tudie´es dans la litte´rature,
ce qui nous permettra de nous assurer de leur validite´ et de mesurer leur porte´.
Dans tout ce qui suit, la me´trique que nous utiliserons sera de la forme:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20gijωiωj (1)
N e´tant la fonction lapse,Ni les fonctions shifts et ωi les 1-formes ge´ne´rant les diffe´rents espace homoge`nes
de Bianchi. Nous choisirons une me´trique diagonale telle que Ni = 0 et la relation entre les variables t et
Ω sera alors:
dt = −NdΩ (2)
Nous e´crirons les fonctions me´triques gij sous la forme:
gij = e
−2Ω+2βij
Ω repre´sente alors la partie isotropique de la me´trique tandis que les fonctions βij de´crivent sa partie aniso-
tropique. La parame´trisation de Misner[79] permet de re´e´crire ces fonctions sous la forme:
βij = diag(β+ +
√
3β−,β+ −
√
3β−,− 2β+) (3)
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En ce qui concerne l’action, sa forme ge´ne´rale lorsque l’on conside`re deux champs scalaires minimalement
couple´s et un fluide parfait sera:
S = (16π)−1
∫
[R− (3/2 + ω)φ,µφ,µφ−2 − (3/2 + µ)ψ,µψ,µψ−2 −
U ]√−gd4x+ Sm(gij ,φ,ψ) (4)
ou` ω(φ,ψ) et µ(φ,ψ) sont deux fonctions de Brans-Dicke de´crivant le couplage des champs scalaires avec la
me´trique etU(φ,ψ) est le potentiel de´crivant le couplage des champs scalaires avec eux meˆme. Sm(gij ,φ,ψ)
est l’action repre´sentant la pre´sence d’un fluide parfait non penche´ e´ventuellement couple´ avec les champs
scalaires. Les types de the´ories tenseur-scalaires que nous allons e´tudier appartiennent tous a` la classe de
the´orie de´finie par cette action. Dans ce qui suit, on commence par le cas le plus simple: le mode`le de
Bianchi de type I dans le vide avec un champ scalaire massif et minimalement couple´.
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Chapitre 1
Le mode`le de Bianchi de type I(4
articles)
Le mode`le de Bianchi de type I est un mode`le a` sections spatiales plates, ge´ome´triquement de´fini par:
ω1 = dx
ω2 = dy
ω3 = dz
Il contient donc les solutions du mode`le FLRW a` sections spatiales plates. Dans ce chapitre nous al-
lons e´tudier l’isotropisation de ce mode`le lorsque l’on conside`re un champ scalaire massif minimalement
couple´ dans le vide, avec un fluide parfait non penche´ ou avec un second champ scalaire. Pour finir, nous
conside´rerons un champ scalaire non minimalement couple´ avec un fluide parfait non penche´.
1.1 Dans le vide et avec un seul champ scalaire
Ce cas a e´te´ e´tudie´ dans l’article [105] reproduit en annexe. Ce fut notre premier article sur le sujet et ses
re´sultats furent ame´liore´s et nuance´s dans les articles suivants. Ces modifications sont ici prises en compte.
1.1.1 Equations de champs
Comme nous l’avons montre´ dans la section 2.3.4 de la partie II, l’Hamiltonien ADM du mode`le de
Bianchi de type I vide de matie`re mais avec un champ scalaire minimalement couple´ et massif s’e´crit:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU (1.1)
Il vient alors pour les e´quations de Hamilton:
β˙± =
∂H
∂p±
=
p±
H
(1.2)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(1.3)
p˙± = − ∂H
∂β±
= 0 (1.4)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6ΩUφ
H
(1.5)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
(1.6)
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un dot signifiant une de´rive´e par rapport a` Ω. En choisissant Ni = 0 et en utilisant le fait que ∂
√
g/∂Ω =
−1/2ΠkkN [78], on en de´duit la forme de la fonction lapse:
N =
12πR30e
−3Ω
H
(1.7)
Afin de trouver les points d’e´quilibre de ce syste`me d’e´quations, il nous faut le re´e´crire partiellement a`
l’aide de variables normalise´es. La forme de l’Hamiltonien ADM nous sugge`re de de´finir:
x = H−1 (1.8)
y = πR30
√
e−6ΩUH−1 (1.9)
z = pφφ(3 + 2ω)
−1/2H−1 (1.10)
Ces variables ont toutes une interpre´tation physique:
– La variable x2 est proportionnelle a` la variable Σ introduite dans [25] et de´crit donc le cisaille-
ment(shear).
– La variable y2 est proportionelle a` (ρφ−pφ)/(dΩ/dt)2, (dΩ/dt)2 repre´sentant la fonction de Hubble
lorsque l’Univers est isotrope.
– La variable z2 est proportionelle a` (ρφ+pφ)/(dΩ/dt)2. Pour le montrer, il suffit de remplacer pφ par
sa valeur de´duite de l’e´quation pour φ˙
– On de´duit des deux derniers points que le parame`tre de densite´ Ωφ du champ scalaire est une combi-
naison line´aire de y2 et z2 ou encore, lorsque le champ scalaire est quintessent, que ces deux variables
lui sont proportionelles.
On peut ve´rifier que ces variables sont normalise´es en re´e´crivant la contrainte Hamiltonienne sous la forme
d’une somme de leurs carre´s:
p2x2 + 24y2 + 12z2 = 1 (1.11)
avec p2 = p2++ p
2
−. Afin qu’elles soient de´finies dans l’ensemble des re´els, nous conside´rerons que 3+ 2ω
et U sont des quantite´s positives. La premie`re condition est ne´cessaire au respect de la condition d’e´nergie
faible. En effet, on peut de´finir la densite´ d’e´nergie et la pression du champ scalaire comme:
ρφ =
1
2
3/2 + ω
φ2
φ′2 +
1
2
U
pφ =
1
2
3/2 + ω
φ2
φ′2 − 1
2
U
le prime e´tant une de´rive´e par rapport au temps propre t. Par conse´quent, imposer 3 + 2ω > 0 et U > 0
revient a` e´crire que:
ρφ + pφ > 0
ρφ − pφ > 0
la premie`re ine´galite´ e´tant ne´cessaire au respect de la condition d’e´nergie faible. Les e´quations de Hamilton
peuvent eˆtre re´e´crites en fonction de ces variables sous la forme d’un syste`me d’e´quations diffe´rentielles du
premier ordre:
x˙ = 72y2x (1.12)
y˙ = y(6ℓz + 72y2 − 3) (1.13)
z˙ = 24y2(3z − 1
2
ℓ) (1.14)
φ˙ = 12z
φ√
3 + 2ω
(1.15)
avec ℓ = φUφU
−1(3+2ω)−1/2. Nous avons donc re´duit les sept e´quations de Hamilton sous la forme d’un
syste`me de quatre e´quations a` quatre inconnues x, y, z et φ dont la dernie`re n’est pas ne´cessairement nor-
malise´e. Cette re´duction provient du fait que les e´quations de Hamilton montrent que p± sont des constantes
et que β+ ∝ β−, e´liminant ainsi trois e´quations sur les sept. Notre prochain objectif est alors de trouver les
points d’e´quilibre correspondant a` un e´tat isotrope stable pour l’Univers et dont les proprie´te´s sont de´finies
dans la section suivante.
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1.1.2 De´finition d’un e´tat isotrope stable
L’isotropie est de´finie dans l’article de Collins et Hawking[108] lorsque le temps propre tend vers l’infini
de la manie`re suivante:
– Ω→ −∞
Cette condition nous dit que l’Univers est en expansion e´ternelle. Vu qu’aucune pe´riode de contrac-
tion n’a e´te´ observe´e depuis le de´couplage rayonnement-matie`re et que notre Univers est fortement
isotrope, cette hypothe`se paraıˆt justifie´e.
– Soit Tαβ le tenseur d’e´nergie-impulsion: T 00 > 0 et T
0i
T 00 → 0
T 0i
T 00 repre´sente une vitesse moyenne de la matie`re par rapport aux surfaces d’homoge´ne´ite´. Si cette
quantite´ ne tendait pas vers ze´ro, l’Univers ne paraıˆtrait pas homoge`ne et isotrope.
– Soit σij = (deβ/dt)k(i(e−β)j)k et σ2 = σijσij : σdΩ/dt → 0.
Cette condition dit que l’anisotropie mesure´e localement a` travers la constante de Hubble tend vers
ze´ro. En effet, lorsque nous mesurons la constante de Hubble, nous e´valuons la quantite´ dgiidt /gii =
dβii/dt−dΩ/dt. Pour que celle ci soit la meˆme dans toutes les directions, il faut donc que dβii/dt <<
dΩ/dt.
– β tend vers une constante β0
Cette condition se justifie par le fait que l’anisotropie mesure´e dans le CMB est en quelque sorte
une mesure du changement de la matrice β entre le temps ou` la radiation a e´te´ e´mise et le temps
ou` elle a e´te´ observe´e. Si β ne tendait pas vers une constante, on s’attendrait a` de grandes quantite´s
d’anisotropies dans certaines directions.
Dans le cadre du mode`le de Bianchi de type I , lorsque β± tend vers une constante, dβ±/dt = −N−1β˙± ∝
e3Ω tend vers ze´ro car l’isotropie se produit en Ω → −∞. Or, d’une manie`re ge´ne´rale, lorsque la de´rive´e
d’une fonction tend vers ze´ro en t → +∞, ceci n’implique pas ne´cessairement que la fonction tende
vers une constante. C’est par exemple le cas du logarithme ln t. Ceci indique donc que l’isotropie apparait
relativement vite. La troisie`me proprie´te´ quant a` elle signifie que le cisaillement, c’est-a`-dire x ∝ β˙± =
dβ±
dt
dt
dΩ tend vers ze´ro. Par conse´quent, les points d’e´quilibre isotropes stables que nous recherchons seront
tels que:
Ω→ −∞
x→ 0
En examinant le syste`me d’e´quations (1.12-1.14), on constate qu’il existe trois manie`res d’atteindre cette
e´quilibre correspondant a` trois classes d’isotropisation que l’on de´finit de la manie`re suivante:
– Classe 1: Les variables (x,y,z) atteignent un e´tat d’e´quilibre isotrope avec y 6= 0. C’est la classe qui
semble correspondre aux the´ories tenseur-scalaires les plus e´tudie´es dans la litte´rature.
– Classe 2: Les variables (x,y,z) atteignent un e´tat d’e´quilibre isotrope avec y = 0. Dans ce cas, il
n’est ge´ne´ralement pas possible de de´terminer le comportement asymptotique de x a` l’approche de
l’isotropie car il de´pend de la manie`re inconnue dont y tend vers ze´ro. Or c’est lui qui permet de
connaıˆtre le comportement asymptotique commun des fonctions me´triques lors de l’isotropisation.
– Classe 3: x tend vers l’e´quilibre mais pas ne´cessairement les autres variables y et z. Comme celles-ci
doivent eˆtre borne´es en Ω → −∞, cela signifie qu’elles doivent osciller telles que leurs de´rive´es
premie`res par rapport a` Ω oscillent autour de ze´ro. Nous verrons des exemples de cette classe d’iso-
tropisation lorsque nous conside´rerons la pre´sence de plusieurs champs scalaires.
Dans ce travail notre attention se portera sur l’e´tude de l’isotropisation de la classe 1. En effet, nous montre-
rons que les champs scalaires de cette classe sont asymptotiquement quintessents ainsi qu’un lien inte´ressant
avec la pre´sence de matie`re noire dans les galaxies spirales. Nous verrons quelques exemples nume´riques
d’isotropisation de classe 2 et 3 afin de de´montrer leur re´alite´ et de nous permettre de mieux cerner leurs
caracte´ristiques.
1.1.3 Etude des e´tats isotropes
Les points d’e´quilibre du syste`me (1.12-1.14) tels que x = 0 et y 6= 0 sont donne´s par:
(x,y,z) = (0,± (3− ℓ2)1/2/(6
√
2),ℓ/6) (1.16)
Ils sont de´finis si ℓ2 < 3. y et z devant atteindre l’e´quilibre, il faut donc que ℓ tende vers une constante nulle
ou non et telle que ℓ˙ → 0. Line´arisant l’e´quation (1.12) au voisinage de l’e´quilibre, on trouve qu’asympto-
tiquement la variable x se comporte en Ω→ −∞ comme:
x→ x0e3Ω−
∫
ℓ2dΩ (1.17)
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Cadre de validite´ de nos re´sultats
Avant d’aller plus loin, ces premiers calculs nous offrent l’opportunite´ de parler de la stabilite´ de nos
re´sultats. Ceux ci peuvent eˆtre se´pare´s en plusieurs cate´gories:
1. La localisation des points d’e´quilibre isotrope.
2. Les conditions ne´cessaires a` leur existence.
3. Les solutions exactes associe´es aux points d’e´quilibre.
La premie`re cate´gorie est inde´pendante de toute approximation. Les deux autres ne le sont pas et de´pendent
de la vitesse a` laquelle l’e´tat d’e´quilibre est atteint ou, plus pre´cise´ment, a` laquelle d’une part la fonction ℓ
et d’autre part les variables (y,z) tendent vers leurs valeurs a` l’e´quilibre.
En ce qui concerne ℓ, nous verrons dans la troisie`me partie de cette section qu’il est possible de de´terminer
asymptotiquement le comportement de φ(Ω) et donc de ℓ(Ω). Par conse´quent, il est possible de ne faire
aucune approximation sur ℓ comme le montre le calcul (1.17) ci-dessus: quelle que soit la vitesse a` laquelle
ℓ tend vers sa valeur a` l’e´quilibre, la pre´sence du terme
∫
ℓ2dΩ permet de prendre en compte la variation
de ℓ2. Cependant, afin d’obtenir des re´sultats sous formes ferme´es et comparables entre eux, nous ferons en
ge´ne´ral l’hypothe`se suivante que nous appellerons ”hypothe`se de variabilite´ de ℓ”:
– Lorsqu’a` l’e´quilibre ℓ2 tend vers une constante ℓ20, nulle ou non, avec une variation δℓ2 telle que
ℓ2 → ℓ20 + δℓ2,
∫
ℓ2dΩ→ ℓ20Ω+ const.
Afin de montrer que l’on peut mathe´matiquement s’affranchir de cette hypothe`se, les re´sultats de cette sec-
tion seront tous exprime´s en tenant compte de l’inte´grale de ℓ2 puis de l’hypothe`se de variabilite´ de ℓ. De
plus, nous appliquerons nos re´sultats aux cas de deux the´ories tenseur-scalaires, respectivement en accord
et en de´saccord avec cette hypothe`se. Dans les sections suivantes, elle sera syste´matiquement employe´e et
ve´rifie´e lorsque nous ferons des applications.
En ce qui concerne y et z, nous conside´rerons que leurs variations δy et δz a` l’approche de l’e´quilibre
sont suffisamment petites pour eˆtre ne´gligeable. Par exemple, lorsque nous calculons (1.17), nous prenons
en compte la manie`re dont ℓ approche sa valeur asymptotique puisque nous ne faisons pas l’hypothe`se de
variabilite´ de ℓ. En revanche nous ne faisons rien de semblable pour y que nous avons simplement remplace´
par sa valeur a` l’e´quilibre dans les e´quations de champs sans tenir compte de δy. Ce proble`me ne peut pas
eˆtre re´solu aussi ”facilement” que celui en rapport avec ℓ. Il est possible que l’e´tude des perturbations des
solutions exactes puisse apporter des e´le´ments de re´ponses mais ce n’est pas garanti car elle pourrait forte-
ment de´pendre de la spe´cification des formes de ω et U en fonction du champ scalaire.
Pour re´sumer, tous nos re´sultats impliquant le calcul d’une approche asymptotique d’une quantite´ au voisi-
nage de l’e´quilibre seront valables lorsque l’Univers atteint suffisamment vite l’e´tat isotrope. La restriction
sur ℓ peut eˆtre leve´e en ne faisant pas l’hypothe`se de variabilite´ mais cela semble plus difficile pour les va-
riables y et z. Aussi, nous ferons syste´matiquement l’hypothe`se que ces variables approchent suffisamment
vite leurs valeurs a` l’e´quilibre. Ces restrictions seront e´galement valables pour les variables k et w que nous
de´finirons plus tard, respectivement associe´es a` la pre´sence d’un fluide parfait et a` celle d’un second champ
scalaire ou de courbure.
Comportements asymptotiques
Appliquant l’hypothe`se de variabilite´ de ℓ a` (1.17), lorsque ℓ tend vers une constante non nulle, x →
e(3−ℓ
2)Ω et vers e3Ω sinon. Cette variable disparaıˆt donc bien lorsque Ω → −∞ et que la condition de
re´alite´ des points d’e´quilibre, ℓ2 < 3, est respecte´e.
Dans le meˆme temps, l’e´quation (1.12) montre que x est une fonction monotone de Ω: lorsque x est ini-
tialement positive (ne´gative), elle est asymptotiquement croissante(de´croissante). x est donc e´galement de
signe constant. En se servant de l’expression (1.7) de la fonction lapse N et du fait que dt = −NdΩ, on
en de´duit que Ω(t) est une fonction de´croissante (croissante) du temps propre t lorsque x, ou de manie`re
e´quivalente l’Hamiltonien, est initialement positive (ne´gative). Par conse´quent, un Hamiltonien initialement
positif est une condition initiale ne´cessaire pour que l’isotropie en Ω → −∞ se produise aux e´poques
tardives. Enfin dernie`re remarque en se qui concerne les fonctions monotones. Nous pouvons calculer que
dgij/dΩ = −2e−2Ω+βij(1 − β˙ij). Compte tenu de ce que nous avons dit sur la monotonie de x et de
l’expression des de´rive´es de βij par rapport a` Ω, il vient que les βij sont des fonctions monotones du temps
propre t et que par conse´quent chaque fonction me´trique ne peut avoir au plus qu’un extremum durant son
e´volution. Nous avions de´montre´ ce point d’une toute autre manie`re dans [42] a` l’aide du formalisme Ha-
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miltonien ADM.
Pour de´terminer φ(Ω), on se sert de l’e´quation (1.15) pour φ˙ qui s’e´crit asymptotiquement:
φ˙ = 2
φ2Uφ
U(3 + 2ω)
Dans cette dernie`re expression l’hypothe`se de variabilite´ de ℓ n’est pas faite mais par contre on ne´glige la
variation δz de la variable z a` l’approche de l’isotropie. C’est la forme asymptotique de la solution de cette
e´quation qui nous donnera le comportement asymptotique de φ en fonction de Ω. On en de´duira donc ℓ(Ω)
et U(Ω) qui sont 2 fonctions donne´es du champ scalaire. En particulier, connaıˆtre ℓ(Ω) permettra de ve´rifier
les conditions ne´cessaires a` l’isotropie, notre hypothe`se sur
∫
ℓdΩ et donc de calculer la forme asymptotique
des fonctions me´triques Ω(t) et du potentiel U . En effet, utilisant d’une part le comportement asymptotique
de x et d’autre part la relation dt = −NdΩ et la de´finition de y, on trouve qu’a` l’approche de l’isotropie
Ω(t) et U se comportent respectivement comme:
dt = −12πR30x0e−
∫
ℓ2dΩdΩ
et
U = e2
∫
ℓ2dΩ
soit en tenant compte de l’hypothe`se de variabilite´ de ℓ
dt = −12πR30x0e−ℓ
2ΩdΩ
et
U = e2ℓ
2Ω
Cette hypothe`se nous permet de calculer que lorsque ℓ2 tend vers une constante non nulle, les fonctions
me´triques tendent vers tℓ−2 et le potentiel vers t−2. En revanche, lorsque ℓ2 tend vers ze´ro, l’Univers
tend vers un mode`le de De Sitter et le potentiel vers une constante cosmologique. Si l’hypothe`se n’est
pas ve´rifie´e, il est impossible de de´terminer sans l’aide de quadratures ces comportements asymptotiques.
1.1.4 Discussion et applications
Nos re´sultats concernent une the´orie tenseur-scalaire massive et minimalement couple´e sans autre forme
de matie`re. C’est la plus simple des the´ories que nous allons conside´rer et la me´thode utilise´e ci-dessus va
nous servir de guide pour les the´ories suivantes. Nous avons restreint notre e´tude aux fonctions U et 3+2ω
positives et a` une isotropisation de classe 1. Lorsque l’on suppose que la fonction ℓ et les variables y et z
tendent suffisamment vite vers leurs valeurs a` l’e´quilibre, nous avons les re´sultats suivants:
Soit une the´orie tenseur-scalaire minimalement couple´e et massive et la quantite´ ℓ de´finie par ℓ = φUφ
U(3+2ω)1/2
.
Le comportement asymptotique du champ scalaire a` l’approche de l’isotropie est donne´ par la forme de la
solution en Ω → −∞ de l’e´quation diffe´rentielle φ˙ = 2 φ2UφU(3+2ω) . Une condition ne´cessaire a` l’isotropisa-
tion de classe 1 est que ℓ2 < 3. Si ℓ tend vers une constante non nulle, les fonctions me´triques tendent vers
tℓ
−2
et le potentiel disparaıˆt comme t−2. Si ℓ tend vers ze´ro, l’Univers tend vers un mode`le de De Sitter et
le potentiel vers une constante.
En ce qui concerne l’interpre´tation du nombre 3, on peut montrer intuitivement qu’il est lie´ a` la dimen-
sion de l’Univers. En effet, pour l’expliquer, de´finsons deux nombres a et b:
– Le premier, a, vaut 6 et provient de l’expression du volume de l’Univers en fonction du facteur
d’e´chelle, V = R3 = Ra/2. Il vaut donc deux fois la dimension de l’espace.
– Le second, b, vaut 12 est peut eˆtre de´compose´ en 2∗6. Le 6 provient cette fois de l’e´criture du scalaire
de courbure a` l’aide de la de´composition 3+1 de l’espace-temps. Le 2 est celui du terme cine´tique
pour le champ scalaire φ˙2 et apparaıˆt lorsque l’on calcule le moment conjugue´ de φ en variant le
Lagrangien par rapport a` φ˙.
On trouve alors que le 3 intervenant dans la contrainte ℓ2 < 3 ne´cessaire a` l’isotropisation, est de´fini comme
le rapport a2/b = 3 et semble donc clairement lie´ a` la dimension de l’espace que l’on conside`re.
L’hypothe`se de variabilite´ de ℓ peut eˆtre leve´e et les re´sultats s’expriment alors a` l’aide de l’inte´grale de
ℓ2 comme montre´ ci-dessus. Ils sont en accord avec le ”Cosmic No Hair theorem” de Wald[49] qui dit
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que les mode`les homoge`nes initialement en expansion avec une constante cosmologique positive (sauf le
mode`le de Bianchi de type IX) et un tenseur d’e´nergie-impulsion satisfaisant les conditions d’e´nergies
fortes et dominantes tendent vers un mode`le isotrope de De Sitter pour lequel l’expansion est exponen-
tielle. Ici, lorsque l’on conside`re une constante cosmologique ou lorsque ℓ → 0 telle que l’hypothe`se de
variabilite´ de ℓ est ve´rifie´e, l’Univers lorsqu’il s’isotropise tend bien vers un mode`le de De Sitter et le po-
tentiel vers une constante. En revanche, lorsque ℓ tend vers ze´ro et que l’hypothe`se de variabilite´ de ℓ n’est
pas ve´rifie´e, le potentiel ne tend plus vers une constante et l’Univers n’approche plus un mode`le de De Sitter.
En guise d’application, nous allons examiner les cas des the´ories tenseur-scalaires de´finies par la forme
de la fonction de couplage de Brans-Dicke
(3 + 2ω)1/2
φ
=
√
2
et les formes de potentiels
U = emφ
et
U = φm
On rappelle que nos re´sultats repre´sentent des conditions ne´cessaires et que par conse´quent, lorsque dans
les applications qui vont suivre nous parlons d’isotropisation, c’est toujours sous re´serve que ces conditions
soient e´galement suffisantes.
Le potentiel en exponentiel de φ posse`de une longue histoire. L’isotropisation des mode`les de Bianchi
avec ce potentiel a de´ja` e´te´ e´tudie´e dans [86] et va ainsi nous permettre de tester nos re´sultats. Il a e´te´
montre´ que tous les mode`les de Bianchi(excepte´ le mode`le de Bianchi de type IX lorsqu’il se contracte)
s’isotropisaient aux e´poques tardives lorsquem2 < 2. Si m = 0, l’Univers tend vers un mode`le de De Sitter
car le potentiel est une constante et sinon il est en expansion tel que e−Ω → t2m−2 . Si m2 > 2, les mode`les
de Bianchi de type I , V , V II et IX peuvent s’isotropiser aux e´poques tardives. En utilisant nos re´sultats,
nous voyons qu’asymptotiquement:
φ→ mΩ
La condition ne´cessaire a` l’isotropisation de classe 1 s’e´critm2 < 6 et les comportements asymptotiques des
fonctions me´triques sont bien en accord avec ce qui a e´te´ pre´dit dans [86]. La diffe´rence entre les re´sultats
de ce dernier papier et le noˆtre porte sur la nature de l’intervalle de m autorisant l’isotropisation puisque
nous trouvons une limite supe´rieure pour celui ci. La figure 1.1 illustre la convergence des variables x, y
et z vers leurs valeurs a` l’e´quilibre pour m = −1. Lorsque m2 > 6, l’isotropisation de classe 1 n’est plus
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FIG. 1.1 – Evolution des variables x, y et z lorsque (3+2ω)1/2φ =
√
2, U = emφ, R30 = (
√
24π)−1 et m = −1 avec les valeurs initiales
(x,y,z,φ) = (0.87,0.25, − 0.12,0.14). ℓ = 1/√2, x tend vers 0, y(πR30)−1 vers
√
3− ℓ2/(6πR30
√
2) = 0.91 et z vers ℓ/6 = 0.12 en
accord avec l’expression des points d’ e´quilibre.
possible car la valeur de y a` l’e´quilibre serait complexe. Une simulation nume´rique de ce cas est montre´e sur
la figure 1.2 lorsque m = −3.2: l’Univers tend toujours vers un e´tat d’e´quilibre mais cette fois anisotrope
car x tend vers une constante non nulle et donc les fonctions β± de´crivant l’isotropie, vers l’infini.
Examinons maintenant le cas d’un potentiel en puissance du champ scalaire. On a alors:
ℓ→ m√
2φ
et a` l’approche d’une isotropie de classe 1, si celle-ci se produit, le champ scalaire se comporte comme
φ2 → 2mΩ
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FIG. 1.2 – Evolution des variables x, y et z lorsque (3+2ω)1/2φ =
√
2, U = emφ, R30 = (
√
24π)−1 et m = −3.2 avec les valeurs initiales
(x,y,z,φ) = (0.87,0.25,− 0.12,0.14). L’Univers ne s’isotropise pas: le syst e`me tend vers un point d’ e´quilibre anisotrope tel que les fonctions β±
d e´crivant l’anisotropie divergent.
On doit donc avoir m < 0 afin que le champ scalaire soit re´el et on de´duit que ℓ2 tend vers ze´ro comme
m(4Ω)−1. Par conse´quent,
∫
ℓ2dΩ ne tend pas vers une constante mais diverge comme m4 ln(−Ω) et nous
devons tenir compte de cette inte´grale dans nos re´sultats: l’hypothe`se de variabilite´ de ℓ n’est pas ici ve´rifie´e.
Levant cette hypothe`se, on trouve alors que le potentiel tend vers ze´ro comme (−Ω)m/2 et les fonctions
me´triques vers exp
[
( 4−m
48πR30x0
t)
4
4−m
]
. Pour que cette quantite´ diverge positivement, il faut donc que m < 4
ce qui est toujours ve´rifie´ puisque m < 0. Ce cas est illustre´ sur la figure 1.3 ou` l’on voit tre`s nettement
que la convergence des variables y et z vers leurs valeurs a` l’e´quilibre est beaucoup plus lente que dans
l’application pre´ce´dente. Ceci signifie que l’Univers approche ”lentement” son e´tat isotrope et l’on pourrait
alors penser que, en plus de lever l’hypothe`se de variabilite´ de ℓ, les variations δy et δz des variables y et z
dont nous parlions dans la sous-section pre´ce´dente devraient e´galement eˆtre prises en compte. Cependant,
il semble que ces dernie`res corrections ne soient pas ne´cessaires. Ceci peut par exemple eˆtre ve´rifie´ en
comparant l’e´volution asymptotique de z correspondant the´oriquement a` z → ℓ/6 → −(12√−Ω)−1 avec
l’inte´gration nume´rique de la figure 1.3 pour les grandes valeurs de Ω.
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FIG. 1.3 – Evolution des variables x, y et z lorsque (3+2ω)1/2φ =
√
2, U = φm, R30 = (
√
24π)−1 et m = −1 avec les valeurs initiales
(x,y,z,φ) = (0.87,0.25,−0.12,0.14). x tend vers 0, y(πR30)−1 vers 1 et z vers 0 en accord avec l’expression des points d’ e´quilibre. Remarquons
que les variables y et z tendent beaucoup moins vite vers leurs valeurs a` l’ e´quilibre que sur le graphe 1.2. Ceci est du a` la ”lenteur”de la convergence
de ℓ vers z e´ro qui se r e´percutent alors sur la variation de ces variables.
Lorsque quem > 0, une isotropisation de classe 1 ne semble plus possible car alors le champ scalaire serait
complexe. Les inte´grations nume´riques semblent indiquer que le champ scalaire devient ne´gatif pour un
temps Ω fini. Par conse´quent, si l’isotropisation doit se produire en −∞, il semble ne´cessaire que m soit un
entier afin que le potentiel ne soit pas complexe. Les inte´grations nume´riques ne permettent pas d’en dire
plus car elles e´chouent lorsque φ→ 0, signalant peut eˆtre la pre´sence d’une singularite´.
1.2 Avec fluide parfait et un seul champ scalaire
La de´marche est la meˆme que dans le vide mais un terme supple´mentaire vient s’ajouter dans les
e´quations de champs[109] duˆ a` la pre´sence d’un fluide parfait d’e´quation d’e´tat p = (γ−1)ρ avec γ ∈ [1,2].
Cet intervalle contient les cas importants de la poussie`re (γ = 1) et de la radiation (γ = 4/3), le cas de la
constante cosmologique(γ = 0) pouvant eˆtre traite´ avec ce qui a e´te´ pre´sente´ dans la section pre´ce´dente.
La conservation de l’e´nergie montre que ρ ∝ V −γ , V = e−3Ω e´tant le 3-volume de l’Univers. Nous
conside´rerons que la pression du fluide parfait est isotrope. C’est une hypothe`se simplificatrice dont une
conse´quence pour le mode`le de Bianchi de type I pourrait eˆtre de rendre la de´croissance de l’anisotropie trop
rapide (en V −1) pour eˆtre de´tecte´e et donc observationnellement significative. En effet, la pre´sence d’une
pression anisotrope a` pour effet de ralentir cette de´croissance. L’anisotropie pourrait alors eˆtre de´tecte´e via le
rapport δT/T du CMB qui de´pend de la quantite´ σ2/(dΩ/dt) lors de la surface de dernie`re diffusion[110].
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1.2.1 Equations de champs
Cette fois l’hamiltonien ADM s’e´crit:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU + δe3(γ−2)Ω (1.18)
ou` δ est une constante positive. Par rapport au cas de la section pre´ce´dente, on voit donc apparaıˆtre le terme
δe3(γ−2)Ω duˆ a` la pre´sence du fluide parfait. Les e´quations de Hamilton deviennent:
β˙± =
∂H
∂p±
=
p±
H
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
p˙± = − ∂H
∂β±
= 0
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6ΩUφ
H
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
+ 3/2δ(γ − 2)e
3(γ−2)Ω
H
Afin de re´e´crire ces e´quations, nous allons nous servir des meˆme variables normalise´es x, y et z que dans
le vide auxquelles nous ajouterons une quatrie`me variable:
k2 = δe3(γ−2)ΩH−2
lie´e a` la pre´sence du fluide parfait. Cette variable est en fait proportionnelle au parame`tre de densite´ du
fluide parfait, l’un des parame`tres principaux de la cosmologie souvent note´ Ωm. Ceci peut eˆtre montre´ en
ve´rifiant que k2 ∝ V −γ/(dΩdt )2 ou` dΩdt est en fait la constante de Hubble lorsque l’Univers s’isotropise. k
n’est pas inde´pendante des trois autres variables et peut se re´e´crire comme:
k2 = δxγy2−γUγ/2−1 (1.19)
k2 = δx2e3(γ−2)Ω (1.20)
k2 = δy2U−1V −γ (1.21)
L’Hamiltonien ADM devient alors:
p2x2 + 24y2 + 12z2 + k2 = 1 (1.22)
Quant aux e´quations de Hamilton, elles se re´duisent a` nouveau a` quatre e´quations:
x˙ = 72y2x− 3/2(γ − 2)k2x (1.23)
y˙ = y(6ℓz + 72y2 − 3)− 3/2(γ − 2)k2y (1.24)
z˙ = 24y2(3z − ℓ
2
)− 3/2(γ − 2)k2z (1.25)
φ˙ = 12z
φ
(3 + 2ω)1/2
(1.26)
avec toujours ℓ = φUφU−1(3 + 2ω)−1/2.
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1.2.2 Etude des e´tats isotropes
On distingue deux types d’e´tats d’e´quilibre selon que k, c’est-a`-dire le parame`tre de densite´ du fluide
parfait, tend vers ze´ro ou une constante.
k → 0
Comme y ne tend pas vers ze´ro car l’on conside`re une isotropisation de classe 1, on de´duit de la forme
(1.21) de k que U >> V −γ . Les points d’e´quilibre sont les meˆmes qu’en l’absence de fluide parfait et donc
on retrouve la condition de re´alite´ ℓ2 < 3. Le comportement asymptotique de x a` l’approche de l’e´quilibre
est obtenu a` partir de l’e´quation (1.23):
x→ x0e3Ω−
∫
ℓ2dΩ− 32 (γ−2)
∫
k2dΩ (1.27)
De (1.27) et de la de´finition de y, nous de´duisons pour le potentiel:
U → U0e2
∫
ℓ2dΩ+3(γ−2)
∫
k2dΩ
En se servant de la de´finition (1.20) de k et du comportement asymptotique (1.27) de x au voisinage de
l’isotropie, il vient:
k2 = δx20e
−2
∫
ℓ2dΩ−3(γ−2)
∫
k2dΩ+3γΩ
En de´rivant cette expression, on obtient l’e´quation diffe´rentielle
2kk˙ =
[−2ℓ2 − 3(γ − 2)k2 + 3γ] k2
dont la solution exacte est:
k2 =
e3γΩ−2
∫
ℓ2dΩ
k0 + 3(γ − 2)
∫
e3γΩ−2
∫
ℓ2dΩdΩ
k0 e´tant une constante d’inte´gration. Tous ces re´sultats ont e´te´ obtenus sans appliquer l’hypothe`se de varia-
bilite´ de ℓ. Si maintenant on la prend en compte, on obtient:
k2 = δx20e
(−2ℓ2+3γ)Ω
et donc que k → 0 en Ω→ −∞ si ℓ2 < 3γ2 < 3.
Par conse´quent la pre´sence d’un fluide parfait telle que k → 0 et le respect de l’hypothe`se de variabilite´
de ℓ re´duisent, par rapport au cas du vide, l’intervalle dans lequel doit ne´cessairement se trouver ℓ2 pour
que l’isotropisation se produise. Cependant, les comportements asymptotiques des fonctions me´triques et
du potentiel restent inchange´s.
Si cette hypothe`se n’est pas valide, a` nouveau on doit tenir compte des inte´grales de ℓ2. L’intervalle de
ℓ2 permettant l’isotropisation sera toujours tel que ℓ2 < 3 mais il sera modifie´ (ou non) diffe´remment par
le condition k → 0. De plus le comportement asymptotique des fonctions me´triques et du potentiel sera
diffe´rent de ce qu’il est dans le vide malgre´ cette disparition de k.
k tend vers une constante non nulle
Les points d’e´quilibre isotropes ne sont plus les meˆmes et donc les comportements asymptotiques des
fonctions me´triques et du potentiel non plus. Pour les premiers on trouve:
(x,y,z) = (0,±
√
γ(2− γ)
4
√
2ℓ
,
γ
4ℓ
)
apre`s avoir de´duit de la contrainte que
k2 = 1− 3γ(2ℓ2)−1
Les points d’e´quilibre seront re´els si γ est une constante positive plus petite que 2, en accord avec l’intervalle
de variation de γ que nous avons spe´cifie´, soit γ ∈ [1,2]. La variable k sera re´elle et les autres variables
atteindront l’e´quilibre pour une valeur non nulle de y, respectant ainsi la de´finition de la classe 1, si ℓ2 tend
vers une constante plus grande que 3γ2 . Cette condition ne´cessaire a` l’isotropie est inde´pendante de toute
approximation. Line´arisant l’e´quation diffe´rentielle pour x, nous trouvons qu’asymptotiquement:
x→ e 32 (2−γ)Ω
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et que les fonctions me´triques tendent vers
e−Ω → t 23γ
De la de´finition de y on de´duit alors que le potentiel tend vers ze´ro comme t−2 ce qui est confirme´ par la
forme (1.21) de k qui montre qu’asymptotiquement:
U ∝ V −γ
en accord avec les expressions asymptotiques du potentiel et des fonctions me´triques en fonction du temps
propre t. Cette dernie`re expression permet de de´terminer la forme asymptotique du champ scalaire d’apre`s
la forme du potentiel. Notons que tous ces comportements asymptotiques sont inde´pendants de l’hypothe`se
de variabilite´ de ℓ.
1.2.3 Discussion et applications
Re´sumons les re´sultats obtenus en pre´sence d’un fluide parfait. Pour cela, nous allons les e´noncer en
fonction du parame`tre de densite´ du fluide parfait Ωm qui est proportionnel a` k. Lorsque celui ci tend vers
ze´ro, nous ferons l’hypothe`se de variabilite´ de ℓ alors que celle-ci est inutile lorsque qu’il tend vers une
constante non nulle. il vient:
Isotropisation avec Ωm → 0:
Les re´sultats sont les meˆmes qu’en l’absence du fluide parfait mais l’intervalle de ℓ2 permettant l’isotro-
pisation se trouve re´duit a` ℓ2 < 3γ2 . De plus, lors de l’isotropisation le potentiel du champ scalaire est
asymptotiquement supe´rieur a` la densite´ d’e´nergie du fluide parfait.
Lorsque l’hypothe`se de variabilite´ de ℓ n’est pas re´alise´e, les choses ne sont plus aussi simple et les re´sultats
de´pendent totalement de la manie`re dont ℓ2 approche l’e´quilibre. On peut cependant toujours les calculer
en se servant des expressions donne´es dans les sections pre´ce´dentes en fonction de
∫
ℓ2dΩ.
Lorsque k tend vers une constante non nulle, l’e´tat d’e´quilibre est diffe´rent et nous trouvons que:
Isotropisation avec Ωm 6→ 0:
Soit une the´orie tenseur-scalaire minimalement couple´e et massive et la quantite´ ℓ de´finie par ℓ = φUφ
U(3+2ω)1/2
.
Le comportement asymptotique du champ scalaire a` l’approche de l’isotropie peut eˆtre de´duit du fait que
U ∝ V −γ: le potentiel du champ scalaire est proportionnel a` la densite´ d’e´nergie du fluide parfait. Une
condition ne´cessaire a` l’isotropisation de classe 1 sera que ℓ2 > 3γ2 , ℓ
2 soit fini et 0 < γ < 2. Alors le
potentiel disparaıˆt comme t−2 et les fonctions me´triques tendent vers t 23γ .
Ce dernier re´sultat montre que la the´orie tenseur-scalaire a alors comme attracteur aux e´poques tardives
la Relativite´ Ge´ne´rale avec un fluide parfait en accord avec [62]. La pre´sence du champ scalaire n’a plus
aucun effet sur l’e´volution asymptotique des fonctions me´triques. Ainsi pour un fluide de poussie`re tel que
γ = 1, l’Univers tend vers celui d’Einstein-De Sitter avec e−Ω → t2/3 et pour un fluide radiatif tel que
γ = 4/3, vers un Univers de Tolman avec e−Ω → t1/2. Remarquons e´galement que les intervalles de ℓ2
permettant l’isotropisation lorsque k → 0 et k 6→ 0 sont comple´mentaires.
Les applications que nous allons faire concernent les meˆmes the´ories que celles de la section pre´ce`dente.
Commenc¸ons par conside´rer un potentiel en exponentiel du champ scalaire. De la meˆme manie`re qu’en
l’absence de fluide parfait, nous obtenons que lorsque k → 0 (respectivement k 6→ 0), m2 < 3γ et les
fonctions me´triques tendent vers t2m−2 (respectivement m2 > 3γ et les fonctions me´triques tendent vers
t
2
3γ ). Si m = 0, l’Univers tend vers un mode`le de De Sitter tel que k → 0. Ces re´sultats sont en accords
avec ceux trouve´s dans [111] pour les mode`les FLRW. Cependant dans ce dernier papier, une solution stable
de type trackers avait aussi e´te´ trouve´e lorsque m2 > 6. Ici nous ne la retrouvons pas car elle ne permet pas
l’isotropie.
En ce qui concerne le potentiel en puissance du champ scalaire lorsque k → 0, nous savons que l’hypothe`se
de variabilite´ de ℓ n’est pas ve´rifie´e puisque ℓ tend vers ze´ro mais que l’inte´grale de son carre´ diverge comme
m
4 ln(−Ω) en Ω → −∞ et avec m < 0. Tenant compte de cet e´le´ment, le calcul de k2 et de son inte´grale
nous donne alors:
k2 → k20(−Ω)−m/2e3γΩ
et ∫
k2dΩ ∝ Γ(1−m/2,− 3γΩ)→ 0
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lorsque Ω → −∞, Γ e´tant la fonction d’Euler. Par conse´quent, ces deux quantite´s tendent vers ze´ro sans
condition supple´mentaire et on retrouve les meˆmes re´sultats qu’en l’absence de fluide parfait.
Lorsque k2 tend vers une constante non nulle, le champ scalaire se comporte comme φ→ e− 3γm Ω et donc ℓ
disparaıˆt ou est divergent, interdisant une isotropisation de classe 1.
1.3 Avec un second champ scalaire
Nous conside´rons de´sormais deux champs scalaires avec un fluide parfait.
Bien que la plupart des papiers ne prennent en compte qu’un seul champ scalaire, il y a beaucoup de raisons
de penser qu’il pourrait y en avoir d’autres. Ainsi la physique des particules pre´dit l’existence de corrections
qui se traduit par l’ajout de termes supple´mentaires au scalaire de courbure dans le Lagrangien. Une telle
the´orie peut eˆtre change´e via une transformation conforme[112, 113, 26] en une the´orie tenseur-scalaire avec
plusieurs champs scalaires. Dans les the´ories supersyme´triques, l’ajout de plusieurs champs scalaires per-
met l’e´galite´ entre les degre´s de liberte´ bosoniques et fermioniques. D’autres raisons sont lie´es aux the´ories
inflationnaires telle que l’inflation hybride qui ne´cessite deux champs scalaires[114, 115]: un premier, ψ,
de´croıˆt vers son minimum local correspondant a` un faux vide. Alors l’e´nergie du vide domine et l’inflation
primordiale commence. Pendant ce temps, un second champ scalaire φ varie et lorsqu’il atteint une valeur
seuil, une variation rapide de ψ se produit. Les deux champs s’ajustent vers des valeurs correspondant a` un
vrai vide et la fin de l’inflation. Enfin une dernie`re raison tient a` l’existence de champs scalaires complexes.
Une the´orie tenseur-scalaire avec un champ scalaire complexe ζ peut eˆtre transforme´e en une autre avec
deux champs scalaires re´els ψ et φ a` l’aide de la transformation ζ = 1√
2m
ψeimφ.
1.3.1 Equations de champs
L’Hamiltonien ADM d’une the´orie tenseur-scalaire avec deux champs scalaires et un fluide parfait
s’e´crit comme:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 12
p2ψψ
2
3 + 2µ
+ 24π2R60e
−6ΩU + δe3(γ−2)Ω
et ge´ne´ralise de manie`re naturelle celui a` un champ scalaire. On en de´duit les e´quations de Hamilton:
β˙± =
∂H
∂p±
=
p±
H
(1.28)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(1.29)
ψ˙ =
∂H
∂pψ
=
12ψ2pψ
(3 + 2µ)H
(1.30)
p˙± = − ∂H
∂β±
= 0 (1.31)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
+ 12
µφψ
2p2ψ
(3 + 2µ)2H
− 12π2R60
e−6ΩUφ
H
(1.32)
p˙ψ = −∂H
∂ψ
= −12 ψp
2
ψ
(3 + 2µ)H
+ 12
ωψφ
2p2φ
(3 + 2ω)2H
+ 12
µψψ
2p2ψ
(3 + 2µ)2H
− 12π2R60
e−6ΩUψ
H
(1.33)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
+ 3/2δ(γ − 2)e
3(γ−2)Ω
H
(1.34)
On choisit toujours les fonctions shits telles que Ni = 0 et la fonction lapse garde la meˆme forme que dans
les sections pre´ce´dentes, soit N = 12πR
3
0e
−3Ω
H . On va se servir alors des variables suivantes pour re´e´crire
ces e´quations:
x = H−1 (1.35)
y = πR30
√
e−6ΩUH−1 (1.36)
z = pφφ(3 + 2ω)
−1/2H−1 (1.37)
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w = pψψ(3 + 2µ)
−1/2H−1 (1.38)
Comme dans la section pre´ce´dente, en pre´sence d’un fluide parfait nous de´finissons la variable k telle que
k2 = δe3(γ−2)ΩH−2 = δy2V −γU−1. La contrainte Hamiltonienne s’e´crit alors:
p2x2 + 24y2 + 12z2 + 12w2 + k2 = 1 (1.39)
et les e´quations de champs:
x˙ = 72y2x− 3/2(γ − 2)k2x (1.40)
y˙ = y(6ℓφ1z + 6ℓψ1w + 72y
2 − 3)− 3/2(γ − 2)k2y (1.41)
z˙ = 24y2(3z − 1/2ℓφ1) + 12w(wℓφ2 − zℓψ2)− 3/2(γ − 2)k2z (1.42)
w˙ = 24y2(3w − 1/2ℓψ1) + 12z(zℓψ2 − wℓφ2)− 3/2(γ − 2)k2w (1.43)
avec
ℓφ1 = φUφU
−1(3 + 2ω)−1/2
ℓψ1 = ψUψU
−1(3 + 2µ)−1/2
ℓφ2 = φµφ(3 + 2µ)
−1(3 + 2ω)−1/2
ℓψ2 = ψωψ(3 + 2ω)
−1(3 + 2µ)−1/2
De plus, les e´quations de Hamilton pour les champs scalaires sont:
φ˙ = 12z
φ√
3 + 2ω
(1.44)
ψ˙ = 12w
ψ√
3 + 2µ
(1.45)
Dans ce qui suit nous adopterons l’hypothe`se de variabilite´ aux quatre fonctions ℓ. Ceci permet d’alle´ger
conside´rablement les calculs, sachant que cette hypothe`se peut eˆtre leve´e comme prescrit dans la section 1.
Nous allons e´tudier deux familles de the´ories tenseur-scalaires:
– La premie`re est telle que ω et µ de´pendent respectivement de φ et ψ seulement, c’est-a`-dire ℓφ2 =
ℓψ2 = 0 alors que U pourra de´pendre des deux champs scalaires. Donc le couplage entre φ et ψ n’ap-
paraıˆt qu’a` travers le potentiel. Ce type de the´ories est souvent l’aboutissement de la compactification
d’espace-temps de dimensions supe´rieures a` quatre.
– La seconde est telle que U et µ ne de´pendent que de ψ alors que ω de´pend des deux champs scalaires.
Nous aurons alors ℓφ1 = ℓφ2 = 0. Ces caracte´ristiques re´sultent de la transformation d’un Lagrangien
avec un champ scalaire complexe en un autre Lagrangien avec deux champs scalaires re´els
Chacune de ces the´ories sera e´tudie´e avec et sans fluide parfait.
1.3.2 Sans fluide parfait
Dans cette partie, on conside`re que k = 0 strictement, c’est-a`-dire l’absence de fluide parfait et nous
examinons successivement les deux cas de´crits ci-dessus, a` savoir ℓφ2 = ℓψ2 = 0 et ℓφ1 = ℓφ2 = 0.
ℓφ2 = ℓψ2 = 0
Nous commenc¸ons par calculer les points d’e´quilibre compatibles avec une isotropisation de classe 1. Nous
trouvons:
(x,y,z,w) = (0,± (3− ℓ2φ1 − ℓ2ψ1)1/2(
√
3R)−1,ℓφ1/6,ℓψ1/6)
Ils sont re´els si ℓ2φ1 + ℓ
2
ψ1
< 3 et permettent aux variables y et z d’atteindre l’e´quilibre et d’eˆtre borne´es si
ℓφ1 et ℓψ1 tendent vers des constantes.
En ce qui concerne les fonctions monotones, on peut a` nouveau montrer que Ω est une fonction monotone
du temps propre t telle que Ω → −∞ correspond aux e´poques tardives si l’Hamiltonien est initialement
positif 1.
Pour les comportements asymptotiques des fonctions, on montre en utilisant l’hypothe`se de variabilite´ ap-
plique´e a` ℓφ1 et ℓψ1 que:
x→ x0e(3−ℓ
2
φ1
−ℓ2ψ1)Ω
1. Pour des d´etails techniques voir [116] reproduit en annexe
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Cette quantite´ tend bien vers ze´ro en Ω → −∞ lorsque la condition de re´alite´ des points d’e´quilibre est
respecte´e. En se servant de l’expression de la fonction lapse et de la relation dt = −NdΩ, on trouve
qu’asymptotiquement les fonctions me´triques tendront vers:
e−Ω → t(ℓ2φ1+ℓ2ψ1)−1
lorsque ℓ2φ1 + ℓ
2
ψ1
tend vers une constante non nulle ou vers une exponentielle du temps propre sinon: le
potentiel tend alors respectivement vers t−2 ou une constante.
Les formes asymptotiques des champs scalaires correspondent aux solutions asymptotiques des e´quations
couple´es du premier ordre:
φ˙ =
2φ2Uφ
(3 + 2ω)U
ψ˙ =
2ψ2Uψ
(3 + 2µ)U
L’ensemble de ces re´sultats ge´ne´ralise ceux trouve´s en pre´sence d’un unique champ scalaire.
ℓφ1 = ℓφ2 = 0
Comme nous allons le voir, les choses sont ici comple`tement diffe´rentes. Tout d’abord on trouve deux
points d’e´quilibre pouvant correspondre a` un e´tat isotrope stable:
E1 = (0,± (1− ℓ2ψ1/3)1/2R−1,0,ℓψ1/6)
E2 = (0,±
[
2ℓψ2(ℓψ1 + 2ℓψ2)
−1]1/2R−1,
±(ℓ2ψ1 + 2ℓψ1ℓψ2 − 3)1/2
[
2
√
3(ℓψ1 + 2ℓψ2)
]−1
,
(2ℓψ1 + 4ℓψ2)
−1)
Le premier sera re´el et fini si ℓ2ψ1 ≤ 3 et tend vers une constante. Pour le second, il faut que ℓψ2(ℓψ1 +
2ℓψ2)
−1 tende vers une constante positive, ℓψ1(ℓψ1 + 2ℓψ2) ≥ 3 et ℓψ1 + 2ℓψ2 6= 0. Notons que pour E2,
ℓψ1 et ℓψ2 ne sont pas ne´cessairement finis.
On peut dire la meˆme chose que plus haut sur la monotonie de la fonction Ω par rapport au temps propre t.
Pour le premier point d’e´quilibre, on trouve que le comportement asymptotique de z est:
z → e(3−ℓ2ψ1)Ω−2
∫
ℓψ1ℓψ2dΩ
Une inte´grale apparaıˆt dans cette e´quation car l’expression des points d’e´quilibre n’impose aucune contrainte
a` ℓψ2 qui peut par exemple diverger. Elle montre que nous devons avoir
(3− ℓ2ψ1)Ω− 2
∫
ℓψ1ℓψ2dΩ→ −∞
afin que z disparaisse. De plus, si l’on conside`re l’e´quation (1.43), on remarque la pre´sence du terme z2ℓψ2 .
On en de´duit que z doit disparaıˆtre suffisamment vite pour permettre a` w d’atteindre l’e´quilibre et ainsi
contrer une e´ventuelle divergence de ℓψ2 , soit
z2ℓψ2 → 0
La variable x se comporte quant a` elle comme:
x0e
(3−ℓ2ψ1)Ω
c’est-a`-dire comme en pre´sence d’un unique champ scalaire. Nous verrons ce que cela signifie physiquement
dans la section 2.3. Elle disparaıˆt bien en Ω → −∞ lorsque la condition de re´alite´ des points d’e´quilibre
est respecte´e. Comme pre´ce´demment et en appliquant l’hypothe`se de variabilite´ a` ℓψ1 , on obtient que si
l’isotropisation se produit, les fonctions me´triques tendent vers
e−Ω → tℓ−2ψ1
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lorsque ℓψ1 tend vers une constante non nulle ou vers une exponentielle du temps propre sinon. Le potentiel
tend alors respectivement vers t−2 ou une constante.
Les formes asymptotiques des champs scalaires correspondent aux solutions asymptotiques des e´quations
couple´es du premier ordre:
φ˙ = 12φ(3 + 2ω)−1/2e(3−ℓ
2
ψ1
)Ω−2
∫
ℓψ1ℓψ2dΩ
ψ˙ =
2ψ2Uψ
(3 + 2µ)U
(1.46)
Pour le second point d’e´quilibre, appliquant l’hypothe`se de variabilite´ a` ℓψ2(ℓψ1 +2ℓψ2)−1, on trouve pour
le comportement asymptotique de x:
x→ x0e3[2ℓψ2(ℓψ1+2ℓψ2)
−1]Ω
Puisque 2ℓψ2(ℓψ1 + 2ℓψ2)−1 tend vers une constante positive, x disparaıˆt bien en Ω→ −∞. Alors lorsque
1 − 2ℓψ2(ℓψ1 + 2ℓψ2)−1 = ℓψ1(ℓψ1 + 2ℓψ2)−1 tend vers une constante non nulle, les fonctions me´triques
tendent vers:
e−Ω → t(ℓψ1+2ℓψ2)(3ℓψ1)−1
ou vers une exponentielle du temps propre sinon. A partir des conditions de re´alite´s du point E2, il est
possible de ve´rifier que cette puissance de t est positive, en accord avec la croissance de e−Ω lorsque
Ω → −∞. A nouveau le potentiel tend vers t−2 ou une constante selon que ℓψ1(ℓψ1 + 2ℓψ2)−1 tend vers
une constante non nulle ou nulle. Quant aux champs scalaires, leurs comportements asymptotiques sont
ceux des solutions du syste`me d’e´quations diffe´rentiels du premier ordre:
φ˙ = −2
√
3
φ
ψ
√
−3U2(3 + 2µ)(3 + 2ω) + ψ2Uψ [U(3 + 2ω)]ψ
[U(3 + 2ω)]ψ
ψ˙ =
6U(3 + 2ω)
[U(3 + 2ω)]ψ
(1.47)
Cette dernie`re e´quation s’inte`gre pour donner U(3+2ω) = e6(Ω−Ω0), Ω0 e´tant une constante d’inte´gration.
1.3.3 Avec fluide parfait
Comme en pre´sence d’un seul champ scalaire nous allons scinder cette section en deux parties, selon que
le parame`tre de densite´ du fluide parfait tend vers ze´ro ou une constante non nulle au voisinage de l’isotropie.
k → 0
Comme nous l’avons de´ja` vu, les points d’e´quilibre et les comportements asymptotiques des fonctions
me´triques sont les meˆmes qu’en l’absence de fluide parfait et U << V −γ . En revanche, le fait de supposer
que k → 0 ajoute une contrainte supple´mentaire.
Pour le cas ou` ℓφ2 = ℓψ2 = 0, la nouvelle contrainte ge´ne´ralise celle trouve´e en pre´sence d’un seul champ
scalaire avec un fluide parfait: k tendra asymptotiquement vers ze´ro si ℓ2φ1 + ℓ
2
ψ1
< 3/2γ.
En ce qui concerne le cas pour lequel ℓφ1 = ℓφ2 = 0 et le point E1, la nouvelle contrainte ne´cessaire a` la
disparition de k sera ℓ2ψ1 < 3/2γ et pour le point E2, 2ℓψ2(ℓψ1+2ℓψ2 )
−1 > 1 − γ/2. Les de´monstrations
peuvent eˆtre trouve´es dans l’article [116] reproduit en annexe.
k 6→ 0
Ce cas implique qu’asymptotiquement U ∝ V −γ . Les points d’e´quilibre sont alors diffe´rents de ceux
trouve´s lorsque la variable k est nulle ou disparaıˆt asymptotiquement.
Lorsque ℓφ2 = ℓψ2 = 0, les points d’e´quilibre correspondant a` une isotropisation de classe 1 sont:
E4,5 = (0,± 1/2
√
3R−1
[
γ(2− γ)(ℓ2φ1 + ℓ2ψ1)−1
]1/2
,1/4γℓφ1(ℓ
2
φ1 + ℓ
2
ψ1)
−1,
1/4γℓψ1(ℓ
2
φ1 + ℓ
2
ψ1)
−1)
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avec k2 → 1− 3γ
2(ℓ2
φ1
+ℓ2
ψ1
)
qui est re´el et non nul si ℓ2φ1 + ℓ2ψ1 > 3/2γ. L’e´quilibre sera atteint si ℓφ1 et ℓψ1
tendent vers des constantes. On montre alors que les fonctions me´triques tendent vers t
2
3γ , le potentiel vers
t−2 et que le champ scalaire se comporte asymptotiquement comme la solution en Ω→ −∞ de
φ˙ = 3γ
(3 + 2µ)φ2UUφ
(3 + 2µ)φ2U2φ + (3 + 2ω)ψ
2U2ψ
(1.48)
ψ˙ = 3γ
(3 + 2ω)φψUUψ
(3 + 2µ)φ2U2φ + (3 + 2ω)ψ
2U2ψ
(1.49)
Lorsque ℓφ1 = ℓφ2 = 0, les points d’e´quilibre correspondant a` une isotropisation de classe 1 sont:
E2,3 = (0,± 1/2R−1ℓ−1ψ1
√
3γ(2− γ),0,1/4γℓ−1ψ1)
avec k2 → 1 − 3/2γℓ−2ψ1 . La re´alite´ de k implique donc que ℓ2ψ1 > 3/2γ. De plus, afin d’atteindre un e´tat
d’e´quilibre correspondant a` une isotropisation de classe 1 telle que y 6= 0, il est ne´cessaire que ℓψ1 tende
vers une constante. Les fonctions me´triques et le potentiel tendent alors respectivement vers t
2
3γ et t−2. Le
comportement asymptotique du champ scalaire ψ peut eˆtre de´termine´ graˆce au fait que U(ψ) ∝ V −γ et
celui du champ scalaire φ par la relation
φ˙ = φ0
12φ√
3 + 2ω
e
3
[
(1−γ/2)Ω−γ
∫
ℓψ2ℓ
−1
ψ1
dΩ
]
Dans tous ces calculs pour lesquels k 6→ 0, aucune hypothe`se de variabilite´ n’a e´te´ faite.
1.3.4 Discussion
Re´sumons nos re´sultats. Nous rappelons qu’ils concernent une isotropisation de classe 1 et que les
comportements asymptotiques des fonctions ont e´te´ e´tablis en supposant, sauf autrement pre´cise´, des hy-
pothe`ses de variabilite´ et que les variables (y,z,w) tendent suffisamment vite vers leurs valeurs a` l’e´quilibre.
Cas A: Sans fluide parfait:
Cas 1A: ω(φ), µ(ψ) et U(φ,ψ)
Une condition ne´cessaire pour l’isotropisation du mode`le de Bianchi de type I lorsque deux champs sca-
laires minimalement couple´s et massifs sont pre´sents sera que les deux quantite´s ℓφ1 = φUφU−1(3 +
2ω)−1/2 et ℓψ1 = ψUψU
−1(3 + 2µ)−1/2 tendent vers des constantes telles que ℓ2φ1 + ℓ
2
ψ1
< 3. Lorsque
l’isotropisation se produit et que l’une des deux constantes est non nulle, les fonctions me´triques tendent
vers t(ℓ
2
φ1
+ℓ2ψ1)
−1
et le potentiel vers t−2. Si les deux constantes disparaissent, l’Univers tend vers un mode`le
de De Sitter et le potentiel vers une constante.
Si l’on pose ℓψ1 = 0, on retrouve les meˆmes re´sultats qu’en pre´sence d’un seul champ scalaire. Ceux
ci peuvent eˆtre ge´ne´ralise´s a` la pre´sence de n champs scalaires φi dont la fonction de Brans-Dicke ωi ne
de´pend uniquement que du champ φi(voir l’annexe 1 de l’article [116] reproduit en annexe). Pour cela,
il est suffisant de remplacer ℓ2φ1 + ℓ
2
ψ1
par la somme
∑
i ℓ
2
i . Dans la litte´rature, il a e´te´ montre´ que la
pre´sence de plusieurs champs scalaires pouvait favoriser l’inflation. C’est ce que l’on appelle l’inflation
assiste´e[117]. L’inverse a aussi e´te´ montre´: plus il y a de champs scalaires, moins l’inflation a de chances de
se produire[117]. Il semble que ce soit ce dernier comportement qui arrive lors de l’isotropisation: plus il y
a de champs scalaires, plus ils contribuent au de´nominateur de la puissance du temps vers laquelle tendent
les fonctions me´triques, et moins de chance elle aura d’eˆtre supe´rieure a` l’unite´ et de permettre un compor-
tement acce´le´re´ de la me´trique.
Cas 2A: ω(φ,ψ), µ(ψ) et U(ψ)
Il existe deux points d’e´quilibre E1 et E2 qui peuvent correspondre a` un e´tat d’e´quilibre isotrope pour
le mode`le de Bianchi de type I lorsque deux champs scalaires minimalement couple´s et massifs sont
pre´sents. Les conditions ne´cessaires pour atteindre l’e´quilibre sont exprime´es a` l’aide des deux quantite´s
ℓψ1 = ψUψU
−1(3 + 2µ)−1/2 et ℓψ2 = ψωψ(3 + 2ω)
−1(3 + 2µ)−1/2:
– Pour le point E1, il est ne´cessaire que ℓ2ψ1 < 3 et (3− ℓ2ψ1)Ω− 2
∫
ℓψ1ℓψ2dΩ→ −∞.
Lorsque l’isotropisation se produit et si ℓψ1 tend vers une constante non nulle, les fonctions me´triques
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tendent vers tℓ
−2
ψ1 et le potentiel disparaıˆt comme t−2.
Lorsque l’isotropisation se produit et si ℓψ1 tend vers ze´ro, l’Univers tend vers un mode`le de De
Sitter et le potentiel vers une constante. Si de plus ℓψ2 diverge, une condition supple´mentaire pour
l’isotropisation est que ℓψ2e
2
[
(3−ℓ2ψ1)Ω−2
∫
ℓψ1ℓψ2dΩ
]
→ 0.
– Pour le point E2, il est ne´cessaire que 0 < 2ℓψ2(ℓψ1 + 2ℓψ2)−1 < 1, ℓψ1 + 2ℓψ2 6= 0 et ℓψ1(ℓψ1 +
2ℓψ2) > 3.
Lorsque l’isotropisation se produit et si ℓψ1(ℓψ1 + 2ℓψ2)−1 tend vers une constante non nulle, les
fonctions me´triques tendent vers t(ℓψ1+2ℓψ2)(3ℓψ1)−1 et le potentiel disparaıˆt comme t−2.
Lorsque l’isotropisation se produit et si ℓψ1(ℓψ1 + 2ℓψ2)−1 tend vers ze´ro, l’Univers tend vers un
mode`le de De Sitter et le potentiel vers une constante.
Pour ce second type de the´ories lie´ aux champs scalaires complexes, il existe donc deux points d’e´quilibre
ce qui n’est jamais le cas avec un unique champ scalaire re´el. Pour le premier point d’e´quilibre, le compor-
tement asymptotique des fonctions me´triques ne de´pend que de ψ alors que pour le second, il de´pend des
deux champs scalaires.
Cas B: Avec fluide parfait:
A nouveau les re´sultats de´pendent du fait que k tende ou non vers une constante diffe´rente de ze´ro.
Case 1B: ω(φ), µ(ψ) et U(φ,ψ).
Une condition ne´cessaire pour l’isotropisation du mode`le de Bianchi de type I lorsque deux champs sca-
laires minimalement couple´s et massifs sont pre´sents et tels que U ∝ V −γ (Ωm 6→ 0) sera que les quantite´s
ℓφ1 = φUφU
−1(3 + 2ω)−1/2 et ℓψ1 = ψUψU
−1(3 + 2µ)−1/2 tendent vers des constantes telles que
ℓ2φ1 + ℓ
2
ψ1
> 3/2γ. Alors, lorsque l’isotropisation se produit les fonctions me´triques tendent vers t 23γ et
le potentiel disparaıˆt comme t−2. Lorsque l’isotropisation se produit telle que U >> V −γ (Ωm → 0),
nous retrouvons les meˆmes re´sultats que dans le cas 1A mais la condition sur ℓ2φ1 + ℓ
2
ψ1
est transforme´e en
ℓ2φ1 + ℓ
2
ψ1
< 3/2γ.
Lorsque k → const 6= 0, le comportement asymptotique des fonctions me´triques est le meˆme qu’en
pre´sence d’un seul champ scalaire, montrant la stabilite´ de ce re´sultat vis a` vis de la pre´sence d’un second
champ. Si maintenant nous conside´rons le second type de couplage en relation avec des champs scalaires
complexes, nous avons:
Cas 2B: ω(φ,ψ), µ(ψ) et U(ψ).
Soient les quantite´s ℓψ1 = ψUψU−1(3 + 2µ)−1/2 et ℓψ2 = ψωψ(3 + 2ω)−1(3 + 2µ)−1/2. Des conditions
ne´cessaires pour l’isotropisation du mode`le de Bianchi de type I lorsque deux champs scalaires minima-
lement couple´s et massifs sont pre´sents et tels que U ∝ V −γ (k → const 6= 0) seront que ℓψ1 tend vers
une constante telle que ℓ2ψ1 > 3/2γ et (1 − γ/2)Ω − γ
∫
ℓψ2ℓ
−1
ψ1dΩ → −∞ lorsque Ω → −∞. Lorsque
l’isotropisation se produit, les fonctions me´triques tendent vers t 23γ et le potentiel disparaıˆt comme t−2.
Lorsque l’isotropisation se produit telle que U >> V −γ (k → 0), nous retrouverons les meˆmes re´sultats
que pour le cas 2A mais les conditions ne´cessaires pour l’isotropisation vers les points d’e´quilibre E1 et
E2 sont respectivement transforme´es en ℓ2ψ1 < 3/2γ et 1− γ/2 < 2ℓψ2(ℓψ1+2ℓψ2 )−1 < 1.
1.3.5 Applications
Afin d’illustrer nos re´sultats, nous allons examiner les conditions de l’isotropisation de quelques the´ories
e´tudie´es dans la litte´rature.
Inflation hybride
Au de´but de la section 1.3, nous avons explique´ le lien entre les the´ories tenseur-scalaires avec deux
champs scalaires et l’inflation hybride . L’inflation hybride a entre autre e´te´ e´tudie´e dans [114] avec une
the´orie tenseur-scalaire de´finie par:
(3 + 2ω)φ−2 = 2 (1.50)
(3 + 2µ)ψ−2 = 2 (1.51)
U = 1/4λ(ψ2 −M2) + 1/2m2φ2 + 1/2λ′φ2ψ2 (1.52)
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m, M , λ et λ′ e´tant des constantes. Cette the´orie correspond aux cas 1A et 1B de´finis dans la discussion.
Le meˆme type de the´orie est e´galement utilise´ dans [115] du point de vue des de´fauts topologiques. Pour
un mode`le FLRW avec section spatiale plate, l’inflation s’arreˆte quand l’e´tat de vrai vide, correspondant au
minimum global du potentiel en (φ,ψ) = (0,M), est atteint. Lorsque aucun fluide parfait n’est pre´sent, on
calcule que ℓφ1 et ℓψ1 sont respectivement proportionnels a` φ˙ et ψ˙ et s’e´crivent:
ℓφ1 =
2
√
2φ(m2 + λ′ψ2)
λ(M2 − ψ2)2 + 2φ2(m2 + λ′ψ2) (1.53)
ℓψ1 =
2
√
2ψ
[
λ′φ2 + λ(ψ2 −M2)]
λ(M2 − ψ2)2 + 2φ2(m2 + λ′ψ2) (1.54)
Lorsque (φ,ψ) = (0,M), nous avons de manie`re e´vidente φ → 0 et M 2 − ψ2 → 0. Alors, si l’on suppose
que la disparition de φ est plus petite, plus rapide ou du meˆme ordre que M 2 − ψ2, nous trouvons respecti-
vement que ℓφ1 , ℓψ1 ou le couple (ℓφ1 ,ℓψ1) divergent. Donc, il en est de meˆme pour les de´rive´es des champs
scalaires. Par conse´quent, le couple (φ,ψ) = (0,M) repre´sente un e´tat asymptotique de vrais vide qui ne
peut se produire lors d’une isotropisation de classe 1 du mode`le de Bianchi de type I .
En pre´sence d’un fluide parfait, des simulations nume´riques indiquent que φ oscille vers ze´ro alors que ψ
tend vers une constanteM0 diffe´rente de M lorsque Ω→ −∞. Donc le potentiel tend vers une constante et
non vers V −γ . Par conse´quent, l’isotropisation ne se produit pas lorsque k 6= 0. Puisqu’elle ne peut pas non
plus arriver en l’absence de fluide parfait, nous concluons a` l’absence d’isotropisation de classe 1 e´galement
lorsque k → 0.
Donc, l’isotropisation de classe 1 semble impossible pour la the´orie de´finie ci-dessus. Des simulations
nume´riques effectue´es sur le syste`me (1.40-1.43) confirme ce re´sultat et ne montre pas non plus d’isotropi-
sation de classe 2 ou 3.
The´ories d’ordre supe´rieure et compactifi cation
Une autre the´orie peut eˆtre de´finie par les meˆme formes de fonctions de couplage de Brans-Dicke mais
avec un autre potentiel:
U = U0e
−
√
2/3nφe−5
√
3/6nψ(e
√
3/2ψ − 1)m (1.55)
avec n > 0 etm > 0 2. De tels potentiels apparaissent lorsque l’on compactifie l’espace-temps et transforme
une the´orie d’ordre supe´rieur pour le scalaire de Ricci en une forme relativiste. Ainsi dans [113], une
transformation conforme est applique´e a` la the´orie de´finie par S =
∫
d5x
√
G5(
M35
16πR5 + αM
−3
5 R
4
5) et
permet d’obtenir la the´orie tenseur-scalaire ci-dessus avecm = 4/3, alors que si l’on conside`re l’action S =∫
d5x
√
G5(
M35
16πR5 + bM5R
2
5 + cM
−3
5 R
4
5), cela correspond cette fois a` m = 2. Ces actions sont lie´es a` la
compactification de la the´orie M. En l’absence de fluide parfait, utilisant les comportements asymptotiques
des champs scalaires, nous trouvons que pre`s de l’isotropie:
φ→ −
√
2/3nΩ (1.56)
−
√
2/3nΩ + φ0 → − 2
√
2
5(5n− 3m)
[
2
√
3m ln
[
e
√
3ψ/2(5n− 3m)− 5n
]
+ (5n− 3m)ψ
]
(1.57)
Puisque n > 0, ψ ne diverge pas vers −∞ autrement le membre de gauche de l’e´quation (1.57) serait
complexe. Les simulations nume´riques montrent que ψ tend vers +∞ lorsque Ω→ −∞ et nous de´duisons
alors de (1.57) que ψ → −(5n− 3m)(2√3)−1Ω. Cette limite se produira en Ω → −∞ si 5n − 3m > 0.
Nous calculons que les quantite´s ℓφ1 et ℓψ1 tendent respectivement vers les constantes −n/
√
3 et (3m −
5n)(2
√
6). La condition ne´cessaire a` l’isotropisation est ainsi (11n2−10nm+3m2)/8 < 3. Supposant que
(n,m) 6= (0,0), le comportement asymptotique des fonctions me´triques a` l’approche de l’e´quilibre isotrope
est t24[8n
2+(5n−3m)2]−1
. Ainsi, apre`s des transformations conformes, ces the´ories issues de la physique des
particules peuvent conduire a` une isotropisation de classe 1 du mode`le de Bianchi de type I comme illustre´
sur la figure 1.4.
Lorsqu’un fluide parfait est pre´sent, les analyses nume´riques montrent que ψ est de´fini en Ω→ −∞ et que
2. Ces suppositions permettent de simplifi er l’´etude.
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FIG. 1.4 – Ces fi gures, avec−Ω en abscisse, repr e´sentent successivement les comportements de (x,y,z,w,φ,ψ,ℓψ1) pour les conditions initiales
(x,y,z,w,φ,ψ) = (−0.49,0.25, − 0.12, − 0.15,0.14,0.23) et les param e`tres (U0,n,m) = (3.2,1.25, − 0.36). φ et ψ se comportent alors
respectivement au voisinage de l’isotropie comme−1.02Ω et−2.12Ω. Notons que ℓφ1 est une constante−n/
√
3 = −0.721688. La derni e`re fi gure
montre la disparition des d e´riv e´es de α, β et γ par rapport au temps propre comme cela doit eˆtre en cas de convergence vers une puissance du temps
propre. Si nous choisissons m = −2.36, (11n2 − 10nm + 3m2)/8 = 7.92 > 3 et l’isotropisation de classe 1 ne se produit pas car x tend vers
une constante non nulle
ce champ scalaire devrait diverger. De la forme de φ˙ et ψ˙, on voit que ψ ne peut pas tendre vers −∞ pour
un n positif lorsque Ω → −∞. Quand ψ → +∞, il vient que ℓ2φ1 + ℓ2ψ1 → (11n2 − 10nm+ 3m2)/8 et
donc cette the´orie peut s’isotropiser vers un e´tat d’e´quilibre dont la nature (c’est-a`-dire le fait que k tende ou
non vers une constante nulle) de´pend de la valeur de cette constante par rapport a` 3/2γ. Ce cas est illustre´
sur le figure 1.5 ou` une inte´gration nume´rique a e´te´ effectue´e avec (11n2 − 10nm+ 3m2)/8 > 3/2γ. Des
inte´grations nume´riques des champs scalaires produisent e´galement des solutions pour lesquelles ψ tend
vers ze´ro et φ tend vers une constante non nulle, mais alors ℓ2φ1 + ℓ
2
ψ1
diverge et une isotropisation de classe
1 est impossible.
Champ scalaire complexe avec potentiel quadratique
Les the´ories correspondant aux cas 2A et 2B peuvent eˆtre lie´es a` la pre´sence d’un champ scalaire
complexe dont le Lagrangien prend ge´ne´ralement la forme[118, 119, 120]:
L = R+ gµνζ∗,µζ,ν − V (|ζ|2) + Lm (1.58)
En rede´finissant le champ scalaire ζ comme ζ = ψ(
√
2m)e−imφ, il vient:
L = R+ 1/2gµν(ψ2φ,µφ,ν +m
−2ψ,µψ,ν)− U(ψ2) + Lm (1.59)
ce qui correspond a` 3/2 + µ = 1/2m−2ψ2 et 3/2 + ω = 1/2φ2ψ2. Le potentiel de´pendant de ψ2, sa
forme la plus simple et la plus naturelle semble eˆtre U = ζζ∗ = ψ2. Cette forme est souvent utilise´e par
exemple pour la quantification du champ scalaire dans [118] ou pour e´tudier si l’inflation est ge´ne´rique pour
les mode`les spatialement ferme´s[120].
Si l’on suppose qu’il n’y a pas de fluide parfait, alors pour le point d’e´quilibre E1, nous obtenons que
ψ → ±2m
√
2(Ω− ψ0): ce champ est complexe lorsque Ω→ −∞ alors que, par de´finition, il devrait eˆtre
re´el. Pour le point d’e´quilibreE2, nous obtenons ψ → ψ0e3/2Ω alors que maintenant φ tend vers une valeur
complexe au lieu d’une valeur re´elle. Par conse´quent, pour la the´orie de´finie par (1.59) avec U = ψ2, une
isotropisation de classe 1 est impossible. Cependant, les simulations nume´riques portant sur les e´quations
(1.40-1.41) re´ve`le que l’Univers devrait subir une isotropisation de classe 3 comme montre´ sur la figure 1.6
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FIG. 1.5 – Ces fi gures, avec−Ω en abscisse, repr e´sentent successivement les comportements de (x,y,z,w,φ,ψ,k,ℓψ1) pour les conditions initiales
(x,y,z,w,φ,ψ) = (−0.49,0.25, − 0.12, − 0.15,0.14,0.23) et les param e`tres (U0,n,m) = (3.2,1.25, − 2.36) avec un fluide de poussi e`re.
Notons que ℓφ1 est une constante valant −n/
√
3 = −0.721688. Comme pr e´c e´demment, la derni e`re fi gure montre les d e´riv e´es de α, β et γ par
rapport au temps propre.
et avec les caracte´ristique e´nonce´es a` la section 1.1.2 pour cette classe.
Si maintenant on suppose la pre´sence d’un fluide parfait et que l’on conside`re le cas tel que k 6= 0, on
calcule que le champ scalaire ψ tend vers e3/2γΩ et donc ℓψ1 diverge comme e−3/2γΩ: l’isotropisation de
classe 1 est impossible. Cependant, une fois de plus les inte´grations nume´riques montrent qu’une isotropi-
sation de classe 3 est possible avec k oscillant vers une constante comme montre´ sur la figure 1.7. Si k → 0,
une isotropisation de classe 1 est impossible pour les meˆmes raisons qu’en l’absence de matie`re au contraire
d’une isotropisation de classe 3.
De´fauts topologiques
Un autre type de potentiel a e´te´ utilise´ dans [121] pour e´tudier la formation de de´fauts topologiques
apre`s l’inflation. Sa forme est U = λ/2(ψ2 − η2)2 avec λ et η des constantes.
En l’absence de fluide parfait, nous calculons pour le pointE1 queψ2 → −η2ProductLog(−η−2 e−16m2η−2(Ω−φ0)),
φ0 e´tant une constante 3. Mais cette quantite´ est ne´gative lorsque Ω → −∞ et donc une fois de plus ψ est
asymptotiquement complexe. Pour le point E2, nous trouvons aussi que ψ est complexe lorsque Ω→ −∞
sauf si la constante d’inte´gration est elle meˆme complexe. Ainsi, quelque soit le point d’e´quilibre E1 et
E2, un e´tat d’e´quilibre isotrope de classe 1 ne peut se produire car au moins l’un des champs scalaires est
complexe aux e´poques tardives.
Supposons la pre´sence d’un fluide parfait tel que k 6= 0, nous avons alors ψ2 → e3/2γ(Ω−Ω0) + η2. Par
conse´quent, ℓψ1 diverge et une isotropisation de classe 1 ne se produit pas pour la meˆme raison que dans
l’application pre´ce´dente. Comme elle n’arrive pas non plus dans le cas du vide, il en est de meˆme si k → 0.
Cependant, une fois de plus, nous avons observe´ une isotropisation de classe 3 avec et sans matie`re. En
pre´sence de matie`re, k tend vers une constante avec des oscillations amorties et nous avons observe´ que
x mais aussi z et les champs scalaires peuvent atteindre l’e´quilibre. Ceci est illustre´ par la figure 1.8. Les
meˆmes remarques s’appliquent en l’absence de matie`re et, globalement, les comportements des fonctions
sont les meˆmes que ceux montre´s sur la figure 1.6.
3. ProducLog(z) donne la solution principale de w dans z = wew.
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FIG. 1.6 – Ces fi gures, avec −Ω en abscisse, repr e´sente successivement les comportements de (x,x˙,y,z,w,φ,ψ,ℓφ2,ℓψ2) pour les conditions
initiales (x,y,z,w,φ,ψ) = (−0.70,0.25, − 0.12, − 0.15,0.14,0.23) et le param e`tre m = −2.3. x est la seule variable a` atteindre l’ e´quilibre
alors que y, z et w oscillent de plus en plus lorsque−Ω→ +∞. Le champ scalaire subit des oscillations amorties alors que les oscillations de ℓφ2 et
ℓψ2 augmentent. La derni e`re fi gure montre la disparition des d e´riv e´es de α, β et γ par rapport au temps propre. Notons qu’elles oscillent.
Condensat de Bose-Einstein
Dans [122], un condensat de Bose-Einstein est e´tudie´ 4 avec un potentiel de la forme αψ2 + βψ4.
En l’absence de fluide parfait, ψ est complexe pour le point d’e´quilibre E1. En fait, ψ →
[
α(2β−1)
]1/2
(ProductLog(α−1e1+32m
2βα−1(Ω−Ω0))− 1)1/2 avec Ω0 une constante d’inte´gration. Ainsi, lorsque Ω→
−∞, la seconde racine carre´e est re´elle si αβ−1 < 0 mais alors la premie`re est complexe.
Pour le point d’e´quilibreE2, ψ2 tend vers une constante−αβ−1 avec α < 0 et β > 0. Dans le meˆme temps,
φ → −2(−3βα−1)1/2Ω + φ0, φ0 e´tant une constante d’inte´gration. Calculant ℓψ1 et ℓψ2 , nous obtenons
respectivement que ℓψ1 diverge et ℓψ2 → ±m
√
−βα−1. Ainsi, 2ℓψ2(ℓψ1 + 2ℓψ2)−1 → 0 et y → 0. Nous
pourrions donc avoir une isotropisation de classe 2 bien que les simulations nume´riques aient e´choue´ a` la
montrer.
Si maintenant on conside`re la pre´sence d’un fluide parfait tel que k 6→ 0, nous trouvons que ψ2 →
−α(2β)−1 ± (2β)−1(α2 + 4βe−3γ(Ω0−Ω))1/2, Ω0 e´tant une constante d’inte´gration. Alors, ℓψ1 diverge
et une isotropisation de classe 1 n’est pas possible. En revanche, les re´sultats obtenus dans le vide montrent
qu’un e´tat isotrope stable peut eˆtre atteint lorsque k → 0 et pour le point E2. Il nous faut alors nous assurer
que k tend bien vers ze´ro. Or sa disparition ne´cessite que 1− γ/2 < 2ℓψ2(ℓψ1+2ℓψ2 )−1, ce qui est toujours
vrai car le membre de droite de cette ine´galite´ tend bien vers ze´ro. Nous concluons donc que la the´orie de-
vrait subir une isotropisation de classe 1 mais nous ne l’avons pas observe´ nume´riquement(nous rappelons
que nous avons trouve´ des conditions ne´cessaires et non suffisantes a` l’isotropisation).
4. Le Lagrangian est diff´erent de (1.58).
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FIG. 1.7 – Si l’on prend en compte un fluide parfait, k peut atteindre une constante durant l’isotropisation.
Une fois de plus, les simulations nume´riques montrent une isotropisation de classe 3 avec et sans fluide
parfait et avec les meˆmes comportements que ceux montre´s sur la figure 1.6.
Nous observons que toutes les the´ories ayant un champ scalaire complexe semblent atteindre l’isotropie
via une isotropisation de classe 3 alors que les autres l’atteignent via la classe 1. Ceci pourrait eˆtre duˆ au fait
que nous avons principalement conside´re´ des the´ories avec champ scalaire complexe telles queU ∝ ψ2+ψ4
et ne doit donc pas eˆtre conside´re´ comme une re`gle.
1.4 Avec champ scalaire non minimalement couple´
Dans cette section, nous allons e´tudier l’isotropisation d’un mode`le de Bianchi de type I pour une
the´orie tenseur-scalaire non minimalement couple´e et de´finie par
L = (G−1R− ωφ−1φ,µφ,µ − U + Tαβδgαβ)√g (1.60)
Ce type de the´orie est aussi connu sous le nom de the´orie tenseur-scalaire hypere´tendue (HST)[35]. Pour
cela, nous allons nous servir de la transformation conforme suivante pour la me´trique gαβ
gαβ = Gg¯αβ (1.61)
dt =
√
Gdt¯
qui change le Lagrangien ci-dessus en
L =
[
R¯− (3/2(G−1)2φG2 + ωGφ−1)φ,µφ,µ −G2U +G3Tαβδg¯αβ
]√
g¯ (1.62)
Les quantite´s barre´es sont alors les quantite´s du re´fe´rentiel d’Einstein de´fini par les fonctions me´triques
g¯αβ et celles non barre´es sont les quantite´s du re´fe´rentiel de Brans-Dicke de´fini par les fonctions me´triques
gαβ . Dans ce Lagrangien, le champ scalaire est minimalement couple´ a` la courbure mais non minimalement
couple´ a` la matie`re. Il implique que la matie`re ne suit pas les ge´ode´siques de l’espace temps. De plus, la loi
habituelle de conservation de l’e´nergie-impulsion n’est pas respecte´e et il nous faut la re´e´valuer afin d’ob-
tenir le terme Hm de l’Hamiltonien ADM repre´sentant la matie`re. Elle a entre autre e´te´ calcule´e dans [123]
et [124]. Nous avons les relations suivantes concernant les tenseurs d’e´nergie-impulsion des re´fe´rentiels de
Brans-Dicke et d’Einstein:
T¯αβ = G3Tαβ
T¯ = G2T
et qui nous permettent d’en de´duire la loi de conservation suivante:
T¯αβ;α = 3G,αG
2Tαβ (since Tαβ;α = 0)
T¯αβ;α = 3G,αG
2gαβTαα
T¯αβ;α = 3G,αG
2G−1g¯αβG−2T¯
T¯αβ;α = 3G,αG
−1g¯αβT¯
T¯αβ;α = −3
dG
dt
G−1T¯ (puisque G = G(t))
144 CHAPITRE 1. LE MOD `ELE DE BIANCHI DE TYPE I(4 ARTICLES)
0 0.5 1 1.5 2 2.5
0
0.1
0.2
0.3
0.4
0.5
x
0 0.5 1 1.5 2 2.5
-0.6
-0.4
-0.2
0
dx d
0 0.5 1 1.5 2 2.5
-1000
-500
0
500
1000
dy d
0 0.5 1 1.5 2 2.5
-2
-1
0
1
2
dz d
0 0.5 1 1.5 2 2.5
-300
-200
-100
0
100
200
300
dw d
0 0.5 1 1.5 2 2.5
0
1
2
3
4
0 0.5 1 1.5 2 2.5
0.22
0.24
0.26
0.28
0 0.5 1 1.5 2 2.5
-4000
-2000
0
2000
4000
ell 1
0 0.5 1 1.5 2 2.5
8
8.5
9
9.5
10
10.5
11
ell 2
0 0.5 1 1.5 2 2.5
0.25
0.275
0.3
0.325
0.35
0.375
0.4
k
0 0.5 1 1.5
0
0.01
0.02
0.03
0.04
0.05
’, ’, ’
FIG. 1.8 – Ces fi gures, avec −Ω en abscisse, repr e´sentent successivement les comportements de (x,x˙,y˙,z˙,w˙,φ,ψ,ℓφ2 ,ℓψ2) pour les valeurs
initiales (x,y,z,w,φ,ψ) = (0.49,0.25,− 0.12,− 0.15,0.14,0.23) et les param e`tres (λ,η) = (0.25,0.25). x, z et le champ scalaire atteignent
l’ e´quilibre alors que ℓψ1 subit des oscillations non amorties. La derni e`re fi gure montre la disparition des d e´riv e´es de α, β et γ par rapport au temps
propre.
Dans [124], cette loi est interpre´te´e comme l’action d’une force sur la matie`re due a` la variabilite´ des
masses au repos. Afin de simplifier les calculs, on pose p∗ = G2p et ρ∗ = G2ρ. Ainsi, nous avons T¯αβ =
(ρ∗ + p∗)uαuβ + g¯αβp. De plus, l’e´quation d’e´tat est de la forme p = (γ − 1)ρ et donc il vient:
T¯ 0β;β = −3
dG
dt
G−1(3p∗ − ρ∗)
dρ∗
dt
+ (ρ∗ + p∗)V −1
dV
dt
= −3dG
dt
G−1(3γ − 4)ρ∗
ρ∗−1
dρ∗
dt
+ γV −1
dV
dt
= −3dG
dt
G−1(3γ − 4)
ρ∗V γ = G3(4−3γ)
De cette dernie`re expression et de la forme du Lagrangien pour le fluide parfait[125, pages 48-52], nous
de´duisons pour Lm:
Lm = T
αβδgαβ
√
g
= −8πR30Ne−3Ωρ
= −8πR30N¯e−3Ω¯ρ∗
= −8πR30N¯e−3Ω¯G3(4−3γ)V −γ
et par conse´quent pour Hm
Hm = −24π2g¯1/2Lm = 192π3R30G3(4−3γ)e3(γ−2)Ω¯ > 0 (1.63)
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Nous e´crirons symboliquement cette relation sous la forme:
Hm = δλ(φ)e
3(γ−2)Ω¯
1.4.1 Equations de champs
L’Hamiltonien ADM correspondant au Lagrangien (1.62) s’e´crit donc:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6Ω¯U + δλe3(γ−2)Ω
On en de´duit les e´quations de Hamilton:
β˙± =
∂H
∂p±
=
p±
H
(1.64)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(1.65)
p˙± = − ∂H
∂β±
= 0 (1.66)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6Ω¯Uφ
H
− δλφe
3(γ−2)Ω
2H
(1.67)
H˙ =
dH
dΩ¯
=
∂H
∂Ω¯
= −72π2R60
e−6Ω¯U
H
+ 3/2δλ(γ − 2)e
3(γ−2)Ω
H
(1.68)
Les fonctions lapse et shift gardent la meˆme forme que dans les sections pre´ce´dentes et on utilise les meˆmes
fonctions x, y et z. En revanche la variable k repre´sentant la pre´sence de matie`re est de´sormais de´finie par
k2 = δλe3(γ−2)ΩH−2
λ e´tant une fonction positive du champ scalaire, ou encore:
k2 = δλxγy2−γUγ/2−1
k2 = δλx2e3(γ−2)Ω (1.69)
k2 = δy2U−1λV −γ
Les e´quations de champs peuvent alors eˆtre re´e´crites comme:
x˙ = 72y2x− 3/2(γ − 2)k2x (1.70)
y˙ = y(6ℓz + 72y2 − 3)− 3/2(γ − 2)k2y (1.71)
z˙ = 24y2(3z − ℓ
2
)− 3/2(γ − 2)k2z − 1/2ℓmk2 (1.72)
ou` les quantite´s ℓ et ℓm sont de´finies par ℓ = φUφU−1(3 + 2ω)−1/2 et ℓm = φλφλ−1(3 + 2ω)−1/2. Le
couplage entre la matie`re et le champ scalaire fait donc apparaıˆtre un nouveau terme ℓm dans l’e´quation
pour z. Quant a` la contrainte Hamiltonienne, elle devient:
p2x2 + 24y2 + 12z2 + k2 = 1 (1.73)
L’e´quation pour le champ scalaire est a` nouveau:
φ˙ = 12z
φ
(3 + 2ω)1/2
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1.4.2 Isotropisation lorsque k 6→ 0
Le seul point d’e´quilibre compatible avec une isotropisation de classe 1 est:
(0,± 1
4
√
6(ℓ− ℓm)
[4ℓm(ℓm − ℓ)− 3(γ − 2)γ]1/2 , γ
4(ℓ− ℓm) )
La contrainte Hamiltonienne impose alors que:
k2 =
2ℓ(ℓ− ℓm)− 3γ
2(ℓ− ℓm)2
Lorsque ℓm = 0, on retrouve e´videment les points d’e´quilibre en l’absence de couplage entre la matie`re et
le champ scalaire. La variable k est re´elle tant que
ℓ(ℓ− ℓm) > 3
2
γ
et les points d’e´quilibre sont re´els et finis si:
4ℓm(ℓm − ℓ) > 3(γ − 2)γ
ℓ 6→ ℓm
c’est-a`-dire U 6→ λ. Notons que la premie`re condition est automatiquement satisfaite lorsque ℓm = 0. De
plus, comme ici k 6= 0, est fini et que nous e´tudions une isotropisation de classe 1 telle que y 6= 0, cela
signifie que ℓ et ℓm ne peuvent pas diverger sauf ensemble au meˆme ordre. En appliquant l’hypothe`se de
variabilite´ a` la quantite´ [2ℓm+ℓ(γ−2)](ℓ−ℓm) et en utilisant l’e´quation pour x, on calcule alors qu’a` l’approche de
l’e´quilibre isotrope
x→ x0e−
3[2ℓm+ℓ(γ−2)]
2(ℓ−ℓm)
Ω
ou` x0 est une constante d’inte´gration. De meˆme, les fonctions me´triques tendront vers
e−Ω → t 2(ℓ−ℓm)3ℓγ
lorsque 3ℓγ2(ℓ−ℓm) tend vers une constante non nulle. Or, ceci est toujours le cas puisque ℓ et ℓm ne peuvent
pas diverger sauf ensemble au meˆme ordre et que ℓ ne peut tendre vers ze´ro car alors k serait complexe. Le
potentiel quant a` lui tend vers t−2 et le champ scalaire se comporte asymptotiquement comme la solution
de
φ˙ = 3γ(
Uφ
U
− λφ
λ
)−1
Cette e´quation diffe´rentielle s’inte`gre facilement pour montrer que U → U0λV −γ en accord avec le fait
que k tende vers une constante non nulle. Comme λ ∝ UV γ et y 6= 0, on de´duit de la de´finition de y que
λ→ e 3γℓmΩℓ−ℓm
et de la forme asymptotique des fonctions me´triques que
λ→ t−2 ℓmℓ
Par conse´quent de la condition de re´alite´ de k, il vient que λ > t−2(1−
3
2
γ
ℓ2
)
.
1.4.3 Isotropisation lorsque k → 0
On distingue deux cas selon que ℓmk2 → 0 ou ℓmk2 6→ 0.
ℓmk
2 → 0
Nous retrouvons les meˆmes points d’e´quilibre et comportements asymptotiques que dans le cas du vide.
Pour k2 nous obtenons que k2 → λe2(3/2γ−ℓ2)Ω et les conditions k → 0 et ℓmk → 0 se traduisent donc par
les contraintes supple´mentaires
λe2(3/2γ−ℓ
2)Ω → 0
ℓmλe
2(3/2γ−ℓ2)Ω → 0
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Lorsque ℓm ne diverge pas, cette deuxie`me condition est e´videment automatiquement satisfaite lorsque la
premie`re l’est. De plus comme y ne tend pas vers ze´ro au contraire de k, nous avons U >> λV −γ , c’est-a`-
dire que le potentiel est supe´rieure a` la densite´ d’e´nergie du fluide parfait.
ℓmk
2 6→ 0
Comme k → 0, cela signifie que ℓm doit diverger. Le point d’e´quilibre correspondant a` la de´finition de
la classe 1 est alors:
(x,y,z) = (0,± 1/(2
√
6),0)
avec k2 = −ℓℓ−1m . Afin que k disparaisse et soit re´el il faut donc respectivement que ℓ << ℓm et ℓℓ−1m < 0.
Il faut aussi que ℓ tende vers une constante non nulle ou diverge afin que ℓmk2 soit non nul. Dans ce dernier
cas, z doit disparaıˆtre suffisamment vite afin que zℓ reste fini. A l’approche du point d’e´quilibre, nous
trouvons que x → e3Ω, indiquant que l’Univers tend vers un mode`le de De Sitter et le potentiel vers une
constante. Comme pre´ce´demment, les contraintes k → 0 et ℓmk2 6→ 0, impliquent respectivement que
λe3γΩ → 0
ℓmλe
3γΩ 6→ 0
Pour les meˆmes raisons que plus haut, la limite k → 0 implique que le potentiel est tre`s supe´rieur a` la
densite´ d’e´nergie du fluide parfait. A partir de la valeur asymptotique de k et de sa de´finition (1.69), nous
de´duisons l’e´quation diffe´rentielle dont la solution correspond a` la forme asymptotique pour φ:
δ
1
λφ
Uφ
U
= e3γΩ
1.4.4 Discussion
Dans une premie`re partie, nous re´sumons nos re´sultats et dans une seconde partie, nous les appliquons
a` des the´ories non minimalement couple´es. L’univers peut s’isotropiser de 3 manie`res diffe´rentes selon que
k tend vers une constante non nulle, nulle et tel que ℓmk2 → 0 ou nulle et tel que ℓmk2 6→ 0. Ci dessous,
nous e´nonc¸ons successivement les re´sultats obtenus pour chacune d’entre elles.
Re´sume´ des re´sultats
Cas 1: Isotropisation avec Ωm 6→ 0
Soient les quantite´s ℓ = φUφU−1(3 + 2ω)−1/2 et ℓm = φλφλ−1(3 + 2ω)−1/2. Des conditions ne´cessaires
a` l’isotropisation du mode`le de Bianchi de type I en pre´sence d’un champ scalaire massif minimalement
couple´ a` la me´trique mais non minimalement couple´ au fluide parfait sont que
– ℓ 6→ ℓm (non divergence des points d’e´quilibre)
– 4ℓm(ℓm − ℓ) > 3(γ − 2)γ (condition de re´alite´)
– ℓ(ℓ− ℓm) > 32γ (condition de re´alite´)
– ℓ et ℓm restent finis ou divergent au meˆme ordre (respect de la contrainte)
A l’approche de l’isotropie, les fonctions me´triques tendent vers une loi en puissance du temps propre
t
2(ℓ−ℓm)
3ℓγ , λ → t−2 ℓmℓ tandis que le potentiel de´croıˆt comme t−2. Le champ scalaire ve´rifie asymptotique-
ment que U → U0λe3γΩ.
Cette dernie`re relation permet de de´terminer la forme asymptotique de φ et donc celles de ℓ et ℓm. Il
est interessant de noter que jusque la`, le fait que Ωm 6→ 0 aboutissait toujours a` la convergence des fonc-
tions me´triques vers la fonction t
2
3γ , interdisant une acce´le´ration tardive de notre Univers. On voit que le
couplage λ entre le champ scalaire et le fluide parfait permet d’introduire cette possibilite´ pour un champ
minimalement couple´. Il serait ainsi possible de re´soudre le proble`me de coı¨ncidence qui re´sulte dans le fait
que les parame`tres de densite´ du fluide parfait et de l’e´nergie sombre soient aujourd’hui du meˆme ordre.
Cas 2: Isotropisation avec Ωm → 0 et Ωmℓm → 0
Soient les quantite´s ℓ = φUφU−1(3 + 2ω)−1/2 et ℓm = φλφλ−1(3 + 2ω)−1/2. Les conditions ne´cessaires
a` l’isotropisation sont:
– ℓ2 < 3 (condition de re´alite´)
– λe2(3/2γ−ℓ
2)Ω → 0 (condition pour que k → 0)
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– ℓmλe
2(3/2γ−ℓ2)Ω → 0 (condition pour que ℓmk2 → 0)
Si ℓ2 tend vers une constante non nulle, les fonctions me´triques tendent vers tℓ−2 et le potentiel de´croıˆt
comme t−2. Si ℓ2 tend vers ze´ro, l’Univers tend vers un mode`le de De Sitter et le potentiel vers une constante.
Le comportement asymptotique du champ scalaire est solution de l’e´quation φ˙ = 2 φ
2Uφ
U(3+2ω) .
Pour des raisons de clarte´, nous avons choisi d’exprimer les limites Ωm → 0 et Ωmℓm → 0 ci-dessus
(et ci-dessous) en fonction de e−Ω et de φ, ces 2 quantite´s e´tant de´finies dans ce re´sultat par le comporte-
ment asymptotique des fonctions me´triques et du champ scalaire.
Cas 3: Isotropisation avec Ωm → 0 et Ωmℓm 6→ 0
Soient les quantite´s ℓ = φUφU−1(3 + 2ω)−1/2 et ℓm = φλφλ−1(3 + 2ω)−1/2. Les conditions ne´cessaires
a` l’isotropisation sont que
– ℓm diverge et ℓ→ const 6= 0 ou diverge mais tel que zℓ→ 0 (condition pour que ℓmk2 → 0).
– ℓ << ℓm ou λe
3γΩ → 0(condition pour que k → 0)
– ℓℓ−1m < 0 (condition de re´alite´)
L’Univers tend vers un mode`le de De Sitter et le potentiel vers une constante. Le champ scalaire ve´rifie
asymptotiquement l’e´quation δ 1λφ
Uφ
U = e
3γΩ
.
Applications aux the´ories non minimalement couple´es
Dans ce qui suit, nous e´tudions 4 classes de the´ories minimalement couple´es auxquelles appartiennent,
apre`s une transformation conforme, les the´ories de Brans-Dicke et des cordes lorsque le potentiel a une
forme en puissance ou en exponentielle du champ scalaire. Nous rappelons la transformation conforme
permettant de passer du re´fe´rentiel de Brans-Dicke au re´fe´rentiel d’Einstein et donc de la the´orie non-
minimalement couple´e a` la the´orie minimalement couple´e:
gαβ = Gg¯αβ = λ
[3(4−3γ)]−1 g¯αβ
G e´tant la fonction de gravitation de la the´orie non minimalement couple´e. C’est dans le re´fe´rentiel d’Ein-
stein que les re´sultats que nous venons d’e´noncer trouvent leur place mais les conditions ne´cessaires a`
l’isotropie sont invariantes par la transformation conforme ci-dessus. En effet, si les fonctions me´triques
du re´fe´rentiel d’Einstein tendent toutes vers une meˆme fonction, la transformation conforme ci-dessus ne
change pas cet e´tat de fait.
Nous illustrerons chacune des applications avec des figures montrant les comportements de x, y, z, k, φ
et ℓ dans le re´fe´rentiel d’Einstein et dans le temps Ω avec les conditions initiales φ0 = 0.14, y0 = 0.25,
z0 = 0.12. x0 est calcule´ en utilisant la contrainte (1.73) avec p2+ + p2− = p2 = 1, R30 = 1/(2
√
6π) et
δ = 1. Les comportements des fonctions me´triques dans le re´fe´rentiel de Brans-Dicke seront montre´s dans
le temps propre avec les conditions initiales α0 = −1.53, β0 = −1.25, γ0 = 0.12, dα0/dτ0 = 2.48,
dβ0/dτ0 = 1.55 et dγ/dτ0 = 0.33, le temps τ e´tant de´fini par dt = e−3Ωdτ .
The´ories de Brans-Dicke avec un potentiel en exponentiel du champ scalaire
Conside´rons la classe de the´orie de´finie par (1.62) et telle que:
ω = ω0
U = φ−2enφ
λ = φm
La transformation conforme montre que cette the´orie correspond a` une the´orie non minimalement couple´e
de´finie par (1.60) avec:
G = φ
m
3(4−3γ)
ω =
[
3
2
(1 − m
2
9(4− 3γ)2 ) + ω0)
]
φ
−m
3(4−3γ)
−1
U = φ−2(1+
m
3(4−3γ)
)enφ
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La the´orie de Brans-Dicke avec un potentiel exponentiel correspond alors a` m = 3(3γ − 4). Les quantite´s
ℓ et ℓm sont de´finies par:
ℓ =
nφ− 2√
3 + 2ω0
ℓm =
m√
3 + 2ω0
Il s’ensuit que 3+2ω0 doit eˆtre positif. ℓm ne peut pas diverger et par conse´quent le cas 3 ne se produit pas.
Pour le cas 1, a` l’approche de l’e´tat d’e´quilibre isotrope le champ scalaire se comporte comme:
enφφ−(2+m) → U0e3γΩ
Comme ℓ est fini, φ ne peut pas diverger et devrait disparaıˆtre asymptotiquement, impliquant que m < −2
et finalement que φ→ e 3γ−(2+m)Ω. La seconde condition de re´alite´ s’e´crit alors:
4(2 +m)− 3γ(3 + 2ω0)
2(3 + 2ω0)
> 0
Mais m < −2, γ > 0 et 3 + 2ω0 > 0 et donc cette condition ne peut eˆtre satisfaite. Par conse´quent, une
isotropisation de classe 1 ne se produit pas.
Conside´rons a` pre´sent le cas 2. Inte´grant l’e´quation diffe´rentielle pour φ, nous obtenons:
φ =
2
n− φ0e
4Ω
3+2ω0
Alors, lorsque Ω→ −∞, φ→ 2n−1, ℓ→ 0 et λ tend vers la constante (2n−1)m. Si l’Univers s’isotropise,
il tendra vers un mode`le de De Sitter. Remarquons que φ et donc n doivent eˆtre positifs afin que λ soit une
fonction re´elle.
Utilisant la transformation conforme, lorsque l’isotropisation se produit dans le re´fe´rentiel de Brans-Dicke
ou φ est non minimalement couple´ a` la courbure et puisque λ tend vers une constante, l’Univers tend
e´galement vers un mode`le de De Sitter. L’e´volution des variables et des fonctions α, β et γ ainsi que leur
de´rive´es par rapport au temps propre est illustre´ par la figure 1.9.
Une isotropisation de classe 2 est aussi possible lorsque n < 0 et est trace´ sur la figure 1.10. Comme note´
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FIG. 1.9 – Ces fi gures repr e´sentent l’approche des variables pour une isotropisation de classe 1 lorsque ω0 = 2.3, n = 1.5 et m = 1.1. Comme
attendu, x tend vers 0, φ vers la constante 2/n = 1.33 et ℓ (ici nomm e´ ell) vers 0. Dans le r e´f e´rentiel de Brans-Dicke, les d e´riv e´es des fonctions α, β
et γ tendent vers une fonction commune, montrant l’isotropisation.
ci-dessus, un tel intervalle pour n est impossible pour une isotropisation de classe 1 car λ serait complexe.
The´ories de Brans-Dicke avec un potentiel en puissance du champ scalaire
Conside´rons la classe de the´orie de´finie par (1.62) et telle que:
ω = ω0
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FIG. 1.10 – Ces fi gures repr e´sentent l’approche des variables pour une isotropisation de classe 2 lorsque ω0 = 2.3, n = −3.1 et m = 1.1. x
tend toujours vers z e´ro mais y aussi. φ et donc ℓ diverge. Notons que φ, y, z et ℓ subissent des oscillations amorties. Dans le r e´f e´rentiel de Brans-Dicke,
les d e´riv e´es des fonctions m e´triques α, β et γ tendent vers une fonction commune, montrant l’isotropisation.
U = φn
λ = φm
Dans le re´fe´rentiel de Brans-Dicke cette the´orie correspond a` la the´orie tenseur-scalaire non minimalement
couple´e de´finie par:
G = φ
m
3(4−3γ) (1.74)
ω =
[
3
2
(1 − m
2
9(4− 3γ)2 ) + ω0)
]
φ
−m
3(4−3γ)
−1 (1.75)
U = φn−
2m
3(4−3γ) (1.76)
(1.77)
La the´orie de Brans-Dicke avec un potentiel en puissance de φ est obtenue pour m = 3(3γ− 4). On calcule
que:
ℓ =
n√
3 + 2ω0
ℓm =
m√
3 + 2ω0
avec 3 + 2ω0 > 0. A nouveau ℓm ne peut pas diverger et le cas 3 est exclu.
Pour le cas 1, il est ne´cessaire que n 6= m afin que ℓ 6→ ℓm. Asymptotiquement, le champ scalaire se
comporte comme:
φ→ φ0e−
3γ
m−nΩ
Par conse´quent, en Ω→ −∞, φ→ 0(φ diverges) si m−n < 0 (respectivementm−n > 0). Les conditions
de re´alite´s s’e´crivent:
4m(m− n) + 3γ(2− γ)(3 + 2ω0) > 0
2n(n−m)− 3γ(3 + 2ω0) > 0
La seconde sera respecte´e si n > 0(n < 0) lorsque φ → 0(respectivement lorsque φ diverge). Nous trou-
vons qu’a` l’approche de l’isotropie, les fonctions me´triques tendent vers t
2(n−m)
3nγ et λ→ t− 2mn .
Utilisant la transformation conforme, nous de´duisons pour la the´orie non minimalement couple´e que les
fonctions me´triques tendront vers:
t
m(8−5γ)+2n(3γ−4)
γ[m+3n(3γ−4)]
Tous ces comportements sont illustre´s sur la figure 1.11.
Pour le cas 2, nous obtenons pour φ:
φ→ e 2n3+2ω0 Ω
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FIG. 1.11 – Ces fi gures repr e´sentent l’approche des variables pour une isotropisation de classe 1 lorsque ω0 = 2.3, n = −3.1 et m = 1.1.
A nouveau x disparaˆı t, y et k tendent vers des constantes non nulles montrant que U ∝ λe3γΩ. φ diverge car m − n > 0. Dans le r e´f e´rentiel de
Brans-Dicke, l’Univers s’isotropise.
Ainsi k tendra vers ze´ro lorsque Ω → −∞ si 2n(m − n) + 3γ(3 + 2ω0) > 0 et la condition de re´alite´
pour les points d’e´quilibre sera respecte´e si n2(3 + 2ω0)−1 < 3. Les fonctions me´triques tendent alors vers
t(3+2ω0)n
−2 lorsque n 6= 0 ou vers un mode`le de De Sitter lorsque n = 0.
Dans le re´fe´rentiel de Brans-Dicke ou le champ scalaire est non minimalement couple´ a` la courbure, les
fonctions me´triques tendront vers:
t
mn+3(3γ−4)(3+2ω0)
n[m+3n(3γ−4)]
lorsque n 6= 0. Si n = 0, le comportement des fonctions me´triques est le meˆme que dans le re´fe´rentiel
d’Einstein et l’Univers tend vers un mode`le de De Sitter. Ce cas est illustre´ par la figure 1.12
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FIG. 1.12 – Ces fi gures repr e´sentent l’approche des variables pour une isotropisation de classe 1 lorsque ω0 = 2.3, n = 1.5 et m = 1.1. Ici, k
tend vers z e´ro.
The´orie des cordes a` basse e´nergie avec un potentiel en exponentiel du champ scalaire
Nous conside´rons la the´orie de´finie par (4) et telle que:
ω = ω0φ
2 + ω1
U = enφ
λ = emφ
Elle correspond a` la the´orie non minimalement couple´e suivante:
G = e
m
3(4−3γ)
φ
152 CHAPITRE 1. LE MOD `ELE DE BIANCHI DE TYPE I(4 ARTICLES)
ω =
[ 3
2 + ω0φ
2 + ω1
φ2
− 3m
2
18(4− 3γ)2
]
φe
−m
3(4−3γ)
φ
U = e(n−
2m
3(4−3γ)
)φ
La the´orie des cordes a` basse e´nergie avec un potentiel en exponentiel du champ scalaire est retrouve´e pour
m = 3(4− 3γ), ω0 = 5/2 et ω1 = −3/2. Nous calculons que:
ℓ =
nφ√
3 + 2φ2ω0 + 2ω1
ℓm =
mφ√
3 + 2φ2ω0 + 2ω1
Ces expressions montrent que nous n’aurons jamais ℓ << ℓm et donc le cas 3 ne se produit pas.
En ce qui concerne le cas 1, il est ne´cessaire que m 6= n. De plus, nous trouvons pour le champ scalaire:
φ = φ0 +
3γΩ
n−m
Ainsi, φ diverge et ℓ et ℓm tendent vers des constantes qui seront re´elles si ω0 > 0. Les conditions de re´alite´
s’e´crivent:
2m(m− n) + 3(2− γ) > 0
n(n−m)− 3γω0 > 0
ω0 e´tant positif, la seconde condition ne´cessite n(n − m) > 0 et donc n 6= 0. Par conse´quent, lorsque
l’isotropisation se produit, les fonctions me´triques et λ tendent respectivement vers t2
n−m
3nγ et t−2
m
n
.
Nous de´duisons que dans le re´fe´rentiel de Brans-Dicke, lorsque l’isotropisation se produit, les fonctions
me´triques tendent vers:
t
m(8−5γ)+2n(3γ−4)
γ[m+3n(3γ−4)]
Ce cas est repre´sente´ par la figure 1.13.
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FIG. 1.13 – Ces fi gures repr e´sentent l’approche des variables pour une isotropisation de classe 1 lorsque ω0 = 2.3, n = −3.1 et m = 1.1. k
tend vers une constante mais nous remarquons e´galement l’existence, avant l’ e´quilibre, d’une p e´riode durant laquelle le param e`tre de densit e´ du fluide
parfait est quasiment nul.
En ce qui concerne le cas 2, le champ scalaire se comporte asymptotiquement comme:
φ =
2n(Ω− φ0)±
√
8ω0(3 + 2ω1) + 4n2(φ0 − Ω)2
4ω0
Par conse´quent, en fonction du signe de la racine carre´, nous avons deux branches telles que φ → 0 ou
φ→ nω−10 Ω.
Pour la premie`re, ℓ → 0 et l’Univers tend vers un mode`le de De Sitter. La limite permettant la disparition
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FIG. 1.14 – Ces fi gures repr e´sentent l’approche des variables pour une isotropisation de classe 1 lorsque ω0 = 2.3, ω1 = 0.5, n = 1.5 et
m = 1.1. k et φ tendent vers z e´ro.
de k est toujours respecte´e. Une simulation nume´rique de ce cas est repre´sente´e par la figure 1.14.
Pour la seconde, ℓ → n(2ω0)−1/2 et ainsi l’isotropisation ne´cessite ω0 > 0 et n2(2ω0)−1 < 3. Si n 6= 0,
les fonctions me´triques tendent vers t
2ω0
n2 et la limite permettant la disparition de k est satisfaite si ℓ2 < 3γ2 .
Si n = 0, l’Univers tend vers un mode`le de De Sitter et la limite sur k est toujours satisfaite.
A nouveau, dans le re´fe´rentiel de Brans-Dicke, nous de´duisons que lorsque l’isotropisation se produit et
le champ scalaire tend vers ze´ro ou n = 0, les fonctions me´triques tendent vers la meˆme forme que dans
le re´fe´rentiel d’Einstein car λ tend vers une constante. Lorsque le champ scalaire diverge et n 6= 0, elles
tendent vers:
t
n2(9γ−13)+3(7γ−8)ω0
n2(9γ−13)+3γω0
The´orie des cordes a` basse e´nergie avec un potentiel en puissance du champ scalaire
Nous conside´rons maintenant le Lagrangien minimalement couple´ de´fini par:
ω = ω0φ
2 + ω1
U = φpenφ
λ = emφ
et correspondant a` la the´orie non minimalement couple´e suivante:
G = e
m
3(4−3γ)
φ
ω =
[ 3
2 + ω0φ
2 + ω1
φ2
− 3m
2
18(4− 3γ)2
]
φe
−m
3(4−3γ)
φ
U = φpe(n−
2m
3(4−3γ)
)φ
On obtient la the´orie des cordes a` basse e´nergie avec un potentiel en puissance du champ scalaire lorsque
m = 3(4− 3γ), n = 2, ω0 = 5/2 et ω1 = −3/2. Nous calculons que:
ℓ =
p+ nφ√
3 + 2φ2ω0 + 2ω1
ℓm =
mφ√
3 + 2φ2ω0 + 2ω1
Encore une fois, il est impossible que ℓm diverge et ℓ << ℓm et donc le cas 3 est exclu.
Pour le cas 1, nous trouvons que le champ scalaire se comporte comme:
φ = p(m− n)−1ProductLog((n−m)e3γp−1(Ω−φ0))
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Lorsque pγ−1 > 0, le champ scalaire disparaıˆt, sinon il diverge. Alors, (n−m)p−1 doit eˆtre positif sinon
le potentiel est complexe.
Lorsque φ → 0, il est ne´cessaire que 3 + 2ω1 > 0 tel que ℓ et ℓm soit re´el et les conditions de re´alite´ pour
les points d’e´quilibre se re´duisent a` 2p2− 3γ(3+ 2ω1) > 0. Alors les fonctions me´triques tendent vers t
2
3γ
et λ vers une constante. Ce cas est illustre´ sur la figure 1.15.
Lorsque φ → ∞, il est ne´cessaire que ω0 > 0 tel que ℓ et ℓm soit re´el et n 6= m tel que ℓ ne tende pas
0 10 20 30 40
0
0.00001
0.00002
0.00003
0.00004
x
0 10 20 30 40
0.57732
0.57733
0.57734
0.57735
0.57736
0.57737
y
0 10 20 30 40
0.166655
0.16666
0.166665
0.16667
0.166675
z
0 10 20 30 40
0
0.0001
0.0002
0.0003
0.0004
0.0005
0 10 20 30 40
0.33326
0.33328
0.3333
0.33332
0.33334
0.33336
0.33338
0.3334
k
0 2 4 6 8
0
0.5
1
1.5
2
2.5
The metric functions
0 2 4 6 8
0
0.2
0.4
0.6
0.8
The metric functions derivatives
FIG. 1.15 – Ces fi gures repr e´sentent l’approche des variables pour une isotropisation de classe 1 lorsque ω0 = 2.3, ω1 = 0.5, n = −3.1,
m = 1.1 et p = 3. k oscille vers une constante et φ tend vers z e´ro. Notons les fortes oscillations de y, z et k.
vers ℓm. Les conditions de re´alite´ des points d’e´quilibre s’e´crivent alors 2m(m− n) + 3γ(2− γ)ω0 > 0 et
n(n−m)−3γω0 > 0, impliquant que n(n−m) > 0 et n 6= 0. Les fonctions me´triques tendent vers t
2(n−m)
3nγ
et λ → t−2mn . Des figures similaires aux figures 1.15 mais avec un champ scalaire divergeant peuvent eˆtre
obtenues.
Dans le re´fe´rentiel de Brans-Dicke, les fonctions me´triques tendent vers la meˆme forme que dans le re´fe´rentiel
d’Einstein durant l’isotropisation si φ→ 0. Lorsque φ diverge, elles tendent vers:
t
m(8−5γ)+2n(3γ−4)
γ[m+3n(3γ−4)]
Examinons le cas 2. Le champ scalaire est tel que:
φ0 + 1/2
[
(3 + 2ω1) lnφ
p
− n
2(3 + 2ω1) + 2p
2ω0
pn2
ln(p+ nφ) +
2ω0φ
n
]
= Ω
Ainsi, il existe trois comportements possibles du champ scalaire tel que Ω→ −∞.
Le premier est tel que φ tende vers ze´ro et il est alors ne´cessaire que p > 0 et 3 + 2ω1 > 0. On calcule que
ℓ→ p(3 + 2ω1)−1/2 impliquant p2(3 + 2ω1)−1 < 3. Les fonctions me´triques tendent vers t(3+2ω1)/p2 et k
tend toujours vers 0 tant que ℓ2 < 3/2γ. Ce cas est montre´ sur la figure 1.16. Puisque φ tend vers ze´ro, λ
tend vers une constante et les re´sultats sont identiques dans le re´fe´rentiel de Brans-Dicke.
Le second est tel que φ diverge comme n2ω0Ω. Il doit eˆtre positif et les expressions de ℓ et ℓm seront alors
re´elles si ω0 > 0. Ceci implique que la divergence positive de φ ne´cessite n < 0. Alors, ℓ tend vers
n(2ω0)
−1/2 et il vient qu’une condition ne´cessaire a` l’isotropisation est n2(2ω0)−1 > 3. Les fonctions
me´triques tendent vers t
2ω0
n2 et k vers 0 si n(m− 2n)+6γω0 > 0. Dans le re´fe´rentiel de Brans-Dicke, nous
trouvons que les fonctions me´triques tendent vers t
mn+12ω0(3γ−4)
mn
.
Enfin, le troisie`me comportement du champ scalaire est tel que φ → −pn−1 et Ω diverge ne´gativement si[−n2(3 + 2ω1)− 2k2ω0] (pn2)−1 > 0. Alors, ℓ → 0 et l’Univers tend vers un mode`le de De Sitter. La
condition k→ 0 est toujours respecte´e. Une fois de plus, λ tend vers une constante et, dans le re´fe´rentiel de
Brans-Dicke, les fonctions me´triques tendent vers la meˆme forme que dans le re´fe´rentiel d’Einstein.
Ceci termine le chapitre sur l’isotropisation du mode`le de Bianchi de type I . Dans le chapitre suivant,
nous allons voir comment traiter les mode`les avec courbure.
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FIG. 1.16 – Ces fi gures repr e´sentent l’approche des variables pour une isotropisation de classe 1 lorsque ω0 = 2.3, ω1 = 0.5, n = −3.1,
m = 1.1 et p = 0.7. k et φ tendent vers z e´ro. ℓ tend vers 0.35 ce qui est plus petit que 3/2γ = 3/2
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Chapitre 2
Les mode`les de Bianchi avec courbure(2
articles)
Dans les deux sections suivantes, nous allons conside´rer la pre´sence de courbure en e´tudiant le processus
d’isotropisation des mode`les de Bianchi de la classe A, c’est-a`-dire de type II , V I0, V II0, V III et IX . Ce
dernier mode`le en particulier, contient les solutions des mode`les FLRW a` courbure positive. Comme pour
le mode`le de Bianchi de type I , nous commencerons par examiner ce qui se passe sans, puis avec une fluide
parfait.
2.1 Equations de champs
L’hamiltonien ADM pour les mode`les avec courbure s’e´crit:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU + δe3(γ−2)Ω + V (Ω,β+,β−) (2.1)
ou` V (Ω,β+,β−) est le potentiel de courbure caracte´risant chaque mode`le de Bianchi et figurant dans le
tableau 2.1. Les e´quations de Hamilton sont alors:
β˙± =
∂H
∂p±
=
p±
H
(2.2)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(2.3)
p˙± = − ∂H
∂β±
= − ∂V
2H∂β±
(2.4)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6ΩUφ
H
(2.5)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
+ 3/2δ(γ − 2)e
3(γ−2)Ω
H
+
∂V
2H∂Ω
(2.6)
La de´finition d’un e´tat isotrope reste inchange´e par rapport a` celle du mode`le de Bianchi de type I . Mais
de´sormais les moments conjugue´s des fonctions β± ne sont plus des constantes et donc lorsque l’on e´crit
qu’une condition ne´cessaire a` l’isotropie est dβ±/dt→ 0, celle ci se traduit par p±e3Ω → 0.
Bianchi type V (Ω,β+,β−)
II 12π2R40e
4(−Ω+β++
√
3β−)
V I0, V II0 24π
2R40e
−4Ω+4β+(cosh 4
√
3β− ± 1)
V III , IX 24π2R40e
−4Ω[e4β+(cosh 4
√
3β− − 1)+
1/2e−8β+ ± 2e−2β+ cosh 2√3β−]
TAB. 2.1 – Potentiel de courbure des mode`les de Bianchi de la classe A.
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Contrairement au mode`le de Bianchi de type I , cette limite ne nous assure plus que l’isotropie se pro-
duit lorsque l’Univers est en expansion infinie en Ω → −∞. Supposons que l’isotropisation de l’Uni-
vers conduise a` un Univers statique, c’est-a`-dire tel que Ω → const, lorsque le temps propre diverge.
Alors, afin que dβ±/dt disparaissent, il faut que p± → 0. Cependant les e´quations (2.4) indique que
dp±/dt ∝ − ∂V∂β± e3Ω. Par conse´quent si Ω et β± tendent vers des constantes lorsque t → +∞, pour
les mode`les de Bianchi de type II , V I0 et V III , ces de´rive´es tendent vers des constantes non nulles et les
moments conjugue´s p± ne peuvent pas disparaıˆtre et l’isotropie se produire. En revanche, les choses ne sont
pas si simples pour les mode`les de Bianchi de type V II0 et IX car si β± → 0, il en est de meˆme de ∂V∂β± et
on ne peut rien dire sur les valeurs asymptotiques de p±. Nous montrerons plus loin que pour ces mode`les
e´galement, l’isotropie ne peut surgir que pour une valeur divergente de Ω.
Par conse´quent, pour les mode`les de Bianchi avec courbure, l’isotropisation ne peut se produire que si:
Ω→ ±∞
dβ±
dΩ
→ 0
p±e3Ω → 0
Dans ce qui suit, l’hypothe`se de variabilite´ de ℓ2 sera syste´matiquement applique´e. Nous n’avons pas explore´
ce qui se passe lorsque celle ci est leve´e. En effet, nous verrons que les re´sultats obtenus pour l’isotropisation
des mode`les avec courbure sont similaires a` ceux obtenus pour un mode`le plat. En revanche les conditions
a` ve´rifier pour montrer que l’isotropie est atteinte sont bien plus nombreuses et l’hypothe`se de variabilite´ ne
peut eˆtre leve´e facilement sans alourdir les calculs. Notons cependant que ceci est techniquement faisable
comme montre´ pour le mode`le de Bianchi de type I .
Afin de de´crire la courbure des mode`les de Bianchi nous introduirons de nouvelles variables pre´fixe´es w,
similaires aux trois variables Ni (i = 1,2,3) de´finies par des arguments de syme´trie des constantes de
structure dans [126] et [25].
2.2 Dans le vide
Les re´sultats qui suivent ont e´te´ publie´s dans [127], reproduit en annexe.
2.2.1 Mode`le de Bianchi de type II
Afin de re´e´crire les e´quations de champs, nous utilisons les variables suivantes:
x± = p±H−1 (2.7)
y = πR30
√
Ue−3ΩH−1 (2.8)
z = pφφ(3 + 2ω)
−1/2H−1 (2.9)
w = πR20e
−2Ω+2(β++
√
3β−)H−1 (2.10)
Une seule variable w suffit a` de´crire la courbure de ce mode`le de meˆme qu’une seule variable Ni e´tait
suffisante dans [25]. Alors la condition dβ±dΩ → 0 ne´cessaire a` l’isotropisation se traduit par x± → 0. Ce
sera la meˆme pour tous les types de Bianchi pour lesquels nous re´utiliserons les meˆmes variables x±, y et
z. La contrainte Hamiltonienne et les e´quations de champs se re´e´crivent comme:
x2+ + x
2
− + 24y
2 + 12z2 + 12w2 = 1 (2.11)
x˙+ = 72y
2x+ + 24w
2x+ − 24w2 (2.12)
x˙− = 72y2x− + 24w2x− − 24
√
3w2 (2.13)
y˙ = y(6ℓz + 72y2 − 3 + 24w2) (2.14)
z˙ = y2(72z − 12ℓ) + 24w2z (2.15)
w˙ = 2w(x+ +
√
3x− + 12w2 + 36y2 − 1) (2.16)
avec ℓ = φUφU
−1(3 + 2ω)−1/2. La contrainte montre que les variables (2.7-2.10) sont normalise´es. De
plus, nous retrouvons l’e´quation habituelle pour le champ scalaire:
φ˙ =
12φ√
3 + 2ω
z,
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Afin de de´terminer le comportement asymptotique des fonctions nous aurons besoin de connaıˆtre le com-
portement asymptotique de l’Hamiltonien. Nous re´e´crivons donc l’e´quation de Hamilton pour H sous la
forme:
H˙ = −H(72y2 + 24w2) (2.17)
Elle montre que H est une fonction monotone gardant son signe initial au cours de son e´volution. Par
conse´quent, on de´duit de la fonction lapse que lorsque H est initialement positif (ne´gatif), Ω → −∞ cor-
respond aux e´poques tardives(respectivement primordiales) et vice-versa lorsque Ω→ +∞.
Munie de toutes ces e´quations, nous pouvons de´sormais calculer les points d’e´quilibre correspondant a`
une isotropisation de classe 1 a` partir des e´quations (2.12-2.16). Il en existe plusieurs mais le seul a` retenir 1
est tel que:
(x+,x−,y,z,w) = (0,0,±
√
3− ℓ2(6
√
2)−1,ℓ/6,0)
Il est donc semblable a` celui trouve´ pour le mode`le plat de type I de Bianchi. Il sera re´el et correspondra a` un
e´tat d’e´quilibre si ℓ tend vers une constante telle que ℓ2 < 3. Afin de trouver le comportement asymptotique
de w, on line´arise (2.16) au voisinage de l’e´quilibre en ne´gligeant les variables w et x± tendant vers ze´ro.
Il vient:
w → e(1−ℓ2)Ω
Line´arisant de la meˆme manie`re (2.12), utilisant l’hypothe`se de variabilite´ de ℓ2 et introduisant cette dernie`re
expression pourw, on obtient que x± se comportent comme la somme de deux termes e2(1−ℓ
2)Ω et e(3−ℓ
2)Ω
.
L’isotropie ayant besoin de x± → 0 et ℓ2 < 3, nous en de´duisons que cela arrive seulement lorsque ℓ2 < 1
en Ω → −∞. La valeur spe´ciale ℓ2 = 1 n’est pas compatible avec l’isotropie. Ceci de´coule de notre hy-
pothe`se de variabilite´ de ℓ2 qui implique que si ℓ2 → 1, ℓ2 − 1 disparaıˆt ge´ne´ralement plus vite que Ω−1.
Mais alors, w tendrait vers une constante non nulle ce qui est incompatible avec l’expression des points
d’e´quilibre.
Les deux limites ℓ2 < 1 et Ω→ −∞ permettent a` x± mais aussi a` w de tendre vers ze´ro. Il vient qu’asymp-
totiquement
x± → e2(1−ℓ
2)Ω
Afin de savoir si notre mode`le s’isotropise, il nous faut ve´rifier que p±e3Ω → 0 lorsqueΩ→ −∞. Pour cela,
on e´crit p˙±/H comme une fonction de x± et w et on utilise leurs comportements asymptotiques. On calcul
alors que p˙±/p± tend vers la constante −(1 + ℓ2). Par conse´quent, p±e3Ω → e(2−ℓ2)Ω et disparaıˆt lorsque
Ω diverge ne´gativement et que les conditions ne´cessaires a` l’isotropie sont respecte´es. Les comportements
asymptotiques des fonctions me´triques et du potentiel sont les meˆmes que pour le mode`le de Bianchi de type
I et de´pendent de la meˆme manie`re de la disparition ou non de la fonction ℓ2 a` l’approche de l’isotropie. La
3-courbure quant a` elle tend vers ze´ro lorsque Ω→ −∞, montrant que l’Univers devient plat.
2.2.2 Mode`les de Bianchi de types V I0 et V II0
Cette fois les variables que nous allons utiliser sont:
x± = p±H−1 (2.18)
y = πR30e
−3ΩU1/2H−1 (2.19)
z = pφφ(3 + 2Ω)
−1/2H−1 (2.20)
w± = πR20e
−2Ω+2β+±2
√
3β−H−1 (2.21)
La diffe´rence avec le mode`le de Bianchi de type II est qu’il nous faut 2 variables pour de´crire la courbure,
dont l’une d’elle (w+) est la variable w pre´ce´demment de´finie pour ce dernier mode`le. Ceci est en accord
avec [25] ou` deux variables Ni sont e´galement ne´cessaires. La contrainte Hamiltonienne s’e´crit:
x2+ + x
2
− + 24y
2 + 12z2 + 12(w+ ± w−)2 = 1 (2.22)
et les e´quations de champs deviennent
x˙+ = 72y
2x+ + 24(x+ − 1)(w− ± w+)2 (2.23)
x˙− = 72y2x− + 24x−(w− ± w+)2 + 24
√
3(w2− − w2+) (2.24)
1. Pour une justifi cation de cette s´election le lecteur peut se r´ef´erer `a l’article [127] reproduit en annexe.
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y˙ = y(6ℓz + 72y2 − 3 + 24(w− ± w+)2) (2.25)
z˙ = y2(72z − 12ℓ) + 24z(w− ± w+)2 (2.26)
w˙+ = 2w+
[
x+ +
√
3x− + 12(w− ± w+)2 + 36y2 − 1
] (2.27)
w˙− = 2w−
[
x+ −
√
3x− + 12(w− ± w+)2 + 36y2 − 1
] (2.28)
A nouveau nous exprimons l’e´quation de Hamilton pour H en fonctions des variables y et w±:
H˙ = −H [72y2 + 24(w+ ± w−)2] (2.29)
Dans les e´quations, les symboles ± correspondent respectivement aux mode`les de Bianchi de type V I0 et
V II0. Pour le premier mode`le, la contrainte (2.22) montre que les variables sont normalise´es. Ce n’est pas
le cas pour le second: a` cause du signe -, w+ et w− pourraient diverger si la diffe´rence w+ − w− reste
finie, respectant ainsi la contrainte. Nous montrerons plus bas que ceci est en fait impossible. Supposant
que toutes les variables sont normalise´es, nous en de´duisons que l’isotropisation est impossible pour une
valeur finie de Ω. En effet, si Ω → const lorsque le temps propre t diverge, dΩ/dt → 0. Mais de la forme
de la fonction lapse et du fait que dt = −NdΩ, on en de´duit queH devrait tendre vers ze´ro. Il vient alors de
la de´finition des variables w± qu’elles devraient diverger ce qui est incompatible avec le fait qu’elles sont
borne´es au voisinage de l’isotropie. Ainsi, l’isotropisation ne peut mener l’Univers vers un e´tat statique et
Ω diverge force´ment.
Une fois de plus, on retrouve les meˆmes points d’e´quilibre que pour le mode`le de Bianchi de type II:
(x+,x−,y,z,w±) = (0,0,±
√
3− ℓ2(6
√
2)−1,ℓ/6,0)
La de´monstration est donne´e dans [127], reproduit en annexe. Il seront re´e´ls si ℓ2 tend vers une constante
plus petite que 3.
De la meˆme manie`re que pour le mode`le de Bianchi de type II , on peut montrer que Ω est une fonction
monotone du temps propre dont la divergence en −∞ correspond aux e´poques tardives si l’Hamiltonien
est initialement positif. On montre e´galement que les comportements asymptotiques des fonctions x±, w±,
p±e3Ω, e−Ω et U sont les meˆmes, imposant que ℓ2 < 1 a` l’approche de l’isotropie.
L’ensemble de ces re´sultats a e´te´ de´montre´ non pas en conside´rant les comportements individuels de w+ et
w− mais en conside´rant que w+±w− → 0. Comme nous de´duisons de cette unique limite qu’a` l’approche
de l’isotropie, w± → 0, il s’ensuit que ces variables sont toujours borne´es comme e´nonce´ au de´but de cette
section, et en particulier pour le mode`le de Bianchi de type V II0.
2.2.3 Mode`les de Bianchi de types V III et IX
Nous utiliserons les variables suivantes:
x± = p±H−1
y = πR30e
−3ΩU1/2H−1
z = pφφ(3 + 2Ω)
−1/2H−1
wp = πR
2
0e
−2Ω+2β+H−1
wm = πR
2
0e
−2Ω−2β+H−1
w− = e2
√
3β−
Comme on peut le voir, les variables wp et wm ne sont pas inde´pendantes l’une de l’autre et a` l’approche
de l’isotropie nous avons wp ∝ wm ∝ e−2ΩH−1. Notons de plus que w− est une variable positive. Trois
variables w sont donc ne´cessaires pour de´crire la courbure de la meˆme manie`re que trois variables Ni sont
utilise´es dans [25]. L’e´quation de contrainte s’e´crit alors:
x2+ + x
2
− + 24y
2 + 12z2 + 12[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)+
w2−(w
3
m − 2w3p)](w2−wp)−1 = 1
et les e´quations de champs:
x˙+ = 72y
2x+ + 24{w3p(x+ − 1)(1 + w4−)± w−(1 + 2x+)(wmwp)3/2(1 + w2−)
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+w2−
[
(2 + x+)w
3
m − 2(x+ − 1)w3p
]}(w2−wp)−1 (2.30)
x˙− = 72y2x− + 24{w3p
[
w4−(x− −
√
3) + x− +
√
3)
]± w−(wmwp)3/2[w2−
(−√3 + 2x−) + (
√
3 + 2x−)] + w2−x−(w3m − 2w3p)}(w2−wp)−1 (2.31)
y˙ = y{6ℓz + 72y2 − 3 + 24[w3p(1 + w4−)± 2(wmwp)3/2w−(1 + w2−)+
w2−(w
3
m − 2w3p)](w2−wp)−1} (2.32)
z˙ = y2(72z − 12ℓ) + 24z[w3p(1 + w4−)± 2(wmwp)3/2w−(1 + w2−)+
w2−(w
3
m − 2w3p)](w2−wp)−1 (2.33)
w˙p = wp{−2 + 2x+ + 72y2 + 24[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)
+w2−(w
3
m − 2w3p)](w2−wp)−1} (2.34)
w˙m = wm{−2− 2x+ + 72y2 + 24[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)
+w2−(w
3
m − 2w3p)](w2−wp)−1} (2.35)
w˙− = 2
√
3w−x− (2.36)
L’e´quation de Hamilton pour H devient:
H˙ = −H[72y2 + 24(±2w
1/2
p w
3/2
m
w−
± 2w1/2p w3/2m w− − 2w2p +
w2p
w2
−
+
w2pw
2
− +
w3m
wp
) + 32 (γ − 2)k2] (2.37)
Le signe ± repre´sente respectivement le mode`le de Bianchi de type V III ou IX . La contrainte montre
que les variables ne sont pas force´ment normalise´es: si l’une d’elle diverge, cette divergence peut eˆtre
contrebalance´e par celle de wm ou wp. Donc si nous montrons que l’isotropie ne se produit que pour des
valeurs finies de wm et wp, cela signifiera qu’elle ne se produit que pour des valeurs finies de toutes les
variables.
Afin d’atteindre ce but, nous e´crirons qu’a` l’approche de l’isotropie wp → wm → w et w− → 1. Alors la
contrainte du mode`le de Bianchi de type V III montre que toutes les variables sont positives et donc doivent
prendre des valeurs finies. En ce qui concerne le mode`le de Bianchi de type IX , supposons que w diverge.
Alors si l’on pose x± = 0, on de´duit de la contrainte que 3w2 → 2y2+z2−1/12 et de l’e´quation pour w˙ que
3w2 → 3y2 − 1/12, impliquant qu’asymptotiquement z2 → y2 et divergent comme w2. Cependant, avec
ces limites on obtient des e´quations pour y˙ et z˙ que y˙ → 6ℓz2 − 3z et z˙ → −12ℓz2 + 2z. Alors l’e´quilibre
pour y et z peut seulement eˆtre obtenu lorsque z → 0 ce qui est en contradiction avec la divergence de
z que nous venons de montrer. On en de´duit donc qu’un e´tat d’e´quilibre isotrope stable est impossible si
wp et wm divergent. Il s’ensuit pour les meˆmes raisons que pour les mode`les de Bianchi pre´ce´dents, que
l’isotropisation est impossible pour une valeur finie de Ω.
On peut aussi montrer que wp et wm ne peuvent pas tendre vers des constantes non nulles. Supposons que
ce soit le cas et de´finissons les deux constantes w et α telles que wp → w et wm → αw. On introduit ces
limites dans les e´quations pour x˙± avec x± = 0. Il vient:
x˙+ = −24w2(1 + w−α3/2(1 + w2−)− 2w2−(1 + α3) + w4−)w−2− (2.38)
x˙− = −24
√
3w2(w2− − 1)(1− α3/2w− + w2−)w−2− (2.39)
Alors, pour le mode`le de Bianchi de type V III , on en de´duit que l’e´quilibre pour x± sera atteint uniquement
si α tend vers la valeur complexe (−1)2/3 ou/et si w− est ne´gatif ce qui est impossible. Pour le mode`le
de Bianchi de type IX , l’e´quilibre pour x± peut eˆtre atteint si wp → wm (i.e. β± → 0) et w− → 1.
Alors, calculant les points d’e´quilibre, les seuls qui soient re´els et tels que wp et wm soient diffe´rents de
0 sont (x+,x−,y,z,wp,wm,w−) = (0,0,± (6ℓ)−1,(6ℓ)−1, ± (1 − ℓ2)1/2(6ℓ)−1,1). Ils ve´rifient l’e´quation
de contrainte et sont re´els si ℓ2 < 1. De plus, on calcule que wp et wm tendent vers ±(1 − ℓ2)1/2(1 −
e
4Ω(ℓ2−1)+ω0
ℓ2 +36ℓ2)−1/2 et donc atteignent l’e´quilibre en Ω→ +∞. Introduisant ces expressions dans x˙+,
il vient alors que x+ tend vers une valeur complexe en Ω → +∞ et donc que ces points d’e´quilibre sont
exclus.
Par conse´quent, les seuls points d’e´quilibre isotropes possibles sont tels que
(x+,x−,y,z,wp,wm,w−) = (0,0,±
√
3− ℓ2(6
√
2)−1,ℓ/6,0,0,1)
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Les variables wm et wp se comportent asymptotiquement comme e(1−ℓ
2)Ω et x± comme e2(1−ℓ
2)Ω
. Il s’en-
suit que les comportements asymptotiques des fonctions me´triques et du potentiel sont les meˆmes asympto-
tiquement que pour les autres mode`les. En revanche, le signe de l’Hamiltonien (2.37) n’est pas conserve´ tout
au long de l’e´volution temporelle et il n’est donc pas possible de savoir si la limite Ω → −∞ correspond
aux e´poques tardives ou primordiales.
2.2.4 Discussion
Techniquement par rapport au mode`le de Bianchi de type I , il existe plusieurs diffe´rences:
– Mise a` part pour les mode`les de Bianchi de type II et V I0, la contrainte n’implique pas automatique-
ment que les variables x, y, z et w soient borne´es. Il faut montrer que c’est le cas a` l’approche d’un
e´tat isotrope stable.
– Il faut montrer que l’isotropie correspond a` une expansion infinie de l’Univers (Ω→ −∞).
– Il faut montrer que le produit p±e3Ω tend vers ze´ro.
Physiquement, les mode`les avec courbure sont plus inte´ressants que les mode`les a` sections spatiales plates
car ils permettent de montrer que l’isotropisation de classe 1 s’accompagne d’une expansion acce´le´re´e et
d’un aplatissement des sections spatiales. Ceci provient du fait que les points d’e´quilibre sont tels que les
variables w lie´es a` la courbure disparaissent a` l’approche de l’isotropie, re´duisant l’intervalle de valeurs
dans lequel la fonction ℓ doit tendre asymptotiquement afin de permettre l’isotropisation. Les comporte-
ments asymptotiques des fonctions me´triques et du potentiel sont alors les meˆmes que pour le mode`le de
Bianchi de type I car l’Hamiltonien et la fonction lapse des mode`les avec courbure se comportent asymp-
totiquement de la meˆme manie`re. On a donc le re´sultat suivant:
Soit une the´orie tenseur-scalaire minimalement couple´e et massive et la quantite´ ℓ de´finie par ℓ = φUφ
U(3+2ω)1/2
.
Le comportement asymptotique du champ scalaire a` l’approche de l’isotropie est donne´ par la forme asymp-
totique de la solution de l’e´quation diffe´rentielle φ˙ = 2 φ2UφU(3+2ω) en Ω → −∞. Cette limite ne correspond
pas force´ment aux e´poques tardives pour les mode`les de Bianchi de type V III et IX contrairement aux
autres mode`les. Une condition ne´cessaire a` l’isotropisation de classe 1 est que ℓ2 < 1. Si ℓ tend vers une
constante non nulle, les fonctions me´triques tendent vers tℓ−2 et le potentiel disparaıˆt comme t−2. Si ℓ tend
vers ze´ro, l’Univers tend vers un mode`le de De Sitter et le potentiel vers une constante. Dans tous les cas
l’Univers est asymptotiquement en expansion acce´le´re´e et s’aplatit.
Ainsi, le comportement acce´le´re´ de l’Univers et son aplatissement pourraient trouver une explication natu-
relle a` travers le fait que l’Univers s’isotropise. Remarquons que le comportement asymptotique du mode`le
de Bianchi de type IX n’est pas oscillatoire. Ceci n’est pas incompatible avec un comportement de type
mixmaster au voisinage d’une singularite´ comme observe´ dans [128]. Notons e´galement que le fait qu’il
n’existe qu’un seul e´tat e´quilibre isotrope tel que la courbure tende vers ze´ro peut paraıˆtre choquant. Ceci
pourrait eˆtre duˆ au fait que nous appliquons l’hypothe`se de variabilite´ de ℓ.
2.3 Avec fluide parfait
En l’absence de courbure, nous avons vu qu’en pre´sence d’un fluide parfait de´pourvu de couplage avec
le champ scalaire, lorsque k → const 6= 0, une expansion acce´le´re´e de l’Univers e´tait impossible car
les fonctions me´triques tendent vers t
2
3γ
. Au contraire, dans la section pre´ce´dente, nous avons vu qu’en
pre´sence de courbure, l’expansion de l’Univers aux e´poques tardives e´tait toujours acce´le´re´e lors de l’iso-
tropisation. Le but de cette section est donc de savoir ce qui se passe lorsque l’on conside`re a` la fois de la
courbure et un fluide parfait d’e´quation d’e´tat p = (γ − 1)ρ.
En ce qui concernent les e´quations de champs, elles changent peu: un terme contenant la variable k que
nous avions pre´ce´dement de´finie par k2 = δe3(γ−2)ΩH−2 (cf e´quation (1.20)), vient s’ajouter dans chaque
e´quation de champs. Nous les avons re´e´crites dans l’annexe a` la fin de cette section. Ci-dessous, on examine
le processus d’isotropisation lorsque le parame`tre de densite´ du fluide parfait tend vers ze´ro (k→ 0) ou vers
une constante non nulle (k 6→ 0).
k → 0
Les re´sultats sont les meˆmes qu’en l’absence d’un fluide parfait mais la condition k → 0, indiquant que
U >> V −γ , ajoute une nouvelle contrainte. On peut cependant montrer que celle ci est moins restrictive
que la contrainte ℓ2 < 1 ne´cessaire a` l’isotropisation. Par conse´quent, contrairement a` ce qui se passait pour
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le mode`le de Bianchi de type I , elle ne modifie pas cet intervalle de valeurs pour ℓ2.
k 6→ 0
La premie`re question a` se poser est de savoir si la condition p±e3Ω → 0, ne´cessaire a` l’isotropie peut eˆtre
respecte´e lorsque Ω tend vers une constante. Supposons que ce soit le cas, alors il faudrait que p± → 0.
Supposons dans le meˆme temps que x± 6→ 0. Alors d’apre`s la de´finition de x±, il faudrait que l’Hamilto-
nien H soit tel que H → 0. Mais alors k divergerait et la contrainte ne serait pas respecte´e car, a` l’approche
de l’isotropie, toutes les variables doivent eˆtre borne´es comme montre´ dans l’article [129] reproduit en an-
nexe. Donc, H ne peut pas tendre vers ze´ro et x± doit disparaıˆtre a` l’approche de l’isotropie. De la meˆme
manie`re H ne peut diverger car alors k → 0 ce qui est en de´saccord avec notre supposition de de´part. Par
conse´quent, lorsque l’isotropisation se produit pour une valeur finie de Ω, H doit tendre vers une quantite´
finie et non nulle et, d’apre`s leurs de´finitions, il doit donc en eˆtre de meˆme pour les variables w de´crivant la
courbure.
Or, lorsque l’on calcule les points d’e´quilibre des e´quations de champs tels que x± → 0, les seuls points
possible sont:
(x±,y,z,w) = (0,±
√
γ(2− γ)
4
√
2πR30ℓ
,
γ
4ℓ
,0)
et sont donc tels que w → 0. Il s’ensuit que l’isotropisation ne peut se produire que pour une valeur infinie
de Ω. La contrainte hamiltonienne montre e´galement que k2 = 1− 3γ2ℓ2 , cette variable e´tant finie et re´elle si
ℓ2 > 32γ. On calcule alors qu’asymptotiquement:
H → e− 32 (2−γ)Ω
ce qui montre bien que k2 → const 6= 0 et, d’apre`s la de´finition (1.21) de k, que U ∝ V −γ . Les variables
w quant a` elles se comportent asymptotiquement comme:
w → e(1− 3γ2 )Ω
Or γ ∈ [1,2] et donc w tendra vers ze´ro si Ω→ +∞. Cependant, pour les variables x± on calcule que
x→ e(2−3γ)Ω(e(1+ 3γ2 )Ω + x0)
Nous voyons alors que pour cet intervalle de γ et cette limite pourΩ, x± divergent. Donc, le point d’e´quilibre
ne peut eˆtre atteint dans ces conditions. Paralle`lement, connaissant x± et H , on calcule que
p± → e− 12 (2+3γ)Ω + cte
Par conse´quent, p±e3Ω, w et x± disparaıˆtront si γ < 2/3 et Ω → −∞. Alors, a` l’approche de l’isotropie,
e−Ω → t 23γ et U → t−2 comme pour le mode`le de Bianchi de type I . Cette restriction sur γ n’existait pas
pour le mode`le de Bianchi de type I et ne correspond pas a` un fluide parfait ordinaire.
2.3.1 Application
Pour re´sumer, nous avons le re´sultat suivant:
Lorsque Ωm → 0, l’isotropisation se produit de la meˆme manie`re qu’en l’absence de fluide parfait. En
revanche elle est impossible lorsque Ωm 6→ 0 pour un fluide parfait ordinaire sauf si γ < 2/3.
Pour finir, nous reprenons l’application de la section 1.1.4 avec le potentiel en exponentiel du champ sca-
laire emφ. De´sormais la limite sur m permettant l’isotropisation est m2 < 2 ce que confirme une simulation
nume´rique montrant sur la figure 2.1 l’e´volution des variables lorsque m2 < 2 et m2 > 2 pour le mode`le
de Bianchi de type II . Dans le premier cas, x± → 0 et l’Univers s’isotropise alors que dans le second ces
variables tendent vers une constante de´montrant une croissante line´aire des fonctions β± par rapport a` Ω.
2.4 Annexe: e´quations de champs des mode`les de Bianchi avec cour-
bure et fluide parfait
Bianchi type II
La contrainte Hamiltonienne s’e´crit:
x2+ + x
2
− + 24y
2 + 12z2 + 12w2 + k2 = 1 (2.40)
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FIG. 2.1 – Evolution des variables x, y et z lorsque (3+2ω)1/2φ =
√
2, U = emφ , R30 = (
√
24π)−1 avec les valeurs initiales
(x+,x−,y,z,w,φ) = (0.87,0.06,0.025,−0.12,0.065,0.014). Les 6 premi e`res fi gures sont telles quem = −1.2(l’ e´volution de x+ est semblable
a` celle de x−): l’Univers s’isotropise. La deuxi e`me s e´rie de 6 fi gures est telle que m = −1.5: l’Univers ne s’isotropise plus.
Les e´quations de Hamilton sont:
x˙+ = 72y
2x+ + 24w
2x+ − 24w2 − 3/2(γ − 2)k2x+ (2.41)
x˙− = 72y2x− + 24w2x− − 24
√
3w2 − 3/2(γ − 2)k2x− (2.42)
y˙ = y(6ℓz + 72y2 − 3 + 24w2)− 3/2(γ − 2)k2y (2.43)
z˙ = y2(72z − 12ℓ) + 24w2z − 3/2(γ − 2)k2z (2.44)
w˙ = 2w(x+ +
√
3x− + 12w2 + 36y2 − 1)− 3/2(γ − 2)k2w (2.45)
et l’e´quation pour le champ scalaire, commune a` tous les mode`les de Bianchi, s’e´crit:
φ˙ = 12
zφ√
3 + 2ω
(2.46)
L’e´quation pour H˙ peut eˆtre re´e´crite comme:
H˙ = −H(72y2 + 24w2 + 3
2
(γ − 2)k2) (2.47)
Bianchi V I0 et V II0 models
La contrainte Hamiltonienne s’e´crit:
x2+ + x
2
− + 24y
2 + 12z2 + 12(w+ ± w−)2 + k2 = 1 (2.48)
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On a donc les e´quations de Hamilton suivantes:
x˙+ = 72y
2x+ + 24(x+ − 1)(w− ± w+)2 − 3/2(γ − 2)k2x+ (2.49)
x˙− = 72y2x− + 24x−(w− ± w+)2 + 24
√
3(w2− − w2+)− 3/2(γ − 2)k2x− (2.50)
y˙ = y(6ℓz + 72y2 − 3 + 24(w− ± w+)2)− 3/2(γ − 2)k2y (2.51)
z˙ = y2(72z − 12ℓ) + 24z(w− ± w+)2 − 3/2(γ − 2)k2z (2.52)
w˙+ = 2w+
[
x+ +
√
3x− + 12(w− ± w+)2 + 36y2 − 1
]− 3/2(γ − 2)k2w+ (2.53)
w˙− = 2w−
[
x+ −
√
3x− + 12(w− ± w+)2 + 36y2 − 1
]− 3/2(γ − 2)k2w− (2.54)
L’e´quation pour H˙ est:
H˙ = −H
[
72y2 + 24(w+ ± w−)2 + 3
2
(γ − 2)k2
]
(2.55)
Bianchi V III et IX models
La contrainte Hamiltonienne s’e´crit:
x2+ + x
2
− + 24y
2 + 12z2 + 12[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)+
w2−(w
3
m − 2w3p)](w2−wp)−1 + k2 = 1
Les e´quations de Hamilton sont:
x˙+ = 72y
2x+ + 24{w3p(x+ − 1)(1 + w4−)± w−(1 + 2x+)(wmwp)3/2(1 + w2−)
+w2−
[
(2 + x+)w
3
m − 2(x+ − 1)w3p
]}(w2−wp)−1 − 3/2(γ − 2)k2x+ (2.56)
x˙− = 72y2x− + 24{w3p
[
w4−(x− −
√
3) + x− +
√
3)
]± w−(wmwp)3/2[w2−
(−√3 + 2x−) + (
√
3 + 2x−)] + w2−x−(w3m − 2w3p)}(w2−wp)−1 − 3/2(γ − 2)k2x− (2.57)
y˙ = y{6ℓz + 72y2 − 3 + 24[w3p(1 + w4−)± 2(wmwp)3/2w−(1 + w2−)+
w2−(w
3
m − 2w3p)](w2−wp)−1} − 3/2(γ − 2)k2y (2.58)
z˙ = y2(72z − 12ℓ) + 24z[w3p(1 + w4−)± 2(wmwp)3/2w−(1 + w2−)+
w2−(w
3
m − 2w3p)](w2−wp)−1 − 3/2(γ − 2)k2z (2.59)
w˙p = wp{−2 + 2x+ + 72y2 + 24[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)
+w2−(w
3
m − 2w3p)](w2−wp)−1} − 3/2(γ − 2)k2wp (2.60)
w˙m = wm{−2− 2x+ + 72y2 + 24[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)
+w2−(w
3
m − 2w3p)](w2−wp)−1} − 3/2(γ − 2)k2wm (2.61)
w˙− = 2
√
3w−x− (2.62)
et pour H˙
H˙ = −H[72y2 + 24(±2w
1/2
p w
3/2
m
w−
± 2w1/2p w3/2m w− − 2w2p +
w2p
w2
−
+
w2pw
2
− +
w3m
wp
) + 32 (γ − 2)k2] (2.63)
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Chapitre 3
Isotropisation et quintessence
3.1 Introduction
Dans les sections pre´ce´dentes nous avons e´tudie´ l’isotropisation des mode`les cosmologiques homoge`nes
de Bianchi en the´ories tenseur-scalaires. Ici nous utilisons ces re´sultats pour montrer la relation entre l’iso-
tropisation de ces mode`les et le phe´nome`ne de quintessence, indiquant ainsi que la quintessence peut eˆtre
l’aboutissement naturel d’un processus d’isotropisation de classe 1.
La quintessence est l’un des moyens d’expliquer pourquoi l’expansion de l’Univers subit actuellement une
acce´le´ration depuis un redshift estime´ entre 0.5 et 1[130]. En effet, lorsque le champ scalaire est quintessent
ou le devient (trackers theories), il peut eˆtre e´quivalent a` la pre´sence d’un fluide parfait avec une pression
ne´gative, pouvant ainsi provoquer l’acce´le´ration en question. Les champs scalaires ne sont pas les seuls
a` pouvoir l’expliquer. Des the´ories branaires[131] ou encore celles faisant intervenir des termes de cour-
bure d’ordre supe´rieurs a` celui du scalaire de Ricci peuvent aussi la provoquer. Il faut cependant noter que
ce dernier type de the´orie peut se ramener a` une the´orie tenseur-scalaire, moyennant une transformation
conforme[112, 26]. Cette liste n’est bien suˆr pas exhaustive. Toutefois l’attrait des champs scalaires est
grand de par leur l’omnipre´sence en physique des particules a` travers, par exemple, le me´canisme de Higgs
ou encore la supersyme´trie.
Jusqu’a` pre´ce´dement, nous avons principalement e´tudie´ les aspects mathe´matiques et dynamiques de l’iso-
tropisation en cherchant a` de´terminer les e´tats d’e´quilibre isotropes stables et la forme asymptotique des
fonctions me´triques. Dans ce chapitre, nous souhaitons examiner l’aspect physique de ces re´sultats en
de´finissant sous quelles conditions ces champs peuvent devenir quintessents lors de l’isotropisation, en
de´terminant le redshift pour lequel la densite´ d’e´nergie du champ scalaire domine celle de la matie`re et en
de´terminant l’e´volution asymptotique de l’anisotropie en fonction du redshift z.
Le plan de cette section est le suivant. Dans la section 3.2, nous e´tudions ce qui se passe en pre´sence d’un
champ scalaire minimalement couple´. Dans la section 3.3, nous conside´rons deux champs scalaires mini-
malement couple´s et montrons que cette the´orie semble physiquement indiscernable de celle avec un seul
champ scalaire a` l’approche de l’isotropie. Dans la section 3.4, nous conside´rons un champ scalaire non
minimalement couple´. Les choses sont alors conside´rablement plus complique´es car postuler l’isotropi-
sation ne permet pas de pre´voir l’e´volution asymptotique de la fonction de gravitation G, repre´sentant le
couplage non minimal entre le champ scalaire et la courbure. Des arguments en faveur d’un champ scalaire
asymptotiquement quintessent sont pre´sente´s mais on ne peut aller au dela` sans pre´ciser G.
3.2 Avec un champ scalaire minimalement couple´
Dans cette premie`re section, on conside`re un champ scalaire minimalement couple´ dont on rappelle la
forme de l’action:
S = (16π)−1
∫
[R− (3/2 + ω)φ,µφ,µφ−2 − U + 16πc4Lm]
√−gd4x
3.2.1 De´termination de la densite´ d’e´nergie et de la pression d’un champ scalaire
Pour e´tablir la nature quintessente ou non d’un champ scalaire, il nous faut e´crire son tenseur d’e´nergie-
impulsion sous une forme identique a` celle qu’aurait un fluide parfait afin de calculer son indice barotro-
pique. La de´monstration est classique pour le cas d’un champ scalaire mais nous la rappelons ici a` des fins
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de comparaison avec les cas moins classiques qui vont suivre. Soit les e´quations de champs:
Gαβ = Tαβ(m) + Tαβ(φ)
ou` Gαβ est le tenseur d’Einstein et les Tαβ indice´s (m) et (φ) sont respectivement les tenseurs d’e´nergie-
impulsion du fluide parfait et du champ scalaire. Le premier s’e´crit:
Tαβ(m) = (ρm + pm)uαuβ + pmgαβ (3.1)
Le vecteur u est un vecteur de genre temps tel que gαβuαuβ = −1. Les quantite´s ρm et pm sont respec-
tivement la densite´ et la pression d’un fluide parfait dont l’e´quation d’e´tat est pm = wmρm, wm e´tant une
constante appele´e indice barotropique. Le tenseur d’e´nergie-impulsion du champ scalaire est quant a` lui
de´fini par:
Tαβ(φ) =
1
2
3 + 2ω
φ2
φ,αφ,β − 1
4
3 + 2ω
φ2
gµνφ,µφ,νgαβ − 1
2
Ugαβ (3.2)
Afin de trouver la densite´ ρφ et la pression pφ relative au champ scalaire tel que son tenseur d’e´nergie-
impulsion prenne la forme de celui d’un fluide parfait, il nous faut donc en premier lieu de´terminer le
vecteur de genre temps relatif au champ scalaire puis par identification entre Tαβ(m) et Tαβ(φ), de´terminer
ρφ et pφ. On de´fini le vecteur de genre temps suivant:
uα =
φ,α√−gµνφ,µφ,ν (3.3)
On en de´duit que
φ,αφ,β = −gµνφ,µφ,νuαuβ
que l’on introduit dans Tαβ(φ) pour obtenir:
Tαβ(φ) = −
1
2
3 + 2ω
φ2
gµνφ,µφ,νuαuβ − 1
4
3 + 2ω
φ2
gµνφ,µφ,νgαβ − 1
2
Ugαβ
Par comparaison avec Tαβ(m), on en de´duit le syste`me d’e´quations nous permettant de calculer pφ et ρφ:
pφ =
1
4
3 + 2ω
φ2
φ′2 − 1
2
U
ρφ + pφ =
1
2
3 + 2ω
φ2
φ′2
d’ou` il vient:
2ρφ =
1
2
3 + 2ω
φ2
φ′2 + U
2pφ =
1
2
3 + 2ω
φ2
φ′2 − U
A l’aide de ces expressions, nous allons examiner dans quelles conditions le champ scalaire, lorsque l’Uni-
vers subit une isotropisation de classe 1, est ou non quintessent en pre´sence ou non de matie`re et de courbure.
3.2.2 Isotropisation de classe 1 et quintessence
Dans cette section, on va montrer que lorsque l’Univers subit une isotropisation de classe 1, le champ
scalaire peut eˆtre quintessent. Pour cela, on re´e´crit ρφ et pφ a` l’aide des variables du formalisme Hamilto-
nien. Il vient:
ρφ =
H2e6Ω
288π2R60
3/2 + ω
φ2
φ˙2 + U/2 (3.4)
pφ =
H2e6Ω
288π2R60
3/2 + ω
φ2
φ˙2 − U/2 (3.5)
On peut alors de´finir w(φ) tel que pφ = wφ(φ)ρφ et le champ scalaire est quintessent si wφ(φ) tend vers
une constante ne´gative. On parle dans ce cas de tracking solution. Ci-dessous, on examine chaque mode`le
de Bianchi.
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Mode`le de Bianchi avec sections spatiales plates et sans matie`re
On rappelle les re´sultats obtenus dans le chapitre 1 lorsque l’hypothe`se de variabilite´ de ℓ est applique´e:
– ℓ2 tend vers une constante plus petite que 3.
– Lorsque ℓ tend vers une constante non nulle, les fonctions me´triques et le potentiel tendent respec-
tivement vers tℓ−2 et t−2. Lorsque ℓ tend vers 0, l’Univers tend vers un mode`le de De Sitter avec
constante cosmologique.
– x→ x0e(3−ℓ2)Ω , φ˙→ 2 φ
2Uφ
(3+2ω)U , y
2 → 3−ℓ2
72π2R60
Par conse´quent, on calcule que:
H2e6Ω = x−20 e
2ℓ2Ω
3/2 + ω
φ2
φ˙2 = 2ℓ2 (3.6)
et
U =
3− ℓ2
72π2R60x
2
0
e2ℓ
2Ω
d’ou` l’on de´duit:
ρφ =
3
144π2R60x
2
0
e2ℓ
2Ω ∝ t−2
pφ =
2ℓ2 − 3
144π2R60x
2
0
e2ℓ
2Ω ∝ t−2
Donc, a` l’approche de l’isotropie, le champ scalaire se comporte comme un fluide parfait d’e´quation d’e´tat
barotrope pφ = wφρφ avec wφ = 23ℓ
2 − 1 ∈ [−1,1] et la fonction du champ scalaire ℓ peut eˆtre asympto-
tiquement interpre´te´e comme l’indice barotropique de ce fluide. Il sera quintessent si ℓ2 < 3/2 ce qui est
compatible avec l’isotropisation. Les donne´es de WMAP 1 indiquant que wφ < −0.78, nous obtenons que
ℓ2 < 0.33 et que le parame`tre de de´ce´le´ration q est tel que q = ℓ2−1 < −0.67. On peut e´galement calculer
ρφ(z). En effet, par de´finition R0Re = 1 + z et on a donc:
ρφ = ρφ0(1 + z)
2ℓ2
ρφ0 e´tant la densite´ du champ scalaire pour les e´poques actuelles. Cette loi est illustre´e sur la figure 3.1.
Elle est nettement sensible au parame`tre ℓ. Plus il est grand, plus la densite´ d’e´nergie de´croıˆt rapidement.
Notons qu’une loi identique correspond a` l’e´volution du potentiel en fonction du redshift, qui peut ainsi eˆtre
reconstruit pour les e´poques tardives. De´terminons la valeur de ρφ0 . On a:
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FIG. 3.1 – Cette fi gure repr e´sentent l’ e´volution de la densit e´ d’ e´nergie du champ scalaire ρφ/ρφ0 pour les petits redshift. Chaque courbe est libell e´e
par une valeur de ℓ2, la courbe sup e´rieure correspondant a` la valeur maximale autoris e´e pour ℓ, soit ℓ2 = 3.
ρcrit =
3H20
8πG
= 9.444.10−30gcm−3 (3.7)
1. http://lambda.gsfc.nasa.gov/
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FIG. 3.2 – Cette fi gure repr e´sente le look back time sans dimension H0(t − t0) pour un mod e`le plat, avec champ scalaire et poussi e`re tel que
Ωm0 = 0.27, Ωφ0 = 0.73 et libell e´ par ℓ
2
.
avec H0 = 71kms
−1Mpc−1 = 2.297.10−18s−1 et 2 G = 6.673.10−8cm3g−1s−2. Par conse´quent ρφ0 =
Ωφ0ρcrit = 0.73ρcrit = 6.894.10
−30g/cm3.
Pour re´sumer, les observations de WMAP lorsque l’Univers s’isotropise sont compatibles avec un champ
scalaire quintessent dont la densite´ d’e´nergie e´volue comme ρφ = ρφ0(1+z)2ℓ
2
avec ρφ0 = 6.894.10
−30g/cm3
et ℓ2 < 0.33.
Mode`les de Bianchi avec courbure et sans matie`re
A l’approche de l’isotropie, les nouveaux re´sultats a` prendre en compte par rapport au mode`le sans
courbure sont:
– ℓ2 tend vers une constante plus petite que 1.
– H → e(ℓ2−3)Ω.
Par conse´quent, reprenant les calculs de la section pre´ce´dente, la densite´ d’e´nergie du champ scalaire
se comporte de la meˆme manie`re mais l’indice barotropique se trouve cette fois dans l’intervalle wφ ∈
[−1,− 1/3]: le champ scalaire est toujours quintessent.
Mode`le de Bianchi avec sections spatiales plates et matie`re tel que Ωm → 0
Ce qui change a` l’approche de l’isotropie par rapport a` la section 3.2.2 ou la matie`re est absente, est
que la condition Ωm → 0 impose que ℓ2 < 32γ. Les calculs portant sur la densite´ d’e´nergie et la pression
du champ scalaire sont donc les meˆmes qu’en l’absence de fluide parfait mais de´sormais wφ ∈ [−1,γ − 1]:
en fonction de la valeur de γ le champ scalaire sera (si γ ≤ 1) ou non (si γ ≥ 1) syste´matiquement
quintessent. Calculons le look back time pour un Univers compose´ de CDM (γ = 1) et d’un champ scalaire
tel qu’aujourd’huiΩm0 = 0.27 et Ωφ0 = 0.73. L’Univers e´tant isotrope, on peut e´crire que:
H2 = H20
[
Ωm0(1 + z)
3 +Ωφ0(1 + z)
2ℓ2
]
= H20E(z)
Le look back time est alors H0(t− t0) =
∫ z
0 1/
[
(1 + z)E(z)1/2
]
et est repre´sente´ par la figure 3.2.
Une autre quantite´ inte´ressante a` repre´senter est la distance luminosite´ sans dimension qui s’exprime
comme dlH0/c = (1 + z)
∫ z
0 1/
[
(1 + z)E(z)1/2
]
. La figure 3.3 ci-dessous pre´sente 2 graphes, le pre-
mier correspondant a` la distance dlH0/c et le second a` la diffe´rence entre cette quantite´ et la meˆme quantite´
en l’absence de champ scalaire tel que Ωm0 = 1. On voit a` quel point ces distances peuvent eˆtre diffe´rentes
sauf bien suˆr aux alentour de ℓ2 = 3/2, valeur pour laquelle les densite´s d’e´nergie de la matie`re et du champ
scalaire de´croissent au meˆme rythme.
Calculons l’e´poque de la domination du champ scalaire sur la matie`re en cherchant pour quelle valeur de
z on a Ωm0(1 + z)
3 = Ωφ0(1 + z)
2ℓ2
. On obtient la figure 3.4 qui de´crit la courbe ℓ(z)2 ve´rifiant cette
e´galite´. Pour ℓ2 = 0.33 correspondant a` wφ = −0.78, l’e´poque de la domination du champ scalaire sur la
2. 1pc = 3.26al = 3.09.1013kms
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FIG. 3.3 – La premi e`re fi gure repr e´sente la distance luminosit e´ sans dimension pour diff e´rentes valeurs de ℓ. La seconde repr e´sente la diff e´rence
entre cette distance et celle obtenue en l’absence de champ scalaire avec Ωm0 = 1.
matie`re commence en z = 0.53 et a` des valeurs plus petites si ℓ2 < 0.33. Pour une constante cosmologique
obtenue pour ℓ = 0, ceci se produit pour z = 0.39. Lorsque ℓ2 → 3γ/2 (ici avec γ = 1 puisque l’on
conside`re l’e´quation d’e´tat de la poussie`re pour repre´senter la CDM), z tend vers l’infini. Au dela` de cette
valeur, z est ne´gatif. Pour un Univers isotrope et en acce´le´ration correspondant a` ℓ2 < 1, on doit donc avoir
z < 1.70. Cette valeur est donc le redshift maximum correspondant a` la domination du champ scalaire
sur la matie`re pour un Univers subissant une expansion acce´le´re´e et est naturellement petite compte tenu
des valeurs observe´es des densite´s d’e´nergies de la matie`re et du champ scalaire. Nous voyons aussi que
de´terminer observationnellement la valeur de z correspondant a` la domination du champ scalaire est un
excellent test permettant de distinguer entre une constante cosmologique et un champ de quintessence.
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FIG. 3.4 – Cette fi gure repr e´sente la courbe ℓ(z)2 v e´rifi ant l’ e´galit e´ Ωm0 (1 + z)3 = Ωφ0 (1 + z)2ℓ
2
lorsque Ωm0 = 0.27 et Ωφ0 = 0.73.
Elle diverge lorsque ℓ2 → 3/2γ et donne z = 0.53 pour ℓ2 = 0.33 correspondant a` la valeur wφ = −0.78 d e´duite des observations de WMAP.
Mode`les de Bianchi courbe´s avec matie`re tel que Ωm → 0
On a les meˆmes re´sultats que pour la sous section pre´ce´dente mais avec la restriction ℓ2 < 1 afin que
l’Univers puisse s’isotropiser.
Mode`le de Bianchi plat avec matie`re et champ scalaire tel que Ωm 6→ 0
Cette fois, lors de l’isotropisation, on a
– ℓ2 tend vers une constante plus grande que 3γ/2
– Les fonctions me´triques tendent vers t
2
3γ
– x→ x0e 32 (2−γ)Ω , φ˙ = 2γ UUφ , y → (96π2R60ℓ2)−1 [3γ(2− γ)]
Le fait que U ∝ ρm se traduit naturellement par:
U = ρφ − pφ ∝ ρm (3.8)
Si le champ scalaire est quintessent, cela signifie que son e´quation d’e´tat doit eˆtre la meˆme que celle du
fluide parfait car c’est le seul moyen d’expliquer que leurs densite´s d’e´nergie, qui s’obtiennent en e´crivant
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leurs lois de conservation, soient proportionnelles. Ve´rifions le. A l’aide des limites ci-dessus, on calcule
que:
H2e6Ω
144π2R60
3/2 + ω
φ2
φ˙2 =
γ2
64π2R60x
2
0ℓ
2
e3γΩ
et
U =
γ(2− γ)
64π2R60ℓ
2x20
e3γΩ
Par conse´quent, de (3.4-3.5), on obtient que pφ = (γ − 1)ρφ, ce qui est bien en accord avec (3.8) et
le fait qu’a` l’approche de l’isotropie les fonctions me´triques tendent vers t
2
3γ comme si il n’y avait que
le fluide parfait et pas de champ scalaire. Le champ scalaire n’est donc e´videment pas quintessent mais
reste inte´ressant car il n’est pas lumineux, n’interagit pas sauf gravitationnellement avec la matie`re tout en
simulant un accroissement de la densite´ d’e´nergie de ce dernier. Il pourrait donc jouer le roˆle d’une matie`re
noire.
3.2.3 Dynamique des anisotropies
L’isotropisation est ge´ne´ralement caracte´rise´e par la quantite´ σ[21] telle que:
σij =
1
2
(e−βsi
deβsj
dt
+ e−βsj
deβsi
dt
)
d’ou` l’on obtient
tr(σ2) = 6
[
(
dβ+
dΩ
)2 + (
dβ−
dΩ
)2
]
(
dΩ
dt
)2 (3.9)
En utilisant les e´quations de Hamilton et en de´signant par Hb = − dΩdt la fonction de Hubble, il vient
X2
.
=
tr(σ2)
H2b
∝ x2
ce qui confirme notre interpre´tation de la variable x en tant que variable proportionnelle au cisaillement. On
conside`re tout d’abord un mode`le sans matie`re ou tel que Ωm → 0. A l’approche de l’isotropie
– pour un Univers avec sections spatiales plates, on sait que x→ x0e(3−ℓ2)Ω
– pour un Univers avec courbure, on sait que x→ x0e2(1−ℓ2)Ω
Par conse´quent, X(z) s’e´crit respectivement:
X2 = X20 (1 + z)
2(3−ℓ2) (sans courbure)
X2 = X20 (1 + z)
4(1−ℓ2) (avec courbure)
X0 e´tant la valeur deX a` l’e´poque actuelle. Ces expressions ne sont valables que depuis que l’Univers subit
une expansion acce´le´re´e et non au moment du CMB dont la dynamique, de´ce´le´re´e, ne constitue manifeste-
ment pas un e´tat stable(on suppose donc explicitement que l’e´tat actuel en est un!). Elles montrent que plus
ℓ2 est petit et donc l’expansion de l’univers rapide, plus l’anisotropie de´croıˆtra vite vers notre e´poque ou
re´ciproquement s’accroıˆtra vite vers la singularite´. Cette variation de l’anisotropie de´pend de la pre´sence ou
non de courbure: en sa pre´sence, elle de´croıˆt plus vite vers les e´poques tardives ou, de manie`re inverse, elle
croıˆt plus vite en allant vers la singularite´, qu’en son absence. L’expansion de l’Univers n’e´tant acce´le´re´e
que depuis peu, l’anisotropie a de´cruˆt moins vite que la loi ci-dessus pendant la majorite´ de l’age de l’Uni-
vers.
Si maintenant on prend en compte la pre´sence de matie`re telle que Ωm 6→ 0, nous trouvons que l’ani-
sotropie de l’Univers se comporte comme:
X2 = X20 (1 + z)
3(2−γ)
Cette loi ne peut e´videment de´crire ce qui se passe a` notre e´poque car le cas Ωm 6→ 0 ne permet pas
d’obtenir un comportement acce´le´re´ de l’expansion de l’Univers a` l’approche de l’isotropie.
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3.3 Mode`le de Bianchi de type I avec deux champs scalaires
On conside`re le Lagrangien suivant:
S = (16π)−1
∫
[R− (3/2 + ω)φ,µφ,µφ−2 − (3/2 + µ)ψ,µψ,µψ−2 − U
+16πc4Lm]
√−gd4x
avec les fonctions de couplage de Brans-Dicke ω(φ,ψ), µ(φ,ψ) et un potentiel U(φ,ψ). De plus on rappelle
les de´finitions des fonctions du champ scalaire ℓφ1 = φUφU−1(3+2ω)−1/2, ℓψ1 = ψUψU−1(3+2µ)−1/2,
ℓφ2 = φµφ(3+2µ)
−1(3+2ω)−1/2 et ℓψ2 = ψωψ(3+2ω)
−1(3+2µ)−1/2. Nous conside´rons toujours que
3 + 2ω > 0, 3 + 2µ > 0 et U > 0. Comme pre´ce´demment, il nous faut de´terminer la pression et la densite´
d’e´nergie de chacun des champs scalaires tels que leurs tenseurs d’e´nergie-impulsion prennent, si possible,
la forme de celui d’un fluide parfait. La somme des tenseurs e´nergie-impulsion des deux champs scalaires
s’e´crit:
Tαβ =
1
2
3 + 2ω
φ2
φ,αφ,β +
1
2
3 + 2µ
ψ2
ψ,αψ,β − 1
4
3 + 2ω
φ2
gµνφ,µφ,νgαβ −
1
4
3 + 2µ
ψ2
gµνψ,µψ,νgαβ − 1
2
Ugαβ
et on de´finit les vecteurs du genre temps relatifs aux deux champs scalaires:
uα =
φ,α√−gµνφ,µφ,ν
vα =
ψ,α√−gµνψ,µψ,ν
On en de´duit alors que
pφ + pψ =
1
4
3 + 2ω
φ2
φ′2 +
1
4
3 + 2µ
ψ2
ψ′2 − 1
2
U
ρφ + pφ =
1
2
3 + 2ω
φ2
φ′2
ρψ + pψ =
1
2
3 + 2µ
ψ2
ψ′2
soient trois e´quations pour quatre inconnues, d’ou` une forme d’inde´termination sur les pressions et densite´s
d’e´nergie des champs scalaires. Dans ce qui suit on examine le processus d’isotropisation de chacune des
deux classes de the´ories de´finies par (ω(φ),µ(ψ),U(φ,ψ)) et (ω(φ,ψ),µ(ψ),U(ψ)).
3.3.1 ω = ω(φ), µ = µ(ψ), U = U(φ,ψ) et Ωm → 0
A l’approche de l’isotropie, nous rappelons les re´sultats suivants:
– ℓ2φ1 + ℓ
2
ψ1
tend vers une constante plus petite que 3 (sans matie`re) ou 3γ/2 (avec matie`re)
– Si cette constante est non nulle, les fonctions me´triques tendent vers t(ℓ
2
φ1
+ℓ2ψ1)
−1
et le potentiel vers
t−2. Sinon l’Univers tend vers un mode`le de De Sitter et le potentiel vers une constante
Nous ne rappelons pas les limites asymptotiques de x, φ et y qui seraient trop longues a` e´noncer et renvoyons
le lecteur inte´resse´ vers le chapitre 1 de cette partie. Pour surmonter l’inde´termination, on suppose que:
pφ =
1
4
3 + 2ω
φ2
φ′2 − a1
2
U
d’ou` l’on de´duit que
pψ =
1
4
3 + 2µ
ψ2
ψ′2 − (1− a)1
2
U
ρφ =
1
4
3 + 2ω
φ2
φ′2 + a
1
2
U
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ρψ =
1
4
3 + 2µ
ψ2
ψ′2 + (1− a)1
2
U
ou` a est une constante qu’il nous faut calculer afin de de´terminer comple`tement cette solution. Or a` l’ap-
proche de l’isotropie, nous avons:
1
4
3 + 2ω
φ2
φ′2 =
H2e6Ω
288π2R60
3/2 + ω
φ2
φ˙2 =
e
2(ℓ
φ2
1
+ℓ
ψ2
1
)Ω
144π2R60x
2
0
ℓ2φ1
1
4
3 + 2µ
ψ2
ψ′2 =
H2e6Ω
288π2R60
3/2 + µ
ψ2
ψ˙2 =
e
2(ℓ
φ2
1
+ℓ
ψ2
1
)Ω
144π2R60x
2
0
ℓ2ψ1
U
2
=
3− ℓφ21 − ℓψ21
144π2R60x
2
0
e
2(ℓ
φ2
1
+ℓ
ψ2
1
)Ω
De ces expressions, on de´duit que si ℓφ1 tend vers ze´ro mais pas ℓψ1 , la contribution cine´tique du champ
scalaire φ dans le tenseur d’e´nergie-impulsion peut eˆtre ne´glige´e. L’inde´termination est alors leve´e: il n’y
a plus besoin de faire intervenir de constante a. Tout se passe comme si nous n’avions plus qu’un seul
champ scalaire et on retrouve les meˆmes re´sultats que dans la section pre´ce´dente en l’absence de matie`re
ou avec Ωm → 0 et tel que ℓ→ ℓψ1 . Ceci est confirme´ par le fait qu’alors les fonctions me´triques tendront
asymptotiquement vers tℓ
−2
ψ1
. On peut e´videment faire le meˆme raisonnement pour ℓψ1 .
Si ℓφ1 et ℓψ1 tendent vers des constantes non nulles, tous les termes entrant dans l’expression du tenseur
d’e´nergie-impulsion varient comme e2(ℓ
2
φ1
+ℓ2ψ1)Ω
. Par conse´quent, il en est de meˆme des densite´s d’e´nergie
et des pressions des deux champs scalaires dont les indices barotropiques doivent tendre vers une constante
commune w telle que w = wφ = wψ . Or ces indices s’expriment comme:
pφ
ρφ
= wφ =
ℓφ21 − a(3− ℓφ21 − ℓψ21 )
ℓφ21 + a(3− ℓφ21 − ℓψ21 )
pψ
ρψ
= wψ =
ℓψ21 − (1− a)(3− ℓφ21 − ℓψ21 )
ℓψ21 + (1− a)(3− ℓφ21 − ℓψ21 )
En les e´galant, on obtient:
a =
ℓφ21
ℓφ21 + ℓψ21
wφ = wψ =
2
3
(ℓφ21 + ℓψ21 )− 1
wφ et wψ tendent asymptotiquement vers une constante lors de l’isotropisation, cet indice barotropique
ge´ne´ralisant celui trouve´ en pre´sence d’un unique champ scalaire dans la section pre´ce´dente et e´tant en ac-
cord avec la convergence des fonctions me´triques vers t(ℓ
2
φ1
+ℓ2ψ1)
−1
a` l’approche de l’isotropie. L’expression
des densite´s d’e´nergie des deux champs scalaires en fonction du redshift donne:
ρφ = ρφ0(1 + z)
2(ℓ2φ1+ℓ
2
ψ1
)
ρψ = ρψ0(1 + z)
2(ℓ2φ1+ℓ
2
ψ1
)
et donc la fonction de Hubble s’e´crit comme:
H2 = H20
[
Ωm0(1 + z)
3 +Ωφ0(1 + z)
2(ℓ2φ1+ℓ
2
ψ1
) +Ωψ0(1 + z)
2(ℓ2φ1+ℓ
2
ψ1
)
]
= H20
[
Ωm0(1 + z)
3 + (Ωφ0 +Ωψ0)(1 + z)
2(ℓ2φ1+ℓ
2
ψ1
)
]
= H20E(z)
Ces re´sultats indiquent qu’asymptotiquement lorsque l’Univers s’isotropise, on ne peut distinguer entre
la pre´sence d’un ou de plusieurs champs scalaires. Pour les observations, tout se passe comme si nous
avions un unique champ scalaire dont l’amplitude de la densite´ d’e´nergie serait ρφ0 + ρψ0 avec un index
barotropiquew = 23 (ℓφ21+ℓψ21 )−1, c’est-a`-dire comme si l’on avait remplace´ le ℓ2 de la section pre´ce´dente
par ℓφ21 + ℓψ21 . On peut cependant montrer que le rapport constant des deux densite´s d’e´nergies (et donc des
deux pressions) est:
ρφ
ρψ
=
3ℓ2φ1
3ℓ2ψ1 + (ℓ
4
φ1
− ℓ4ψ1)
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3.3.2 Isotropisation quintessente lorsque ω = ω(φ,ψ), µ = µ(ψ), U = U(ψ) et
Ωm → 0
Il existe deux points d’e´quilibre E1 et E2 correspondant a` un e´tat isotrope stable pour l’Univers.
Cas du point d’e´quilibre E1
A l’approche de l’isotropie, nous avons que:
– ℓ2ψ1 tend vers une constante plus petite que 3 (sans matie`re) ou 3γ/2 (avec matie`re)
– Si cette constante est non nulle, les fonctions me´triques tendent vers tℓ
−2
ψ1 et le potentiel vers t−2.
Sinon l’Univers tend vers un mode`le de De Sitter et le potentiel vers une constante
Pour les meˆmes raisons que dans la section pre´ce´dente, nous n’avons pas mis toutes les conditions ne´cessaires
et les limites asymptotiques de toutes les quantite´s a` l’approche de l’isotropie. On calcule les termes appa-
raissant dans le tenseur d’e´nergie-impulsion des champs scalaires:
1
4
3 + 2ω
φ2
φ′2 =
H2e6Ω
288π2R60
3/2 + ω
φ2
φ˙2 =
e6Ω−4
∫
ℓψ1ℓψ2dΩ
4π2R60x
2
0
1
4
3 + 2µ
ψ2
ψ′2 =
H2e6Ω
288π2R60
3/2 + µ
ψ2
ψ˙2 =
e2ℓ
2
ψ1
Ω
144π2R60x
2
0
ℓ2ψ1
U
2
=
3− ℓψ21
144π2R60x
2
0
e2ℓ
2
ψ1
Ω
Or, l’isotropie ne´cessite que (3−ℓ2ψ1)Ω−2
∫
ℓψ1ℓψ2dΩ→ −∞ < 0, ce qui implique que 6Ω−4
∫
ℓψ1ℓψ2dΩ <
2ℓ2ψ1Ω < 0. Il s’ensuit qu’asymptotiquement la partie cine´tique du champ scalaire φ entrant dans la compo-
sition du tenseur d’e´nergie-impulsion est ne´gligeable face au potentiel. Lorsque ℓψ1 tend vers une quantite´
non nulle, le tenseur d’e´nergie-impulsion peut donc eˆtre approxime´ par:
Tαβ =
1
2
3 + 2µ
ψ2
ψ,αψ,β − 1
4
3 + 2µ
ψ2
gµνψ,µψ,νgαβ − 1
2
Ugαβ
Il correspond alors a` celui trouve´ en pre´sence d’un unique champ scalaire et est en accord avec la forme
asymptotique des fonctions me´triques lors de l’isotropisation, tℓ
−2
ψ1 , montrant que φ n’a pas une influence
dynamique de´tectable. Lorsque ℓψ1 tend vers ze´ro, seul le potentiel n’est pas ne´gligeable dans le tenseur
d’e´nergie-impulsion et donc l’indice barotropique tend vers −1 en accord avec le fait que l’Univers tend
alors vers un mode`le de De Sitter et le potentiel vers une constante cosmologique.
Cas du point d’e´quilibre E2
A l’approche de l’isotropie, nous avons entre autre que:
– 0 < 2ℓψ2(ℓψ1 + 2ℓψ2)
−1 < 1 en l’absence de matie`re et 1 − γ/2 < 2ℓψ2(ℓψ1 + 2ℓψ2)−1 < 1 en
pre´sence de matie`re.
– ℓψ1 + 2ℓψ2 6= 0 et ℓψ1(ℓψ1 + 2ℓψ2) > 3
– Si ℓψ1(ℓψ1+2ℓψ2)−1 tend vers une constante non nulle, les fonctions me´triques tendent vers t(ℓψ1+2ℓψ2)(3ℓψ1)
−1
et le potentiel vers t−2. Sinon l’Univers tend vers un mode`le de De Sitter et le potentiel vers une
constante
De plus, on calcule que:
1
4
3 + 2ω
φ2
φ′2 =
H2e6Ω
288π2R60
3/2 + ω
φ2
φ˙2 =
e
6ℓψ1
ℓψ1
+2ℓψ2
Ω
4π2R60x
2
0
ℓ2ψ1 + 2ℓψ1ℓψ2 − 3
12(ℓψ1 + 2ℓψ2)
2
=
e
6ℓψ1
ℓψ1
+2ℓψ2
Ω
48π2R60x
2
0
(
ℓψ1
ℓψ1 + 2ℓψ2
− 3
(ℓψ1 + 2ℓψ2)
2
)
1
4
3 + 2µ
ψ2
ψ′2 =
H2e6Ω
288π2R60
3/2 + µ
ψ2
ψ˙2 =
e
6ℓψ1
ℓψ1
+2ℓψ2
Ω
4π2R60x
2
0
1
4(ℓψ1 + 2ℓψ2)
2
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U
2
=
e
6ℓψ1
ℓψ1
+2ℓψ2
Ω
24π2R60x
2
0
ℓψ2
ℓψ1 + 2ℓψ2
= −e
6ℓψ1
ℓψ1
+2ℓψ2
Ω
48π2R60x
2
0
(
ℓψ1
ℓψ1 + 2ℓψ2
− 1)
Ici tout de´pend du comportement des deux fonctions F1 =
ℓψ1
ℓψ1+2ℓψ2
et F2 = 3ℓψ1+2ℓψ2
sachant que ℓψ1 et
ℓψ2 peuvent diverger a` l’approche de l’isotropie mais pas F1 et F2 car les points d’e´quilibre sont finis.
Si elles tendent toutes les deux vers des constantes non nulles, les densite´s d’e´nergie des deux champs
se comportent de la meˆme manie`re. On peut donc supposer comme pre´ce´demment qu’a` l’approche de
l’isotropie leurs indices barotropiques doivent eˆtre les meˆmes. On proce`de donc de la meˆme manie`re pour
trouver la valeur de a et il vient:
a =
ℓ2ψ1 + 2ℓψ1ℓψ2 − 3
ℓψ1(2ℓψ2 + ℓψ1)
et pour l’indice barotropique:
w = wφ = wφ =
2ℓψ1
ℓψ1 + 2ℓψ2
− 1
A nouveau la pre´sence des deux champs scalaires mime la pre´sence d’un seul d’entre eux avec un indice
barotropiquew ∈ [−1,1] et tel que le parame`tre ℓ2 soit remplace´ par 3ℓψ1ℓψ1+2ℓψ2 . Observationnellement, on ne
peut donc les distinguer lorsque l’Univers s’isotropise. Notons la diffe´rence avec le cas pre´ce´dent: pour le
point E1, l’un des champs scalaires est asymptotiquement ne´gligeable alors que pour le point E2, les deux
champs scalaires se comportent de la meˆme manie`re. Cette fois le rapport entre les deux densite´s d’e´nergie
est:
ρφ
ρψ
=
1
3
(ℓ2ψ1 + 2ℓψ1ℓψ2 − 3)
Si F1 → 0, une des conditions ne´cessaire a` l’isotropie e´tant que ℓψ1(ℓψ1 + 2ℓψ2) > 3, cela implique que
ℓψ1 + 2ℓψ2 diverge et donc que F2 → 0. Dans ce cas l’Univers tend vers un mode`le de De Sitter et w vers
-1.
Si F2 → 0 et F1 vers une constante non nulle, le terme cine´tique du champ scalaire ψ devient ne´gligeable
mais on retrouve les meˆmes re´sultats pour w que lorsque les deux fonctions tendent vers des constantes non
nulles.
3.3.3 Cas pour lequel Ωm 6→ 0
Asymptotiquement, les fonctions me´triques convergent vers la fonction t
2
3γ et donc la somme des den-
site´s d’e´nergie des champs scalaires s’e´quilibre avec celle du fluide parfait comme en pre´sence d’un unique
champ scalaire.
3.3.4 Dynamique des anisotropies
En ce qui concerne les the´ories tenseur-scalaires de la section 3.3.1, on a:
X2 = X20 (1 + z)
2(3−ℓ2φ1−ℓ
2
ψ1
)
Pour les the´ories de´finies dans la section 3.3.2, on a pour le point d’e´quilibre E1:
X2 = X20 (1 + z)
2(3−ℓ2ψ1)
et pour le point d’e´quilibre E2:
X2 = X20 (1 + z)
2(3− 3ℓψ1ℓψ1+2ℓψ2 )
La` encore, la manie`re dont les anisotropies e´voluent est indiscernable de celle trouve´e en la pre´sence d’un
unique champ scalaire φ lorsque l’on remplace respectivement ℓ2 par ℓ2φ1 + ℓ
2
ψ1
, ℓ2ψ1 et
3ℓψ1
ℓψ1+2ℓψ2
.
3.4 Avec champ scalaire non minimalement couple´
Ici, il ne semble pas possible de de´terminer le ou les vecteurs de genre temps permettant d’e´crire le
tenseur d’e´nergie-impulsion comme celui d’un fluide parfait. Afin de de´terminer la densite´ et la pression du
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champ scalaire, on suit donc la me´thode utilise´e par exemple dans [132, 133]. On de´finit l’action propre au
champ scalaire comme
Sφ =
∫ [
(G−1 − 1)R− (3
2
+ ω)φ−2gµνφµφν − U
]
d4x
√
g
On la varie par rapport aux fonctions me´triques afin d’obtenir le tenseur d’e´nergie-impulsion de la the´orie
tenseur-scalaire de´finie par S = SR + Sφ ou` SR =
∫
Rd4x
√
g. Il vient:
Tαβ =
1
2
3 + 2ω
φ2
φ,αφ,β − 1
4
3 + 2ω
φ2
gµνφ,µφ,νgαβ + (G
−1 − 1),α;β −
gαβ✷(G
−1 − 1)− 1
2
Ugαβ − (G−1 − 1)Gαβ
ou` Gαβ est le tenseur d’Einstein. On de´fini alors la densite´ et la pression du champ scalaire comme:
ρφ = T00
pφ =
1
3
(e−2αT11 + e−2βT22 + e−2γT33)
ce qui donne lorsque l’Univers s’isotropise:
ρφ =
1
4
3 + 2ω
φ2
dφ
dt
2
+
1
2
U − 3dΩ
dt
[
−d(G
−1 − 1)
dt
+ (G−1 − 1)dΩ
dt
]
pφ =
1
4
3 + 2ω
φ2
dφ
dt
2
− 1
2
U +
d2(G−1 − 1)
dt2
− 2d(G
−1 − 1)
dt
dΩ
dt
−
(G−1 − 1)(2d
2Ω
dt2
− 3dΩ
dt
2
)
Ces expressions ge´ne´ralisent pour tout G les formes de la densite´ d’e´nergie et de la pression du champ
scalaire qui avaient e´te´ calcule´es dans [132] pour le cas spe´cial (G−1− 1) = −ξφ2. Lorsque l’on conside`re
une fonction de gravitation tendant vers la constante 1 repre´sentant sa valeur actuelle, on retrouve sans
surprise les meˆmes re´sultats que dans la section 3.2 ou` le champ scalaire est minimalement couple´. Dans le
chapitre 1, nous avons e´tudie´ l’isotropisation de cette the´orie en nous plac¸ant dans le re´fe´rentiel d’Einstein
dans lequel le champ scalaire est minimalement couple´ a` la courbure mais pas a` la matie`re. Si G au lieu de
tendre vers une constante tend vers une puissance du temps propre du re´fe´rentiel d’Einstein t¯m comme cela
peut eˆtre le cas, et comme asymptotiquement Ω = ΩBD + 1/2 lnG−1 tend vers un ln t¯ et U¯ → t¯−2 lors
de l’isotropisation, nous trouvons que la pression et la densite´ du champ scalaire tendent vers un polynoˆme
de la forme t¯−m−2 + t¯−2m−2 et que par conse´quent le champ scalaire peut a` nouveau eˆtre quintessent en
fonction de la valeur de m.
Nous avons teste´ plusieurs autres fonctions deG−1 pour la meˆme forme deΩ pre´dite lors de l’isotropisation.
De manie`re ge´ne´rale, la quintessence peut exister dans les cas ou` G → m ln t¯s, G → e−mt¯ ou G →
mt¯p ln t¯s sauf e´ventuellement des choix spe´ciaux des parame`tres (n,m,p,s). Bien que nous n’ayons pas
trouve´ de de´monstration rigoureuse permettant d’affirmer que le champ scalaire non minimalement couple´
devient quintessent lors d’une isotropisation de classe 1, il y a de fortes pre´somptions pour que cela soit
ge´ne´ralement le cas.
3.5 Discussion
Dans ce chapitre nous avons examine´ si le champ scalaire est quintessent lorsque l’Univers s’isotropise.
Nous avons alors cherche´ le redshift correspondant a` la domination du champ scalaire sur la matie`re et la
forme des anisotropies. Nous sommes principalement inte´resse´s par les e´tats isotropes tels que l’expansion
de l’Univers soit asymptotiquement acce´le´re´e, c’est-a`-dire, en pre´sence de matie`re, tel que Ωm → 0.
Lorsque nous conside´rons un champ scalaire, nous avons trouve´ que la constante vers laquelle tend la fonc-
tion ℓ lors de l’isotropisation peut eˆtre asymptotiquement interpre´te´e comme e´tant l’indice barotropique de
l’e´quation d’e´tat caracte´risant le champ scalaire. Celui-ci peut alors eˆtre quintessent a` l’approche de l’iso-
tropie pour le mode`le de Bianchi de type I vide ou tel que Ωm → 0 si ℓ2 < 3/2. En revanche, en pre´sence
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de courbure c’est syste´matiquement le cas car l’isotopisation impose que ℓ2 < 1. La valeur de ℓ de´duite des
observations de WMAP est ℓ2 < 0.33 avec Ωφ0 = 0.73. Elle correspond a` la pre´sence d’un fluide quin-
tessent dont la densite´ d’e´nergie e´volue comme ρφ = ρφ0(1 + z)2ℓ
2
avec ρφ0 = 6.894.10
−30g/cm3 et qui
est devenue supe´rieure a` la densite´ d’e´nergie du fluide parfait en z < 0.53. Nous avons e´galement de´termine´
l’e´volution asymptotique en fonction du redshift de la partie anisotrope de la me´trique, tr(σ2)H−2(z) et
constate´ que l’anisotropie se dissipait plus vite en pre´sence de courbure.
En pre´sence de deux champs scalaires, les choses sont plus complique´es. Nous avons e´tudie´ deux classes
de the´ories tenseur-scalaires qui se diffe´rencient par la de´pendance de leurs fonctions de Brans-Dicke et
potentiel vis a` vis des deux champs scalaires φ et ψ. Deux cas se pre´sentent. Dans le premier, tous les
termes rentrant dans la composition du tenseur e´nergie-impulsion des deux champs scalaires se comportent
de la meˆme manie`re a` l’approche de l’isotropie. On peut alors supposer que tout se passe comme si les
densite´s d’e´nergies des deux champs scalaires e´taient conserve´es se´pare´ment et que leurs indexes barotro-
piques e´taient les meˆmes. On peut de´finir les pressions et densite´s de chaque champ scalaire et calculer leur
indice barotropique commun. Dans le second cas, l’un des termes cine´tiques d’un des champs scalaires,
disons ψ, apparaissant dans le tenseur d’e´nergie-impulsion est ne´gligeable. Ce tenseur prend alors la meˆme
forme qu’en pre´sence d’un seul champ scalaire φ et la forme asymptotique des fonctions me´trique est bien
en accord avec la domination de ce champ sur l’autre. Dans les deux cas, la pre´sence d’un second champ
scalaire est observationnellement indiscernable. Tout se passe comme si il n’en existait qu’un seul.
Lorsque nous conside´rons la pre´sence d’un champ scalaire non minimalement couple´, comme l’isotropisa-
tion n’impose pas de formes asymptotiques particulie`res a` la fonction de gravitation G, il n’est pas possible
de montrer de manie`re ge´ne´rale (c’est-a`-dire pour n’importe quelle forme de G) que le champ scalaire peut
eˆtre quintessent a` l’approche de l’isotropie. Cependant, cela semble eˆtre le cas pour de nombreuses formes
de G(t)
De manie`re ge´ne´rale, on constate qu’une isotropisation de classe 1 pour la classe de the´ories tenseur-
scalaires e´tudie´e ici est compatible avec la quintessence. En pre´sence de courbure celle-ci apparaıˆt meˆme
syste´matiquement. Cette isotropisation quintessente pourrait ne pas se produire si l’isotropisation e´tait de
classe 2 ou 3 pour lesquelles ℓ peut diverger ou osciller.
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Chapitre 4
Matie`re noire(1 article)
De nombreuses observations montrent que 90 a` 99% de la matie`re de l’Univers est invisible et donc
sous la forme de ce que l’on appelle de la matie`re noire. On en ignore la nature mais il semble qu’une
fraction de celle ci soit compose´e de matie`re baryonique, la partie restante pouvant eˆtre forme´e par exemple
de particules e´le´mentaires comme des neutrinos ou des WIMP.
Comment mesure t’on la pre´sence de matie`re noire? Prenons par exemple le cas d’un amas de galaxies.
On peut mesurer sa masse soit en additionnant les masses individuelles des galaxies le composant, soit
en estimant leurs vitesses particulie`res et en se servant de la relation V 2R−1 = GMR−2. En proce´dant
ainsi sur l’amas de Coma, cette dernie`re me´thode nous donne une masse 10 a` 100 fois plus grande que
celle obtenue avec la premie`re. En ce qui concerne les galaxies, la de´tection de la matie`re noire peut se
faire a` l’aide de leur vitesse de rotation. En effet, celle-ci devrait croıˆtre au niveau du centre galactique
ou` l’essentielle de la matie`re semble se trouver puis, selon les lois de Ke´pler, elle devrait de´croıˆtre dans
les re´gions externes de ces objets. Or pour de nombreuses galaxies, la vitesse de rotation ne de´croıˆt pas,
indiquant le pre´sence d’une importante quantite´ de matie`re invisible 1.
C’est a` la nature de cette matie`re dans les galaxies que ce chapitre est consacre´. Comme nous l’avons
indique´ plus haut, il peut s’agir de particules e´le´mentaires comme des neutrinos ou des WIMPs. Dans le
cas des neutrinos qui sont tre`s le´gers, ces particules se de´placent tre`s vite (Hot Dark Matter) et doivent
donc avoir parcouru de grandes distances. Les structures qu’une telle matie`re est capable de former doivent
donc s’e´taler sur de grandes e´chelles sous forme de murs ou de filaments. Au contraire dans le cas des
WIMPs qui sont des particules massives et relativement lentes (Cold Dark Matter), les structures forme´es
devraient eˆtre plus petites, a` l’e´chelle des galaxies. Notons que d’autres explications qu’une forme inconnue
de matie`re sont possibles pour expliquer la dynamique des amas et des galaxies. Ainsi la the´orie MOND
[138, 139, 140] (MOdified Newton Dynamics) invente´e par Mordehai Milgrom ne fait pas intervenir de
matie`re mais plutoˆt une modification des lois de la gravite´.
Suivant une ide´e de Matos et al[136], nous allons conside´rer que l’applatissement des courbes de rotation
des galaxies, principalement spirales, est due a` la pre´sence d’un ou plusieurs champs scalaires. La forme
de la me´trique qui en re´sulte, initialement suppose´e sphe´rique et statique, est alors de´duite ainsi qu’une
contrainte sur les champs scalaires sous forme d’une limite similaire a` celle trouve´e pour l’isotropisation
des mode`les de Bianchi. Ce dernier point est, de notre point de vue, particulie`rement important car il montre
que la se´lection des proprie´te´s des champs scalaires qui re´sulte de l’exigence d’isotropisation pourrait se
traduire par des effets dynamiques au niveau galactique, e´tablissant ainsi un lien entre l’e´nergie sombre qui
se manifeste par la quintessence et la matie`re noire.
1. Les effets de la mati`ere noire dans les amas et les galaxies sont tr`es bien illustr´ees `a l’aide d’applets java sur
http://www.astro.queensu.ca/ dursi/dm-tutorial/dm1.html
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Abstract
The whole class of minimally coupled and massive scalar fields which may be responsible for flattening
of galactic rotation curves is found. An interesting relation with a class of scalar-tensor theories able to
isotropise anisotropic models of Universe is shown. The resulting metric is found and its stability and scalar
field properties are tested with respect to the presence of a second scalar field or a small perturbation of the
rotation velocity at galactic outer radii.
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4.1 Introduction
One of the most fascinating cosmological problems is dark matter one: 99 percent of the Universe
energy density would be hidden. A good indication of dark matter presence is given by galactic rotation
curves which disagree with Kepler laws [134]. Particularly, spiral galaxy rotation curves seem flattened at
large radii. One possible explanation is that they are made of a luminous disk whose density exponentially
decreased to adjust to a dark halo whose distribution evolves as r−2 [135]
Dark matter nature is unknown today. From WMAP observations, we know that the matter of which we are
made represents 4% of the Universe content, 23% is made of cold dark matter and 73% of dark energy. These
exotic types of matter could be represented by scalar fields [136], which are predicted by unification theories
[113]. Starting from this assumption, we will study how they could be responsible for the observed flattened
rotation curves. Dark matter is not the only way to explain them [137]. Hence, Milgrom [138, 139, 140],
Sanders [141] and others have proposed to modify newtonian theory(MOND) for galaxies outer radii and
in [142], ad hoc magnetic field are considered.
Hence, the physical framework of this paper will be the scalar tensor theories. Unification theories and
particularly supersymmetry predict the existence of scalar fields, which thus deserve be taken into account
in cosmology. Most of time, only their cosmological consequences are analysed: quintessence phenomenon
[143, 144], isotropisation [105] or inflation for instance. However, they could also be present at galactic
scale. In this work, we are going to assume that the dynamics of galaxies at outer radii is described by a
scalar tensor theory with a dust perfect fluid, neglecting the radiation. The scalar field φ will be minimally
coupled, massive with a Brans-Dicke function representing its coupling with the metric. It is equivalent to
consider that, at galactic scale, the gravitational function is a constant but the potential U and the Brans-
Dicke coupling function ω vary with φ.
Concerning the geometrical framework, we will consider a spherical and static metric. These are reaso-
nable assumptions since, generally, a galaxy has a rotation axis around which turn the stars with a velocity
much smaller than light speed. We thus neglect dragging effects, justifying a static metric [145]. We will
be interested by galactic regions where rotation curves flatten and where most of the dark matter should
be present, i.e. the galaxies outer radii. Indeed internal regions need few or not dark matter to explain their
dynamics.
Our goal will be to study the form of the metric and the scalar field properties explaining why the
galactic rotation curves are flattened. A similar work has been done in [146] and [147]. In the first paper,
a massive scalar tensor theory is studied with a fixed ω but an unknown U . After having found the metric
compatible with flat rotation curves, it is shown that the only potential able to reproduce such a dynamics
should have an exponential form, U = ekφ. In the second paper, with the same form for ω, two massive
scalar fields and a perfect fluid are considered. One of the potentials is assumed to have an exponential form
and similar results are found. In the present paper, we are going to consider a single massive scalar field
with a perfect fluid but both ω and U will be unknown functions of φ. Then we will look for the metric and
relations between ω and U allowing to get the observed flat rotation curves, thus generalising the results
of [146] to a larger class of scalar tensor theories. Moreover, we will test the stability of our results by
considering a small perturbation of the rotation velocity or/and an additional scalar field.
It is important to note that other types of rotation curves exist, such as decreasing rotation curves found by
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Casertano and van Gorkom [148]. Moreover, it seems that bright compact galaxy rotation curves are slightly
decreasing whereas low luminosity ones tend to be increasing, indicating that they have more dark matter.
However in this work we will only take into account asymptotically flat rotation curves. Indeed, a large
number of them seems to be well approximated by an Universal Rotation Curve [149] whose formulation,
adapted to spiral galaxies, tends to a constant at late times. It shows how rotation curves depend on galaxy
luminosity: increasing or decreasing rotation curves would respectively correspond to low or high galactic
luminosity but should tend to a constant at outer radii. It seems to be confirmed by Swaters [150] who
has examined a large number of dwarf galaxies and found that their rotation curves flattened over 2 disk
scale lengths. MOND theories or the presence of electromagnetic fields can also predict this type of curves.
Consequently, although all the rotation curves do not flatten, this type of behaviour is sufficiently observed
or predicted to justify a particular attention.
The plane of this paper is the following. In section 2, we look for metric form and scalar field properties
allowing to get flattened rotation curves. In section 3, we discuss about these results.
4.2 Metric and scalar field mathematical properties
This section is divided in two parts. In the first one, we consider the presence of a single scalar field.
We look for the metric and properties of the unknown functions ω and U such that the rotation curves be
flattened at galaxy outer radii. In the second one, we test our results stability by adding a second scalar field.
We will use a static and spherical metric written as:
ds2 = −e2φdt2 + e2Λdr2 + r2(dθ2 + sin2θdφ2) (4.1)
φ and Λ being some functions of r.
4.2.1 With a single scalar field
The action for a minimally coupled and massive scalar field with a perfect fluid is given by:
S =
∫
(R− ω
ψ
ψ,µψ
,µ − U + 16π
c4
Lm)
√−gd4x (4.2)
R is the Ricci scalar, ψ the scalar field, ω(ψ) the Brans-Dicke coupling function and U(ψ) the potential.Lm
is the Lagrangian describing a dust perfect fluid whose impulsion-energy tensor writes T αβ = ρuαuβ with
uα the 4-velocity and ρ the density of the dust fluid. We get the field equations and Klein-Gordon equation
by varying the action with respect to the metric functions and scalar field:
r−2
[
r(1 − e−2Λ)]′ = ω
2ψ
ψ′2e−2Λ + 1/2U + ρ (4.3)
− r−2(1 − e−2Λ) + 2r−1φ′e−2Λ = ω
2ψ
ψ′2e−2Λ − 1/2U (4.4)
e−2Λ(φ′′ + φ′2 + φ′Λ′ − Λ′/2) = − ω
2ψ
ψ′2e−2Λ − 1/2U (4.5)
e−2Λψ′2(ωψ−1)ψ + 2e−2Λωψ−1
[
(2r−1 − Λ′ + φ′)ψ′ + ψ′′]− Uψ = 0 (4.6)
A prime stands for a derivative with respect to r and a ψ indice, a derivative with respect to the scalar field.
By subtracting equations (4.3-4.4) and by summing (4.4-4.5), it comes:
r(Λ′ − φ′)− 1 + e2Λ [1− 1/2r2(U + ρ)] = 0 (4.7)
r2Λ′(2φ′ − 1) + 2r2(φ′′ + φ′2) + 4rφ′ + 2− 2e2Λ(1− r2U) = 0 (4.8)
Then, we derive U and ρ as some functions of Λ and φ:
ρ = 1/2e−2Λr−2
[−2 + 2e2Λ + r(4 − r + 2rφ′)Λ′ + 2r2(φ′2 + φ′′)] (4.9)
U = −1/2e−2Λr−2 [2− 2e2Λ + rφ′(4 + 2rφ′) + r2Λ′(2φ′ − 1) + 2r2φ′′] (4.10)
We introduce these expressions in (4.5) to get ω as a function of Λ, φ and ψ. Then putting the above forms
of U , ρ and ω in Klein-Gordon equation yields:
Λ′
[
2(r − 2) + r(r − 12)φ′ − 2r2φ′2]− 2φ′ [e2Λ − 3 + r2(φ′2 + φ′′)] = 0 (4.11)
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which is scalar field independent. Since we are interested by flat rotation curves, we assume that rotation
velocity tends to a constant for large r. However, rotation curves as seen by an observer at infinity for a
spherical symmetry, are given by Vrot =
√
rgtt,r/(2gtt), as shown in [146] where a newtonian interpreta-
tion of this last expression is given. It implies that φ′ → V 2rotr−1 and then e2φ → r2V
2
rot
. To simplify our
results below, we define the following constants:
c1 = 2(1 + V
2
rot − 2V 6rot)
c2 = V
4
rot − 1
c3 = −2(2 + 6V 2rot + V 4rot)
c4 = 2 + V
2
rot
c5 = −2V 2rot(−3− V 2rot + V 4rot)(2 + 6V 2rot + V 4rot)−1
c6 = −3− V 2rot + V 4rot
c7 = −4− 12V 2rot − 2V 4rot
c8 = −2− 4V 2rot − 4V 4rot
Introducing φ′ in (4.11) and integrating, we find for Λ:
e2Λ = c6
[
Λ0(
c4r + c7
r
)c5 − 1
]−1
(4.12)
Λ0 is a positive integration constant. This last expression is only physically meaning for large r where it
tends to the constant c6 [Λ0cc54 − 1]−1 as 1/r. This constant must be positive otherwise eΛ is not defined
for large r and moreover, numerical integrations seem to show that Λ diverges for a finite value of this
coordinate. Then, from (4.9), (4.10) and (4.12), we calculate that asymptotically:
ρ = 2
[
−1 + Λ0 (c1 + c2r)(c3r
−1 + c4)c5
c3 + c4r
]
(c6r
2)−1 (4.13)
U = 2{c2 − (2c4 − 3)Λ0 [c8 + r(c4 − 1)] (c4 + c3r
−1)c5
c3 + c4r
}(c6r2)−1 (4.14)
For large r, ρ and U vanish as r−2. This asymptotical behaviour for the perfect fluid energy density is
the same as the nonsingular isothermal profile, one of the most frequent halos. The metric describing the
galaxies outer radii where the rotation curves flatten is thus the same as in [146] whatever ω. Considering a
perturbation δ(r) of Vrot does not modify these results as long as rδ′ → 0.
From the form of the metric and since we have left ω undetermined, we can get for large r a relation
between ω and U such that the rotation curves be flattened. By summing (4.3) and (4.4) and taking into
account asymptotical behaviours for ρ and U , we find the following three limits:
ωψ′2ψ−1 → 4ℓ−2r−2 (4.15)
U → U1r−2 (4.16)
U ′ = Uψψ′ → −2U1r−3 (4.17)
ℓ−2 =
[
c4 − 3 + c6
c4(Λ−10 c
−c5
4 −1)
]
and U1 are some constants. We use (4.16) and (4.17) for respectively
introduce U and replace ψ′ in (4.15). Then, considering g and k two functions of r and rewriting (4.15) and
(4.17) as respectively ωψ′2ψ−1 → g(r) and Uψψ′ → k(r), we have
ωk2
ψU2ψ
→ gr4r−4
Using (4.16) to replace r4 and introduce U , it comes
ωU2
ψU2ψ
→ U21
g(r)
k(r)2
r−4
Since here g(r) = 4ℓ−2r−2 and k(r) = −2U1r−3, we find:
ψU2ψ
ωU2
→ ℓ2 6= 0 (4.18)
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For a given form of U(ψ), (4.16) defines a unique form for r(ψ). U(ψ) and r(ψ) may then be introduced
in (4.17), defining a unique form for ψ′(ψ). Then, r(ψ) and ψ′(ψ) may be introduced in (4.15), defining
a unique form for ω(ψ). Consequently, for a given U(ψ), (4.15-4.16) defined a unique ω(ψ). The same
remark applies to (4.18). Consequently, for a given U , the system (4.15-4.17) or (4.18) uniquely define ω
and thus the class of scalar tensor-theories responsible for the rotation curves flattening for given potential
or Brans-Dicke coupling function. However, only (4.15-4.17) uniquely define ψ(r).
We have shown above that ρ asymptotically behaves as r−2. Examining the equation (4.3), we note that the
scalar field energy density ρφ shall be written as ω2ψψ
′2e−2Λ + 1/2U . Knowing the asymptotical limits of
each of these terms, we deduce that for large r, ρ ∝ ρφ: the scalar field is quintessent.
The limit (4.18) is doubly important. Firstly, in [105, 127, 116] it has been shown that a necessary condition
for isotropisation of Bianchi models was ψU
2
ψ
ωU2 → ℓ2, ℓ being a constant in a close interval depending on the
presence of curvature and perfect fluid. Consequently, galactic scalar field properties for large r could match
a cosmological scalar field present in the entire Universe which would allow for its isotropisation. Secondly,
specifying one of the unknown functions ω or U , (4.18) allow determining in a unique way the other one:
this limit gives a necessary and sufficient relation between these two functions such that the galactic rotation
curves for outer radii be flattened. It thus generalises the work of [146] for which ω was a known function
of the scalar field leading to an exponential potential.
In the following section, we examine the stability of these results with respect to the presence of a second
scalar field.
4.2.2 With 2 scalar fields
When two massive scalar fields are present, the action may take the following form:
S =
∫
(R − ω1
ψ1
ψ1,µψ
,µ
1 −
ω2
ψ2
ψ2,µψ
,µ
2 − U +
16π
c4
Lm)
√−gd4x (4.19)
The ψi are two scalar fields such that ω1 = ω1(ψ1), ω2 = ω2(ψ2) and U = U(ψ1,ψ2). This form of the
action is not the most general one but allows testing the results of the previous section. The field equations
are:
r−2
[
r(1 − e−2Λ)]′ = ω1
2ψ1
ψ′21 e
−2Λ +
ω2
2ψ2
ψ′22 e
−2Λ + 1/2U + ρ (4.20)
− r−2(1− e−2Λ) + 2r−1φ′e−2Λ = ω1
2ψ1
ψ′21 e
−2Λ +
ω2
2ψ2
ψ′22 e
−2Λ − 1/2U (4.21)
e−2Λ(φ′′ + φ′2 + φ′Λ′ − Λ′/2) = − ω1
2ψ1
ψ′21 e
−2Λ − ω2
2ψ2
ψ′22 e
−2Λ − 1/2U (4.22)
e−2Λψ′21 (ω1ψ
−1
1 )ψ1 + 2e
−2Λω1ψ−11
[
(2r−1 − Λ′ + φ′)ψ′1 + ψ′′1
]− Uψ1 = 0 (4.23)
e−2Λψ′22 (ω2ψ
−1
2 )ψ2 + 2e
−2Λω2ψ−12
[
(2r−1 − Λ′ + φ′)ψ′2 + ψ′′2
]− Uψ2 = 0 (4.24)
Making the same calculus as in section 4.2.1, we get an equation similar to (4.11), i.e. independent on the
scalar fields:
4− 4e2Λ + 4r3φ′3 + 2r3Λ′2(2φ′ − 1) + r3Λ′′ − 2rφ′(4− 2e2Λ + r2Λ′′)−
4r2φ′′ + 2rΛ′[6− 2r − (r − 16)rφ′ + 4r2φ′2 + r2φ′′]− 2r3φ′′′ = 0 (4.25)
Equations for ρ and U are the same as (4.9) and (4.10). Equation (4.25) does not depend on U , ω1, ω2
or the scalar fields forms. Moreover, we always have φ′ → V 2rotr−1 which asymptotically characterises a
flat rotation curve. The solution for Λ issued from equation (4.25) is thus independent on the scalar fields
and the unknown functions ωi and U . It will be always the same, whatever U , ω1, ω2 and ψi. In particular,
if we consider the special case where one of the scalar fields is negligible, one have to recover the same
asymptotical form for Λ as when only one scalar field is present. Hence, the asymptotical solution for
equation (4.25) should be the same as for (4.11): when 2 scalar fields are considered, Λ tends to a constant
as r−1 and Λ′ vanishes as r−2. This is in agreement with [147] and implies that U and ρ also vanish as r−2.
These results are the same if we consider a perturbation δ for the rotation velocity as long as δ ′r and δ′′r2
are asymptotically vanishing.
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Anew, we find the following limits allowing to determine if a relation exists between ω1, ω2 and U when
the rotation curves flatten:
ω1ψ
′2
1 ψ
−1
1 + ω2ψ
′2
2 ψ
−1
2 → 2ℓ−2r−2 (4.26)
U → U1r−2 (4.27)
U ′ = Uψ1ψ
′
1 + Uψ2ψ
′
2 → −2U1r−3 (4.28)
Let us put that ωiψ′2i ψ
−1
i → gi and Uψiψ′i → ki. Then, g1 + g2 → r−2, k1 + k2 → r−3 and we have
ωiU
2
ψiU2ψi
→ U21
gi
k2i
r−4
It implies that only one of the gi(or ki) have to tend to r−2 (respectively r−3), the second one varying as or
slower than this last limit. Moreover, equations (4.23-4.24) may be written as:
(
ωi
ψi
ψ′2i e
−2Λ)′ + 2
ωi
ψi
ψ′2i e
−2Λ(
2
r
+ φ′)− Uψiφ′i = 0
Hence, since Λ→ const and φ′ → r−1, if gi < r−2, ki have to vary slower than r−3. We thus distinguish
2 possible behaviours for gi and ki:
– case 1: gi → r−2 and ki → r−3
As previously, it comes that ψ1U
2
ψ1
ω1U2
and ψ2U
2
ψ2
ω2U2
tend to some constants.
– case 2: g1 → r−2, g2 << r−2, k1 → r−3 et k2 << r−3
Consequently, the dynamical effects of ψ2 are asymptotically negligible in the field equations and
the metric functions dynamics does not depend on it. We find that ω1U
2
ψ1U2ψ1
tends to a non vanishing
constant and ω2U
2
ψ2U2ψ2
diverges or vanishes.
We conclude that the scalar fields ψi which are not asymptotically negligible are such that
ψiU
2
ψi
ωiU2
tend to
some non vanishing constants. Hence, the results of the previous section are not modified by the introduction
of a second scalar field. Anew, we note that the scalar fields energy density which shall be ω12ψ1ψ
′2
1 e
−2Λ +
ω2
2ψ2
ψ′22 e
−2Λ +1/2U asymptotically tends to r−2 and behaves as the one of the dust fluid. It means that the
two (or the dominant) scalar fields are (respectively is) quintessent.
4.3 Discussion
In this work, we have looked for the characteristics of the metric functions and scalar field such that
galactic rotation curves flatten for outer radii. For the metric we have got the following result:
Let us consider a minimally coupled and massive scalar field defined by a potential U and a Brans-Dicke
coupling function ω with a spherically static metric. When, at outer radii, the galactic rotation curves flat-
ten, the metric is asymptotically defined by ds2 = −r2V 2rotdt2 +Λ1dr2 + r2(dθ2 + sin2θdφ2), Λ1 being a
constant, whatever the form of the potential or Brans-Dicke coupling function.
This result is stable related to a small perturbation δ of the rotation velocity such that rδ ′ → 0 or if we
consider a second scalar field φ as defined by the Lagrangian (4.19). In this last case the perturbation must
be such that δ′r and δ′′r2 vanish for large r. It is in accordance with the asymptotical form of the metric
found in [147] where an exponential potential was found to explain the flattening of the rotation curves.
Here, this property is generalized to any functions ω and potential U with the following characteristics:
Let us consider a minimally coupled and massive scalar field defined by a potential U and a Brans-Dicke
coupling function ω with a spherically static metric. When, at outer radii, the galactic rotation curves flat-
ten, the energy densities of the perfect fluid and scalar field vanish as r−2: the scalar field is asymptotically
quintessent. Moreover, ω and U are asymptotically related by the relation ψU
2
ψ
ωU2 → ℓ2, ℓ2 being a constant,
and U vanishes as r−2.
Hence the energy density of the scalar field shows that we are using an isothermal profile which decays
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in r−2 and fit the flat galactic rotation curves quite well and not a Navarro-Frenk-White [151] profile where
the density goes like r−3 in the asymptotic region and whose corresponding metric and rotation velocity
has been recently determined in [152]. When 2 scalar fields are present, again their energy density behaves
as the one of the perfect fluid. Consequently, at least one of them is quintessent. The presence of quintessent
scalar fields in spiral galaxies have been examined in [153] where the agreement with the observed rotation
curves is shown. Moreover, the scalar fields which are not negligible are such that ψiU
2
ψi
ωiU2
tends to a constant,
leaving the above last result unchanged for these scalar fields.
Let us make some remarks on the quantity ψU
2
ψ
ωU2 . Firstly, any necessary condition expressed with the
unknown functions 2 of a scalar tensor theory such that the metric converge toward a determined form
must be invariant with respect to a scalar field transformation. Indeed, considering F (U,ω), a necessary
condition such that ds2 always tends to a determined form, since a transformation ψ = T (Ψ) of the scalar
field keeps the metric, it must be the same for the necessary condition F (U,ω). One can easily check it is
the case for ψU
2
ψ
ωU2 . Particularly there is a scalar field transformation which allows to rewrite the metric under
the form
S =
∫
(R −Ψ,µΨ,µ − U + 16π
c4
Lm)
√−gd4x
corresponding to the one of [146] and leading to their results. However, for most of ω functions, this trans-
formation is not defined or analyticaly workable and thus the results of [146] can not be arbitrarily applied
to any forms of couple (ω,U) whereas it could be important to keep both ω andU as depending on the scalar
field. As instance, if the potential vanishes, thus mimicing a vanishing cosmological constant, compatibility
of the theory with PPN parameters requires that ω → ∞ and ωφω−3 → 0 [56, 57], which does not fit with
a constant ω got after field redefinition. Indeed, it recovers the general problem of finding a metric whose
dynamics is agreed with the observations and whose potential is in accordance with, as instance, particle
physics predictions for the form of the potential: for this, it is necessary to keep the freedom of choosing a
form for ω(φ). Keeping ω as an undetermined function of the scalar field thus allows finding the set of all
scalar tensor theories able to produce flat rotation curves for any forms of ω and U , even when the above
scalar field redefinition can not be anatically performed.
The part of the results concerning the convergence of ψU
2
ψ
ωU2 to a constant seems strangely correlated to
isotropisation of homogeneous models which also needs this condition [105, 127, 116]. It shows that the
properties of a galactic scalar field allowing the flattening of rotation curves could match those of a cosmo-
logical scalar field favouring Universe isotropisation.
Starting from the form of the potential, the property ψU
2
ψ
ωU2 → ℓ2 allows recovering the Brans-Dicke cou-
pling function such that the rotation curves could flatten and vice-versa. Let us examine some of the most
studied potentials. Hence, if we consider an exponential potential U = ekψ, we find that ω = k2ℓ−2ψ, in
accordance with the results of [146] as a particular case of the class of theories we have found, and ψ ∝ ln r.
If we take U = ψk, the Brans-Dicke coupling function should be ω = k2ℓ−2ψ−1 and ψ ∝ r−2k−1 . Thus,
we see that considering two unknown functions ω and U instead of a single one leads to an important ge-
neralisation of [146]. Indeed, assuming asymptotically flat rotation curves fix the behaviour of one of the
metric function, i.e. φ. Consequently, in [146], since ω is chosen, the potential is uniquely determined whe-
reas in this paper we can find it depends on ω, thus explaining the asymptotical relation between ω and U .
It follows that an exponential potential is not the only one allowing to get flat rotation curves but a whole
class of scalar tensor theories such that ψU
2
ψ
ωU2 → ℓ2 leads to this property. We remark that a cosmological
constant can not explain why the rotation curves flatten since the potential must evolve as r−2. This is in
agreement with the theories which try to solve the cosmological constant problem by considering it as a
variable function rather than a true constant.
The interpretation of scalar fields properties found in this work may be done at cosmological or galac-
tic scales. Phenomena giving birth to scalar fields probably have a cosmological nature and are related to
particle physics theories. To our knowledge it does not exist any way to generate them by galactic process.
Their properties based on rotation curves observations are coherent with their usual cosmological picture
i.e. their quintessent nature and their role in the Universe isotropisation. However, if we consider an asymp-
totically increasing rotation curve, it could mean that φ′ increased faster than r−1. It would come from
equations (4.10) and (4.9) that the quantity U/ρ could diverge. If such rotation curves were observed (it is
2. i.e. ω and U for the present case.
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the case but some doubts subsist on the fact that they could asymptotically flatten [149]), it would mean
that scalar fields, at least at galactic scale, would not be quintessent. Then the quintessence properties would
only be valid for some types of galaxies. In [148], decreasing, increasing or flattening rotation curves are
studied. Observations seem to show that the first ones appear for bright galaxies and the second ones for
faint galaxies. A possible interpretation would be that flat rotation curves would be the outcome of an equi-
valent mixing between luminous and dark matter, the decreasing or increasing rotation curves resulting of a
respectively luminous matter or dark matter domination. This flat rotation curves interpretation is coherent
with the scalar field quintessence property found in this paper.
To conclude, this work generalises those of [146] and [147]. The metric got in these papers and the
quintessent nature of the scalar fields have been generalised for any form of ω. A relation between U and ω
has been found and allows getting easily one of these quantities from the other. It selects the class of scalar
tensor theories which could be in agreement with flat rotation curves and shows that an exponential potential
is not the only one able to produce such a dynamics. Moreover, we have remarked that this class is also in
agreement with Universe isotropisation. The stability of these results with respect to a small perturbation of
rotation velocity or the presence of a second scalar field have been tested. A next step would be to consider
a non minimally coupled scalar tensor theory, i.e. with a variable gravitational constant or/and a magnetic
field that could play a fundamental role at a galactic scale.
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Cinquie`me partie
Conclusion et perspectives
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Dans cette the`se, nous avons conside´re´ les proprie´te´s des mode`les cosmologiques homoge`nes en the´ories
tenseur-scalaires et nous avons cherche´ a` contraindre ces the´ories en e´tudiant ces mode`les. Nous avons
proce´de´ en deux e´tapes.
Dans une premie`re e´tape, nous avons recherche´ quelles caracte´ristiques (comportements asymptotiques
[154, 155], singularite´s[156, 157], syme´tries[158], etc) un Univers homoge`ne devait posse´der et quelles
me´thodes utiliser (solutions exactes[159, 160], e´tudes asymptotiques[161], formalisme Hamiltonien[42],
etc) afin de de´finir une the´orie tenseur-scalaire en accord avec ces caracte´ristiques. Ces me´thodes se basent
essentiellement sur:
– la recherche de solutions exactes
Ceci ne s’applique qu’a` un nombre tre`s restreint de the´ories mais a e´te´, de notre point de vue, un
excellent moyen de de´couvrir la grande varie´te´ des the´ories tenseur-scalaires, des mode`les de Bianchi
et les sources de leur complexite´. De plus, la recherche de solutions exactes est pre´sente tout au long
de notre travail, nous permettant de ve´rifier et de valider les re´sultats issus d’e´tudes plus ge´ne´rales.
Elles repre´sentent donc en cela un e´le´ment clef.
– la conside´ration d’hypothe`ses purement the´oriques
Conside´rer qu’un Univers homoge`ne est de´pourvu de singularite´ ou respecte une syme´trie de Noether
permet de fortement contraindre une the´orie tenseur-scalaire. Dans le premier cas cependant nous
n’avons pas pu e´tudier de the´ories posse´dant des champs scalaires massifs. Dans le second cas, nos
re´sultats ont e´te´ obtenus pour les mode`les isotropes FLRW. Nous avons tente´ de les e´tendre aux
mode`les anisotropes mais sans re´el succe`s. Il semblerait que la me´thode de calculs des syme´tries de
Noether doive eˆtre adapte´e d’une manie`re ou d’une autre.
– des conside´rations d’ordre dynamique
L’expansion de l’Univers, l’acce´le´ration de cette expansion ou son isotropie sont autant de phases
dynamiques que l’Univers traverse ou a traverse´ de manie`re certaine et qui peuvent nous servir a`
contraindre les the´ories tenseur-scalaires afin qu’elles les reproduisent.
Pour cette premie`re e´tape, nous concluons qu’un grand nombre de mode`les cosmologiques anisotropes et
de the´ories tenseur-scalaires peuvent eˆtre contraints en e´tudiant leurs e´quations de champs issues du forma-
lisme Hamiltonien[78] a` l’aide des me´thodes d’analyse des syste`mes dynamiques[25] et en recherchant les
processus menant a` l’isotropisation[105].
La deuxie`me e´tape a alors consiste´ a` appliquer cette me´thode a` l’ensemble des mode`les de Bianchi de la
classe A[109, 127, 129] et a` des the´ories tenseur-scalaires posse´dant jusqu’a` trois fonctions inde´termine´es
du champ scalaire[116, 162](fonction de gravitation, potentiel, fonction de Brans-Dicke, etc).
Du point de vue de l’analyse des syste`mes dynamiques, nous avons de´tecte´ trois familles de points d’e´quilibre,
correspondant a` trois manie`res diffe´rentes pour l’Univers de s’isotropiser et les avons appele´es classe 1, 2
et 3. Nous nous sommes inte´resse´s a` la classe 1 et avons obtenu des re´sultats consistant en:
1. La localisation des points d’e´quilibre isotropes stables.
2. Les conditions ne´cessaires a` leur existence et contraignant les the´ories tenseur-scalaires.
3. Les comportements asymptotiques du champ scalaire, des fonctions me´triques et du potentiel.
Ceux de ces re´sultats de´crivant ou` lie´s a` des comportements asymptotiques ont e´te´ calcule´s sous l’hypothe`se
que l’Univers tend suffisamment vite vers son e´tat d’e´quilibre. Mathe´matiquement parlant cela signifie qu’a`
l’approche de l’isotropie, les diverses variables figurant dans les e´quations de champs tendent suffisamment
vite vers leurs valeurs a` l’e´quilibre afin que l’on puisse ne´gliger leurs variations dans les calculs. Nous avons
montre´ comment cette hypothe`se pouvait eˆtre leve´e en ce qui concerne la fonction ℓ. En revanche pour les
autres variables, une e´tude des perturbations a` l’approche de l’e´quilibre s’ave`re ne´cessaire et des progre`s
devront eˆtre faits dans ce sens pour comple´ter l’e´tude des processus d’isotropisation de classe 1.
Au final, l’e´tat dans lequel se trouve l’Univers lorsqu’il atteint l’isotropie pre´sente des caracte´ristiques
inte´ressantes. En particulier pour les champs scalaires minimalement couple´s, cet e´tat isotrope peut eˆtre
re´sume´ de la manie`re suivante:
– L’univers est en expansion tel que les fonctions me´triques tendent vers des puissance ou des exponen-
tielles du temps propre et le potentiel respectivement disparaıˆt comme t−2 ou tend vers une constante.
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– La pre´sence de courbure favorise une acce´le´ration tardive et la quintessence.
– L’univers est asymptotiquement plat.
– Il existe un lien entre les the´ories tenseur-scalaires menant a` l’isotropisation et celles permettant un
aplatissement des courbes de rotation des galaxies spirales.
Lorsque le champ scalaire est non minimalement couple´, nous avons pu contraindre les the´ories tenseur-
scalaires de telle fac¸on qu’elles soient compatibles avec l’isotropisation et de´terminer les comportements
asymptotiques des fonctions dans le re´fe´rentiel d’Einstein mais il est impossible d’obtenir ces comporte-
ments sans quadrature dans le re´fe´rentiel de Brans-Dicke.
L’ensemble de ces re´sultats est illustre´ par de nombreuses applications analytiques et nume´riques. Ces
dernie`res ont e´te´ re´alise´es a` l’aide de me´thodes de Runge-Kutta que nous avons imple´mente´es en Java.
Java est un langage peu utilise´ en sciences ou` on lui pre´fe`re fortran. Il posse`de pourtant de nombreuses
qualite´s, la premie`re e´tant d’eˆtre totalement gratuit. D’un point de vue technique, c’est un langage objet et
ceci nous a permis de se´parer les me´thodes d’inte´gration des syste`mes a` inte´grer en classes distinctes. Ceci
fait, pour inte´grer un syste`me d’e´quation avec une me´thode de Runge-Kutta, il n’y a plus qu’a` e´crire les
e´quations sous forme d’une nouvelle classe et il n’est plus besoin de re´imple´menter la me´thode nume´rique.
Evidement, la meˆme chose est possible avec Fortran mais la structure du de´veloppement est alors beaucoup
moins claire et ce langage n’est pas portable. En effet, une fois l’application java compile´e, elle fonctionne
sur n’importe quel environement (windows, linux, mac, etc), diminuant ainsi les coups de de´veloppement.
Enfin, il est e´galement vrai que des inte´grations nume´riques peuvent eˆtre faites avec des logiciels comme
Mathe´matica mais elles manquent de souplesses car l’on ne dispose pas des codes sources de ces applica-
tions et l’on est donc limite´ par leur langage.
Ce qui reste a` accomplir est encore immense mais nous espe´rons avoir de´fini un cadre de travail ope´rationnel
capable de guider de futures recherches sur le sujet de l’isotropisation des cosmologies homoge`nes mais ani-
sotropes en the´ories tenseur-scalaires. Entre autres perspectives, il serait important de prendre en compte
les cas de potentiels ou de fonctions de Brans-Dicke ne´gatifs. Ceci correspondrait alors a` un non respect
de la condition d’e´nergie faible, hypothe`se qui revient constamment dans la litte´rature mais qui manque
encore de motivations physiques. Plus important, il serait utile de ge´ne´raliser nos re´sultats aux mode`les
dont la convergence vers l’e´tat isotrope n’est pas suffisamment rapide pour ne´gliger les termes du second
ordre pour ℓ (hypothe`se de variabilite´) ou pour les variables dont nous nous sommes servi pour re´e´crire
les e´quations Hamiltoniennes. Enfin, une dernie`re possibilite´ importante consisterait en l’e´tude des classes
d’isotropisation de type 2 et 3 qui n’ont e´te´ aborde´es que nume´riquement a` travers des applications. Un axe
de recherche possible serait donc d’obtenir des re´sultats analytiques. En particulier la classe 3, s’est re´ve´le´e
eˆtre le moyen d’isotropisation privile´gier de certaines the´ories tenseur-scalaires posse´dant un champ scalaire
complexe comme le montre la discussion de la section 1.3 de la partie IV.
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Appendice
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Cet appendice reproduit les articles publie´s (3), accepte´s pour publication (1) ou soumis (2) dans Classi-
cal and Quantum Gravitation concernant l’isotropisation des mode`les de Bianchi. Leur contenu est re´sume´
et parfois e´tendu dans la partie IV de cette the`se.
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Chapitre 1
Isotropisation of Generalized
Scalar-Tensor theory plus a massive
scalar fi eld in the Bianchi type I model
Ste´phane Fay
14 rue de l’Etoile
75017 Paris
France
Abstract
In this paper we study the isotropisation of a Generalized Scalar-Tensor theory with a massive scalar field.
We find it depends on a condition on the Brans-Dicke coupling function and the potential and show that
asymptotically the metric functions always tend toward a power or exponential law of the proper time.
These results generalise and unify these of De Sitter in the case of a cosmological constant and of Cooley
and Kitada in the case of an exponential potential.
Pacs: 11.10.Ef, 04.50.+h, 98.80.Hw, 98.80.Cq
Published in: Class. Quant. Grav., Vol 18, Num 15, 2001
1.1 Introduction
In this paper we wish to study the conditions for isotropisation of the Generalized Scalar-Tensor theory
plus a massive scalar field in the Bianchi type I model. They are many reasons to be interesting by this
model
First of all General Relativity is a good description for the weak gravitational fields (solar system tests) as
for strong ones (binary pulsar) although deviating are expected for early times or in extreme cases such
as black hole. Then, it is interesting to consider a Lagrangian whose ”geometric” part looks like General
Relativity. Moreover particle physics progress and the idea of inflation in the eighties show that scalar fields
could be essential components of a gravitational theory. In this work we will consider a massive one. It could
be justified by observations of type IA supernovae [9, 10] which seem to demonstrate that the dynamical
behaviour of our Universe is accelerated. Most of time this is interpreted as the presence of a cosmological
constant in the field equations although other explanations can be advanced such as this of a non-perfect
fluid with quintessential matter [163]. The Boomerang experiment [37] indicates that it could represent
the dominant energy of our Universe. However, the present value of this constant is in disagreement with
this predicted by particle physics at early times. One way to solve this problem is to consider a varying
potential U , i.e. a massive scalar field. We will also describe the coupling of the scalar field φ with the
metric functions by a coupling function ω(φ) generalising the Brans-Dicke coupling constant [7]. This type
of coupling is issued from particle physics theories whose Lagrangian at low energy could take the form of
a scalar tensor theory.
Geometrically, our present Universe seems well described by the isotropic and homogeneous cosmological
models, i.e. the FLRW models. However the observations, as instance from Boomerang [37], show slight
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anisotropies in the cosmological microwave background, which could take origin at early times. Moreover,
if the Universe had always been perfectly isotropic and homogeneous, it would be difficult to explain the
large-scale structures we observe. Hence, it is interesting to consider an anisotropic Universe described by
the Bianchi models. There are 9 ones but the most studied are the Bianchi type I , V , V II0, V IIh and IX
which are able to isotropise toward an FLRW model [108]. We will consider the Bianchi type I model which
can tend toward a flat FLRW one and is a good candidate from the inflation theory point of view. Of course
the Bianchi models are not a definitive geometrical description of the Universe which should probably be
inhomogeneous. But such models allow studying the necessary conditions for its isotropisation.
Our goal will be to look for the necessary conditions depending on the potential and the Brans-Dicke
coupling function for Universe isotropisation at late times. We will then derive the asymptotical dynamical
behaviour of the metric functions and the condition for the presence of inflation.
Technically, we will use the ADM Hamiltonian formalism [78, 79] allowing to write the field equations as
a first order system and then the dynamical systems theory as described in [25] and suggested in [42] to
study them. We have not found any paper in the literature where these two methods are applied to equations
system with 2 arbitrary functions. Due to this indeterminacy all the equilibrium points of the system can not
be studied. However this problem can be overcomen for the subset of the phase space where lie the isotropic
states of the Universe and which is of interest for us.
This paper is organised as follow. In the second section we calculate the Hamiltonian field equations of
the Generalized Scalar-Tensor theory plus a massive scalar field and rewrite them with new normalised
variables. In the third section, we study the subset of the phase space corresponding to isotropy. We discuss
about physical meaning of the mathematical results thus obtained in the fourth section.
1.2 Field equations
The Lagrangian of the Generalized Scalar-Tensor theory plus a massive scalar field is written:
S = (16π)−1
∫ [
R− (3/2 + ω(φ))φ,µφ,µφ2 − U(φ)
]√−gd4x (1.1)
with φ the scalar field, ω the coupling function between the scalar field and the metric, U the potential. We
will use the following form of the metric:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20gijωiωj (1.2)
the ωi being the 1-forms defining the Bianchi type I homogeneous space. The gij are the metric functions,
N and Ni are respectively the lapse and shifts functions. Using the methods described in [78] and [77], we
find that the action can be rewritten in the following way:
S = (16π)−1
∫
(Πij
∂gij
∂t
+Πφ
∂φ
∂t
−NC0 −NiCi)d4x (1.3)
TheΠij andΠφ are respectively the conjugate momentum of the metric functions and scalar field, theN and
Ni play the role of Lagrange multipliers. The quantities C0 and Ci are respectively the super-Hamiltonian
and supermomentum defined by:
C0 = −
√
(3)g
(3)
R− 1√
(3)g
(
1
2
(Πkk)
2 −ΠijΠij) + 1√
(3)g
Π2φφ
2
6 + 4ω
+
√
(3)gU(φ) (1.4)
Ci = Πij|j (1.5)
where the ”(3)” hold for the quantities calculated on the 3-space and the ”|” for the covariant derivative
in the 3-space. When we vary the action with respect to the Lagrange multipliers we find the constraints
C0 = Ci = 0.
We rewrite the metric functions as gij = e−2Ω+2βij and we use the Misner parameterisation [79]:
pik = 2πΠ
i
k −
2
3
πδikΠ
l
l (1.6)
6pij = diag(p+ +
√
3p−,p+ −
√
3p−,− 2p+) (1.7)
βij = diag(β+ +
√
3β−,β+ −
√
3β−,− 2β+) (1.8)
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Then, the action (1.3) is written as:
S =
∫
p+dβ+ + p−dβ− + pφdφ−HdΩ (1.9)
with pφ = πΠφ and H = 2πΠkk. Finally, from the constraint C0 = 0, we get the expression for the ADM
Hamiltonian:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU (1.10)
from which we derive the Hamiltonian equations:
β˙± =
∂H
∂p±
=
p±
H
(1.11)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(1.12)
p˙± = − ∂H
∂β±
= 0 (1.13)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6ΩUφ
H
(1.14)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
(1.15)
A dot means a derivative with respect to Ω. We will choose N i = 0 and we calculate N by writing that
∂
√
g/∂Ω = −1/2ΠkkN [78]. Then, it comes:
N =
12πR30e
−3Ω
H
(1.16)
The relation between the Ω and t times is then dt = −NdΩ. We want to rewrite some of these equations
under the form of an autonomous first order system with normalised variables [25]. For this we will only
consider the set of equations (1.12), (1.14) and (1.15), the equations (1.13) showing that the conjugate
momentums of the variables describing the anisotropy are some constants. The constraint (1.10) suggests
the following set of normalised variables:
x = H−1 (1.17)
y =
√
e−6ΩUH−1 (1.18)
z = pφφ(3 + 2ω)
−1/2H−1 (1.19)
The first one depends on H , the second one on H and φ and the third one on H , φ and pφ. Thus they
are independent variables. y and z will be real if the functions U and 3 + 2ω are positives. Under these
conditions, it follows that the potential will favour inflation and the coupling function, when U = 0, will
be such that the energy density of the scalar field is positive. Rewriting the constraint (1.10) with the new
variables, we get:
p2x2 +R2y2 + 12z2 = 1 (1.20)
The positive constants p and R2 are defined by p2 = p2+ + p2− and R2 = 24π2R60. From this last equation
we deduce that the variables x, y and z are bounded and belong to the following intervals:
x ∈ [−p−1,p−1] (1.21)
y ∈ [−R,R] (1.22)
z ∈
[
−1/
√
12,1/
√
12
]
(1.23)
The field equations (1.12), (1.14) and (1.15), become (see appendix 1.5):
x˙ = 3R2y2x (1.24)
y˙ = y(6ℓz + 3R2y2 − 3) (1.25)
z˙ = y2R2(3z − 1
2
ℓ) (1.26)
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with ℓ = φUφU−1(3 + 2ω)−1/2. They can not be expressed only with x, y and z because we do not wish
to specify the form of ω and U which are arbitrary functions of the scalar field. However, we do not need
to know the exact form of ℓ(x,y,z) since we are only interested by the asymptotical isotropisation of the
Universe at late times. To reach our goal, it is sufficient to assume two types of asymptotical behaviours for
ℓ: ever it tends toward a constant or it diverges. This excludes any asymptotical chaotic behaviour for ℓ and
is in accordance with much of the functions ω and U studied in the literature. We will have to check if these
behaviours are compatible with the isotropisation of the Universe at late times.
In the next section, we examine the equations (1.24-1.26) from the dynamical systems theory point of
view. Firstly, we look for monotonic functions and secondly, we study the presence of equilibrium points.
1.3 Dynamical studies of the fields equations
Monotonic functions
Lets examine the presence of monotonic functions. From the equation (1.24), we deduce that x is a mo-
notonic function: when it is positive (negative), it increases (decreases). Since x has a constant sign, it
follows from (1.18) that it is the same for y. Notes also that in the plane x = 0 with ℓ = cte, z is a monoto-
nic and increasing function if z > ℓ/6, decreasing otherwise. Thus there is no periodic or homoclinic orbit
and then no chaotic behaviour.
If we look for the signs of the derivatives of the metric functions with respect to Ω depending on the position
of a point (x,y,z) in the phase space, we see that the sets of points such that they are constants are splat
by planes defined by x = cte since dgij/dΩ = −2e−2Ω+2βij(1 − β˙ij). As instance for g11, it is defined
by x = (p+ +
√
3p−)−1 and the sign of its derivative above or below this plane depends on the value of
the constant p+ +
√
3p−. For g22, the plane is x = (p+ −
√
3p−)−1 and for g33, x = p−1+ . Since x is a
monotonic function with constant sign, we deduce that each metric functions can have one and only one
extremum. From (1.16) and the relation between Ω and t, we remark it will be the same in the proper time
t. This is in agreement with the results of [42]
Study of the isotropic equilibrium states
Now we study the equilibrium points. They are all defined by (y,z) = (±(3 − ℓ2)1/2(3R2)−1/2,ℓ/6)
and they will respect the constraint if x = 0. We have shown in [42] that the Universe isotropises in the
proper time t only when Ω → −∞. This value of Ω indicates that they will be sources or sinks but not
saddle points. Thus an equilibrium states will represent an isotropic one for the Universe if in the same
time Ω diverges negatively. Moreover, since x is a monotonic function of constant sign, we deduce from
the relation (1.16) that the proper time is a monotonic and decreasing (increasing) function of Ω when the
Hamiltonian is positive (negative). Hence Ω can be considered as a time variable and the equilibrium will
take place at late times if H > 0. In what follows, we will assume that ℓ asymptotically tends toward a
constant or diverges.
First, we assume that ℓ is asymptotically a constant. We can show in that case by integrating (1.25-1.26)
that when y = ±(3− ℓ2)1/2(3R2)−1/2, Ω diverges. It follows that these two equilibrium points are compa-
tible with the isotropisation of the Universe.R2 being a positive constant, they will be real if ℓ2 < 3. We can
not calculate their corresponding eigenvalues and thus knowing the signs of these last quantities because we
do not now the expressions of the derivatives of ℓ with respect to x, y and z. However, since we consider Ω
as a time variable, they will be sinks if H > 0 or sources if H < 0 since they will respectively correspond
to asymptotical late or early times.
To get the behaviour of the metric functions when we approach an isotropic state, we need a differential
equation for x when ℓ→ cte. In this last case, the integration of the field equations (1.24-1.26) gives:
z =
[
ℓ(1 + 6R2z0)−
√
ℓ2(1 + 6R2z0) + 18R2z0(R2y2 − 1)
]
(36R2z0)
−1 (1.27)
By introducing this expression in the constraint equation and using (1.24) to express y as a function of x
and its derivative, we get a differential equation for x. Since when the Universe isotropises, x and its deri-
vative tend toward zero as Ω diverges, and keeping only the second order terms in x and x˙, we find that x
asymptotically behaves as x0exp
[
(3− ℓ2)Ω] when it tends to vanish. Taking into account the divergence
of Ω, we see that our approximation will be justified if ℓ2 < 3, which is in accordance with our previous
results. One could also recover this result by linearizing the equation (1.24) but we find this demonstration
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more rigorous.
Now we examine the case for which ℓ diverges. It implies that the equilibrium points are unbounded. Ho-
wever, since y and z are bounded, we deduce that an equilibrium state can not be reached when ℓ diverges.
In the next section, we discuss about physical meaning of our results.
1.4 Discussion
In this work, we have examined the conditions under which the Universe described by a Generalized
Scalar-Tensor theory with a massive scalar field isotropises as well as the asymptotical behaviour of the
metric functions by help of the Hamiltonian formalism and dynamical systems theory.
The set of points of the phase space corresponding to stable isotropic states for the Universe is such that the
time coordinate Ω and the Hamiltonian diverges (Ω → −∞ and x → 0). Then, the functions β± descri-
bing the anisotropy asymptotically tend toward a constant. We have shown that when ℓ was asymptotically
unbounded, an equilibrium state could not be reached. Thus, the isotropy of the Universe is not compatible
with the divergence of the quantity φUφU−1(3 + 2ω)−1/2. However it arises when its value belongs to
the range
[−√3,√3]. In this case, the plane x = 0 contains two equilibrium points corresponding to an
isotropic state for the Universe. They are late times attractors in the t time if the Hamiltonian is a positive
function. If H is interpreted as an energy, it means that we assume a positive energy for the Universe, which
is reasonable. If it is not the case, the isotropisation arises at early times. Moreover, we have shown that as
long as ℓ2 < 3, the function x(Ω) asymptotically tended toward x0exp
[
(3− ℓ2)Ω]. Using (1.16), we see
that it corresponds to a power law of the proper times with the exponent ℓ−2 if ℓ does not tend toward a
vanishing constant, or toward an exponential of t otherwise. These two types of functions represent the only
possible attractors when the Universe isotropises. All this can be summarised in the following important
result:
A necessary condition for isotropisation of the Generalized Scalar-Tensor theory plus a massive sca-
lar field φ, whatever the Brans-Dicke coupling function ω and the potential U considered, will be that
φUφU
−1(3 + 2ω)−1/2 tends toward a constant ℓ with ℓ2 < 3. It arises at late times if the Hamiltonian is
positive, at early times otherwise. If ℓ 6= 0 the metric functions tend toward tℓ−2 . The Universe is expanding
and will be inflationary if ℓ2 < 1. If ℓ = 0, the Universe tends toward a De Sitter model.
Note, that the asymptotical behaviour of the metric functions when isotropisation arises does not depend
on initial conditions whereas the epoch of isotropisation, i.e. late or early times, depends on the initial sign
of the Hamiltonian. One element is missing in this result: the value of the scalar field when the isotropi-
sation arises, i.e. when Ω → −∞. Expressing φ˙ as a function of z and φ (see appendix 1.5), and taking
z as its value at the equilibrium, ℓ/6,we get a differential equation for φ. It does not describe the scalar
field behaviour during the whole Universe evolution, but asymptotically when Ω → −∞ and the system
approach equilibrium. This equation of the first order can be solved analytically or numerically. This addi-
tional result allows to calculate ℓ when isotropisation occurs and completes the main one above. It is written:
The value of the scalar field when the Universe reaches an isotropic equilibrium state is the value of the
function φ defined by φ˙ = 2φ2Uφ(3 + 2ω)−1U−1 when Ω→ −∞.
Lets examine the relations between these results and others quoted in the literature.
Firstly they are in accordance with the ”No Hair Theorem” which states that General Relativity with a
cosmological constant isotropises toward a De Sitter model since in this case, ℓ = 0. It will be true for any
form of potential and Brans-Dicke coupling function such that ℓ asymptotically vanishes when Ω → −∞
which does not necessary implies that the potential tends toward a constant. As instance, it arises if the
Brans-Dicke coupling function diverges faster than φUφU−1. This generalises the ”No Hair Theorem” in
the special case of the Bianchi type I model.
Secondly, in [86], it has been shown that all the Bianchi models with an exponential potential V = ekφ
(except the contracting Bianchi type IX model), isotropise at late times when k2 < 2. If k = 0, these
models tend toward a De Sitter model and toward t2k−2 otherwise. If k2 > 2, the Bianchi type I , V ,
V II and IX models might isotropise at late times. In the present paper, the form of the coupling constant
corresponding to the theory studied in [86] is √3 + 2ωφ−1 = √2. What can we deduce from our results?
If we introduce these forms of ω and U in the expression of ℓ, we see that the necessary condition for the
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isotropisation of the Bianchi type I model will be k2 < 6. Then, the Universe is of De Sitter type if k = 0. In
the other cases, the metric functions behave as t2k−2 . The inflation arises when k2 < 2. All these results are
in accordance with these of [86] and [85]. However, some differences exist which are not in contradiction
with the previous quoted papers: we have shown that Universe might isotropise and is inflationary when
k2 < 2 but isotropisation is impossible if k2 > 6. Between these two values, the necessary condition for
isotropy is respected but no inflation can occur.
Last, these results are agreed with these found in [160]. In this paper where the Hyperextended Scalar
Tensor theory with a potential is studied for the Bianchi type I model, it is shown that the Universe isotro-
pises when
∫
Ge3Ωdt tends toward a constant, G being the gravitational coupling function. If in this last
expression we choose G = 1 and e3Ω → t−3l−2 , we find that isotropisation arises if l2 < 3, in agreement
with the above results.
Lets say few words about the power law potential, U = φk. We can show from the asymptotical equa-
tion for φ defined above, that when Ω → −∞, φ → +∞ if k < 0 (if k > 0, the scalar field is not real).
Then ℓ→ 0 and isotropisation systematically leads to an asymptotical De Sitter model.
The result of this paper is not only a necessary condition for the isotropisation of the Universe. We have
also derived the asymptotical behaviour of the metric functions and thus some conditions for a late time
inflationary behaviour. It is a strong theoretical constraint on the forms of ω and U so that the Universe
be physically realistic at late times if we consider that it can be described by a Generalized Scalar-Tensor
theory with a massive scalar field in the Bianchi type I model. We have checked the compatibility of our
results with these of the important No Hair Theorem and these of Kitada et al and Cooley et al that are
here unified in a single condition. To our knowledge, there is no paper mixing the Hamiltonian technique
and the dynamical systems theory with so many arbitrary functions. It seems to be a fruitful method in the
case studied here mainly because it allows to calculate the equilibrium points as function of the potential and
Brans-Dicke function. Then from mathematical constraints on the equilibrium points, we deduce constraints
for these undetermined quantities. In future papers, we will see that we get the same type of results when
we introduce a perfect fluid and we will extend this method to more general theory such has Hyperextended
Scalar Tensor ones or other Bianchi models.
1.5 Appendix
Equation for x
From (1.15) and (1.17), we deduce:
x˙ = 3R2y2x (1.28)
Equation for y
By deriving (1.18), we find:
φ˙ = 2L−12 x
−2y(y˙ − 3R2y3) (1.29)
with L2 = (e−6ΩU)φ. By using (1.12) and (1.19) to express pφ, we find:
φ˙ = 12zL−13 (1.30)
with L3 = (3 + 2ω)1/2φ−1 Consequently, (1.29) and (1.30) gives:
y˙ = 6L2L
−1
3 x
2y−1z + 3R2y3 (1.31)
Equation for z
by using (1.19) to express pφ and by deriving this expression, we get:
p˙φ = L3x
−1z˙ − 3R2L3x−1y2z − 12φ−1x−1z2 + 12L4L−23 φ−2x−1z2 (1.32)
with L4 = ωφ. From (1.14) and by using the fact that U−1Uφ = L2x2y−2 + 1/2L3z−1, it comes:
p˙φ = −12φ−1x−1z2 + 12L4L−23 φ−2x−1z2 −
R2
2
L2x− R
2
4
L3x
−1y2z−1 (1.33)
From the equations (1.32) and (1.33), we derive:
z˙ = 3R2y2z − R
2
2
L2L
−1
3 x
2 − R
2
4
y2z−1 (1.34)
Before getting the equation (1.24) to (1.26), we have to evaluate the term L2L−13 x2y−2. After few calcula-
tions, we find −(2z)−1 + φU−1Uφ(3 + 2ω)−1/2.
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We look for necessary conditions such that minimally coupled scalar-tensor theory with a massive scalar
field and a perfect fluid in the Bianchi type I model isotropises. Then we derive the dynamical asymptotical
properties of the Universe.
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2.1 Introduction
In this work, we will study the isotropisation of a minimally coupled scalar tensor theory with a massive
scalar field and a perfect fluid in the Bianchi type I model.
Lets give some reasons about our choice for this geometrical framework. Although our present Universe
seems in agreement with the cosmological principle, it could be necessary to partly release it for the early
times if we want to explain the formation of large-scale structures. Moreover, the observations of the cosmic
microwave background by COBE show some small inhomogeneities. These observational facts lead us to
assume a more general geometry than this of the isotropic models i.e. the Friedman-Lemaitre-Robertson-
Walker (FLRW) ones. The simplest generalisation is to leave the isotropy hypothesis and to consider the
Bianchi models. About the nine Bianchi models, some of them accept FLRW models as exact solutions.
Hence, Bianchi type I models contain the flat FLRW ones , the Bianchi type V ones contain the open FLRW
ones, and the Bianchi type IX , the closed ones. At the present time, despite some more and more powerful
observational tools, we do not know in which type of Universe we live. However, Boomerang experiment
favours a flat Universe[37] and the same conclusion could be drawn from the presence of inflation[9, 10]
although this phenomenon has to be confirmed by deepest observations and could be compatible with other
types of geometries[164]. All these facts justify the interest of the Bianchi type I model.
As a physical framework, we have chosen to study a scalar-tensor theory minimally coupled to a mas-
sive scalar field φ. The geometrical part of its Lagrangian writes as this of the General Relativity, which
describes with a high precision the local dynamics of our Universe for the weak fields. Taking into accounts
one or several scalar fields could be one of the key for a theory able to explain the physics of the early times.
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They are predicted by unification theories whose low energy limit could be a scalar-tensor theory. They also
appear during dimensional reduction of Kaluza-Klein type theories. In addition, we will also assume that φ
is a massive field. The reason is that inflation could be the consequence of the presence of a cosmological
constant whose currently observed value and particle physics predicted value differ from 120 orders of ma-
gnitude: this is the so called cosmological problem. To explain this huge discrepancy, a solution could be
to consider that the cosmological constant is in fact a variable potential U representing the coupling of φ
with itself. Moreover, we will consider a Brans-Dicke coupling function ω between the scalar field and the
metric. The theory thus described has been studied in [105]. Here, we will generalise it by adding a perfect
fluid. Associating a scalar field and a perfect fluid could be a way to explain the nature of dark matter, if
the first one plays the same dynamical role as the second one as suggested by the quintessence or tracking
models[165, 136]. In the quintessence model, the scalar field slowly rolling down its potential such that the
ratio of its pressure and energy density, w, be a constant belonging to the range [−1,0]. One problem of the
quintessence model is the cosmic coincidence problem: why the present energy density of the scalar field
would be of the same order as this of the matter energy density. One possible solution to this question could
be to consider a special form of quintessence, called tracker model, for which w is time varying, and works
like an attractor solution. Thus, late times cosmology would be independent of the early conditions.
From an observational point of view, the standard model that seems to emerge today is the same as
this described above with ω = 0 and U = cte. However, this particular one is far from being satisfactory
(as instance, it does not solve the cosmological problem). Hence, more general theories leaving ω and U
undetermined have to be studied and some efforts are currently done to try and guess what could be some
limitation on their forms and values. As instance, in [41], it is shown how from the observations one can
determine the Lagrangian of a scalar tensor theory. In [166], it is demonstrated that scalar tensor theories
can be compatible both with primordial nucleosynthesis and solar-system experiments with cosmological
models very different from the FLRW ones. In [167], it is shown how new bounds on ω could be derived
from future space gravitational wave interferometers, thus allowing to test scalar tensor gravity. All these
works are related to observational cosmologies and aim to derive some satisfactory limits on ω and U as we
try to do it from a theoretical ground in the present paper.
Mathematically we will study the isotropisation of the Universe in the same way as in [105], i.e. by associa-
ting the Hamiltonian formalism of Arnowitt, Deser and Misner (ADM)[78, 77] which allows getting first
order dynamical system equations with the dynamical system methods[25]. Our goal will be to determine
the necessary conditions for the isotropisation of the theory described above and the asymptotical dynamical
behaviours of the Universe at late times. The plan of this work is the following. In the second section, we
establish the field equations of the Hamiltonian formalism. In the third section, we analyse their dynamics.
In the fourth section, we discuss the physical meaning of our results.
2.2 Field equations
In this section, we will calculate the field equations of the minimally coupled scalar-tensor theory with
a massive scalar field and a perfect fluid. The action is written:
S = (16π)−1
∫ [
R− (3/2 + ω(φ))φ,µφ,µφ2 − U(φ) + 16πc4Lm
]√−gd4x (2.1)
with φ the scalar field, ω the coupling between the scalar field and the metric, U the potential and Lm the
Lagrangian density of the matter. We will consider a perfect fluid with an equation of state p = (γ − 1)ρ,
p and ρ being respectively the pressure and the density of the fluid. For γ = 0, γ = 1 and γ = 4/3 we get
respectively the equation of state describing the vacuum energy, a dust and radiation fluid. As the first case
can be assimilated to the presence of a cosmological constant already studied in [105], we will not consider
it and will assume that γ ∈ [1,2]. We will use the following form of the metric:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20gijωiωj (2.2)
The ωi are the 1-forms defining the homogeneous space of the Bianchi type I model and the gij are the
metric functions. To derive the expression of the ADM Hamiltonian, we proceed in the same way as [78] or
[42]. We rewrite the metric functions by using the Misner parameterisation[24]:
g11 = e
−2Ω+β++
√
3β−
g22 = e
−2Ω+β+−
√
3β−
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g33 = e
−2Ω−2β+
The β± functions describe the anisotropy of the Universe and Ω its isotropic part. We can derive the field
and the Klein-Gordon equations of the Lagrangian formulation by varying the action with respect to the
metric functions and the scalar field. Then using the Bianchi identities and the Klein-Gordon equation, we
can find the conservation law for the energy impulsion of the perfect fluid, T 0µ;µ = 0, and thus the well
known relation between the energy density and the 3-volume V of the Universe: ρ = ρ0V −γ , ρ0 being an
integration constant and V = (
∏
i gii)
1/2 = e−3Ω. To find the Hamiltonian of the ADM formalism, we
have to express the action with the variables β+, β− and their conjugate momentum p+ and p−. Then, we
vary it with respect to N which plays the role of a Lagrange multiplier. We get a constraint equation from
which we can derive the Hamiltonian. The reader interested by full details of its derivation when no perfect
fluid is present can find it in [105]. Finally, we get:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU + δe3(γ−2)Ω (2.3)
pφ is the conjugate momentum of the scalar field and δ a constant equal to (γ−1)ρ0. It is a positive constant
when γ ∈ [1,2] and the energy density of the perfect fluid is positive. We will assume it is the case. From
(2.3), we derive the Hamilton’s equations:
β˙± =
∂H
∂p±
=
p±
H
(2.4)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(2.5)
p˙± = − ∂H
∂β±
= 0 (2.6)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6ΩUφ
H
(2.7)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
+ 3/2δ(γ − 2)e
3(γ−2)Ω
H
(2.8)
A dot means a derivative with respect to Ω. If we compare them with these got when no perfect fluid is
present[105], we remark that only the equation (2.8) is modified. We will choose N i = 0 and then we
calculate that N [78][77] can be written 1:
N =
12πR30e
−3Ω
H
(2.9)
The relation between the Ω time and the proper time t being dt = −NdΩ, we deduce that t is a decreasing
function of Ω for all positive Hamiltonian.
2.3 Isotropisation conditions and asymptotical behaviours
In the first subsection, we rewrite the field equations with new normalised variables. In the second one,
we study mathematically the system thus obtained.
2.3.1 Rewriting of the field equations with normalised variables
The equations (2.3-2.8) form a first order system that we wish to rewrite with the following variables:
x = H−1 (2.10)
y = e−3Ω
√
UH−1 (2.11)
1. In few words, this result can be recovered in the following way. We fi rst rewrite the action under a Hamiltonian form, i.e.
S =
∫
(gij
∂Πij
∂t
−NH−NiHi)d4x, Πij being the conjugate momentum of the metric functions gij , N and Ni the lapse and shift
functions, H and Hi the super Hamiltonian and super momentum. Then, by varying the expression thus obtained with respect to Πij ,
we derive an expression for ∂gij/∂t. Developing −1/2(−g)−1/2δg/δΩ as a functions of the gij and using the above mentioned
expression, we fi nd (2.9).
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z = pφφ(3 + 2ω)
−1/2H−1 (2.12)
They are independent each other’s since the first one depends on H , the second one on H and φ and the
third one on H , φ and pφ. The forms of y and z show that the potentials U have to be positive and the
Brans-Dicke coupling function ω must be larger than −3/2 so that the variables be real. These are usual
hypothesis in cosmology. The constraint (2.3) is then written:
p2x2 +R2y2 + 12z2 + k2 = 1 (2.13)
where we have put to simplify the equations k2 = δe3(γ−2)ΩH−2 = δxγy2−γUγ/2−1. The constants p and
R are defined by p2 = p2+ + p2− and R2 = 24π2R60. Rewriting the equations (2.5), (2.7) and (2.8), we get:
x˙ = 3R2y2x− 3/2(γ − 2)k2x (2.14)
y˙ = y(6ℓz + 3R2y2 − 3)− 3/2(γ − 2)k2y (2.15)
z˙ = y2(3Rz −R2/2ℓ)− 3/2(γ − 2)k2z (2.16)
with ℓ = φUφU−1(3 + 2ω)−1/2. From the first one, we deduce that x is a monotonic function of constant
sign and then that no homoclinic orbit are allowed.
In the 2.4, we show that even if δ < 0, i.e. if we consider negative energy density, the equilibrium is not
compatible with the divergence of k.
2.3.2 Mathematical study of the first order system equations
In the first subsection, we examine the values of x and k allowing the isotropisation. In the second one,
we look for the equilibrium points corresponding to a stable isotropic state for the Universe.
Values of x and k compatible with the isotropisation
Assuming that late times correspond to the divergence of the proper time t, an isotropic and stable state
is such that β± tend toward some constants with dβ±/dt → 0. By using the expression for the lapse func-
tion, we calculate that it happens only when Ω → −∞. The Universe is then expanding. It corresponds to
late times epoch when the Hamiltonian is positive and justify our assumption on the asymptotical value of
t since there is no physical reason such that the diverging expansion of the Universe take place for a finite
value of the proper time. Since in the same time, β± should tend toward some constants, we should also
have β˙± → 0, i.e. x → 0. Consequently, a stable isotropic state can be reached only in the plane x = 0 of
the phase space when Ω diverges negatively. We will have to check if these two conditions do not excluded
each others.
What about the value of k? From the constraint, we see that k2 ≤ 1. Then, by considering the expres-
sion k2 = δH−2e3(γ−2)Ω and the equation for H˙H issued from (2.8), we deduce that:
– k2 will tend to vanish when U > V −γ .
– k2 will tend toward a constant different from zero when x = 0 if the Hamiltonian tends toward
H = H0e
3/2(γ−2)Ω
. Then k2 → δH−20 and U ∝ V −γ .
– k2 will tend toward 1 for any potential such that U < V −γ .
The first case corresponds to an asymptotically dominated scalar field Universe. It has already been studied
in [105]. It will concern any potential tending toward a constant or diverging since the 3-volume will di-
verge when isotropisation arises and then V −γ → 0. The second case corresponds to a potential behaving
asymptotically as the energy density of the perfect fluid, U ∝ ρ. It is different from trackers solutions which
are such that asymptotically ρφ ∝ ρ, ρφ being the scalar field energy density: then, it is the scalar field
energy density that mimics this of the perfect fluid and U ≤ ρ. However, in both cases, the metric functions
behave asymptotically as the Universe was filled only with a perfect fluid whose density is increased by
the presence of the scalar field. Hence, when U ∝ V −γ , dark matter and coincidence problems could be
explained in the same way as trackers solutions try to do it. For this reason, we will name these solutions
”trackers like” solutions.
The third case corresponds to a Universe dominated by the perfect fluid. Effectively, if we use a Lagran-
gian formulation to rewrite the field equations, we remark that when U < V −γ , in the space field equations
we can neglect the potential regarding the term of the perfect fluid. Thus, the asymptotical solutions of the
metric function will take the same form as these of a theory without scalar field. However, in the constraint
equation, the scalar field is not negligible. We will see below that this case always implies that ℓ diverges,
that is also possible in the previous case.
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In the following subsection, only the non asymptotically scalar field dominated cases that contain the
trackers solutions, will be studied, the results of the scalar field dominated case being identical to these of
[105].
Isotropic stable equilibrium states for non asymptotically scalar fi eld dominated Universe
We find four equilibrium points in the plane x = 0, with k 6= 0 and respecting the constraint if k2 =
1− 3γ(2ℓ2)−1. This last condition is not a fine-tuning. In fact, the expression for k contains the integration
constant δ which is hence determined by the constraint equation. As evoked above, it shows that when
ℓ → ∞, k → 1. Moreover, since k2 and δ are positive, we derive that ℓ2 6∈ [0,3/2γ] and thus eliminate
two of the equilibrium points which are not real under this condition. The two remaining ones are then
defined by (y,z) = (±(2Rℓ)−1
√
3γ(2− γ),(4ℓ)−1γ). They are real as long as γ < 2. The equilibrium
states taking place in Ω → −∞, they are sources for the Ω time and sinks for the proper times t when
the Hamiltonian, which can be assimilated to an energy, is positive. Linearising the equation (2.14) in the
neighbourhood of the equilibrium points allows us to calculate x(Ω) and, using the relation dt = −NdΩ,
we get that asymptotically e−Ω tends toward t 23γ−1 whatever ℓ. It follows that if the potential behaves like
the energy density of the perfect fluid, near the equilibrium, both tend toward zero as t−2. We have also
checked that x(Ω) → 0 when Ω → −∞, thus showing the compatibility of these two limits necessary for
isotropisation.
In the next section, we discuss about physical meaning of these results, compare them with other papers and
make some applications.
2.4 Discussion
In this paper, we have considered the isotropisation of a scalar-tensor theory minimally coupled to a
massive scalar field with a perfect fluid for the Bianchi type I model. The following discussion is divided
in three parts. The first one contains the set of results of this work, the second one some comparisons with
other papers and the third one, some applications concerning the most studied forms of potentials.
We have seen that three cases can be distinguished depending on the fact that the potential is larger, smaller
or behaves in the same way as the energy density of the perfect fluid. For the first case, we recall the result
we have got in [105], adapting its terms to the present paper:
Asymptotically dominated scalar field Universe
When the potential is asymptotically larger than the energy density of the perfect fluid, a necessary condi-
tion for isotropisation of the minimally coupled scalar field with a massive scalar field φ and a per-
fect fluid, whatever the Brans-Dicke coupling function ω and the potential U considered, will be that
φUφU
−1(3 + 2ω)−1/2 tends toward a constant ℓ with ℓ2 < 3. It arises at late times if the Hamiltonian
is positive, at early times otherwise. If ℓ 6= 0 the metric functions tend toward tℓ−2 . The Universe is expan-
ding and will be inflationary if ℓ2 < 1. If ℓ = 0, it tends toward a De Sitter model.
It includes all the diverging potentials or these tending toward a cosmological constant at late times as
it could be the case for our present Universe. The first new result of this study concerns the potentials that
mimic asymptotically the energy density ρ of the perfect fluid. In this case, we can consider that their effect
is equivalent to increase ρ.
Isotropisation of trackers like theories:
When the potential asymptotically behaves like the positive energy density of the perfect fluid with an equa-
tion of state p = (γ − 1)ρ and γ ≥ 1, necessary conditions for isotropisation will be that φ2U2φU−2(3 +
2ω)−1 tends toward a constant ℓ2 larger that 32γ and γ < 2. The isotropisation always arises at late(early)
times when the Hamiltonian is positive(negative). Then the metric functions tend toward the attractor t 23γ−1 ,
the Universe is expanding, non-inflationary and the potential and density ρ tend toward zero as t−2.
Finally, the last case concerns a theory asymptotically dominated by the matter. Then, the potential U is
negligible regarding the energy density ρ:
Asymptotically matter dominated Universe:
When the potential is asymptotically smaller than the energy density of the perfect fluid, the necessary condi-
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tions for isotropisation are the same as for trackers like theories but the quantity φ2U2φU−2(3 + 2ω)−1 is
always diverging.
To complete these two last results, we need to determinate the asymptotical value of φ near the equili-
brium. From it, we will be able to determine the asymptotical value of the potential relative to V −γ and the
constant ℓ. Using the equation (2.5) and writing it near the equilibrium, we deduce that:
Asymptotical behaviour of the scalar field near the equilibrium:
The asymptotical behaviour of the scalar field near the equilibrium state when it does not dominate the
Universe is this of the function φ defined by the differential equation φ˙ = 3γUU−1φ when Ω→ −∞.
Note that in [105], it has been shown that the corresponding equation for the scalar field when it domi-
nates the Universe is φ˙ = 2φ2Uφ(3 + 2ω)−1U−1. All these results are independent from an initial state for
the Universe except the sign of H which have to be initially positive so that the isotropisation take place at
late times. Remark also that they can not be applied to a theory without potential since then the variable y
and thus ℓ is not defined.
In this second part, we compare our results related to the non-asymptotically dominated scalar field
Universe with these of other papers.
Hence, in [168] is studied what is called the ”Quintessential adjustment of the cosmological constant”. The
quintessence phenomenon is considered for an FLRW model and leads naturally to a vanishing potential.
It is what we observe here, the quintessential solutions being such that U ≤ V −γ , since then necessary
conditions for isotropisation imply that the potential tends toward zero at the most as t−2. It could thus
solve the cosmological constant problem.
In [163] where the General Relativity with a perfect fluid and a quintessential matter is studied for a flat
isotropic model, it has been demonstrated that the solving of the coincidence problem was not compatible
with inflation. This result is here generalised to any isotropising Bianchi type I model whatever ω and U
since for inflation being present at late time we would need that γ < 2/3, which is not the case for ordinary
matter.
In [62], it has been shown that scalar-tensor theory with a potential and a perfect fluid can have as late time
attractor the General Relativity. It corresponds to what we have found in this work since when necessary
conditions for isotropy are respected the metric functions asymptotically tend toward t 23 γ−1 . Hence, when
γ = 1, we have a dust fluid and the Universe tends toward an Einstein De-Sitter one with gij → t2/3 as
usually found when we consider this kind of matter. The same remark is valid when the equation of state
represents a radiative fluid with γ = 4/3. Then, the Universe tends toward a Tolman one with gij → t1/2.
In [160], Hyperextended scalar tensor theories (HST) with a potential for the Bianchi type I model are stu-
died. HST has the same action as (2.1) but with a gravitational function depending on the scalar field[35].
Some results of this last study are not changed by the presence of a perfect fluid. Especially it has been
shown that the Universe isotropises when Ge3Ω tends toward a constant. Applied to the present paper, it
gives that γ have to be smaller than two which is the reality condition for the equilibrium points.
If we consider General Relativity with only a perfect fluid, it is known that the Bianchi type I model isotro-
pises. In the present case, we observe that the presence of a scalar field add a necessary constraint, related
to the range of value of the constant ℓ, such that isotropisation might arise. We also note that the asympto-
tical behaviour of the metric functions does not depends on ℓ contrary to the case for which the scalar field
dominates.
Last, from a mathematical point of view, the main difference between the case where the matter is absent[105]
or does not dominate at late times and the case of trackers like theories or matter dominated theories comes
from the reality condition that selects the equilibrium points. In any circumstances, the field equations writ-
ten with new variables admit four equilibrium points that we will nameE1, E2, E3 and E4. In the first case,
reality condition selects the two first points and ℓ belongs to a closed interval such that ℓ2 < 3. In the second
case, the two last points are selected and ℓ belongs to an open interval such that ℓ2 > 32γ.
In what follows, we are going to study two well-known theories defined by
√
3 + 2ωφ−1 =
√
2 and
some exponential and power laws potential. They have mainly been considered for FLRW models and most
of the results we will get will not be new. However they will permit us to test these of the present paper and
to show that the formalism we use allow unifying them. To study each of these theories, we will proceed in
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four steps:
1. We calculate the asymptotical value of the scalar field if we assume that U ≤ V −γ or U > V −γ .
2. We respectively deduce the conditions such that U ≤ V −γ or U > V −γ .
3. We respectively deduce the conditions on ℓ such that the Universe isotropise.
4. We compare if needed, the two sets of conditions to check their compatibility.
The first theory we want to study is defined by
√
3 + 2ωφ−1 =
√
2 and U = ekφ. In [86], it is examined
without a perfect fluid and demonstrated that isotropisation arises for k2 < 2. In [105] it is shown that
it can not happen when k2 > 6. If we suppose that the scalar field does not dominate at late times, we
calculate that near the equilibrium φ behaves as 3γk−1Ω. Thus whatever k, the asymptotical behaviour of
the potential is the same as this of the perfect fluid energy density and hence the solution will be trackers
like solutions. The necessary condition for isotropisation related to ℓ is then written k2 > 3γ. The calculus
of dφ/dt shows that this derivative is of the same order or smaller than the potential and thus this solution
is a true trackers one as usually considered in the literature. If now we assume that the scalar field asymp-
totically dominates the Universe and that we use the results of [105], the asymptotical form of φ shows that
our assumption is true only if k2 < 3γ. The necessary condition for isotropisation given by the limit on ℓ
is then k2 < 6. Since γ < 2, only the first inequality on k have to be taken into account. Hence, when the
scalar field asymptotically dominates the Universe, the necessary condition for isotropisation is satisfied.
To summarise, if k2 > 3γ, necessary conditions for isotropisation of the Universe toward a tracker solution
such that e−Ω → t 23 γ−1 are respected whereas if k2 < 3γ, necessary conditions are respected such that it
be able to isotropise toward a dominated scalar field Universe with e−Ω → t2k−2 [86, 105]. These results
have been derived in [111] for the FLRW models. However, in this last paper, a stable trackers solution
corresponding to k2 > 6 have also been found. It does not exist in this work since then the isotropisation
would be impossible.
The second theory we wish to consider is defined by
√
3 + 2ωφ−1 =
√
2 and U = φk. If we assume that
the late times Universe is not asymptotically dominated by the scalar field, we find that φ will tend toward
φ0e
3γk−1Ω
, φ0 being an integration constant 2. If k < 0, ℓ tends to vanish and isotropisation is not pos-
sible. If k > 0, ℓ diverges and necessary conditions for isotropisation are respected. Thus we deduce that
the perfect fluid will asymptotically dominate this solution, hence confirming our assumption. If now we
suppose that U > V −γ , the calculus of the scalar field confirm it and, as shown in [105], the theory is able
to isotropise toward a De-Sitter model asymptotically dominated by the scalar field when k < 0. These
results are in accordance with these found in [169] where it has been shown that for k < 0, the solution is
asymptotically dominated by the scalar field whereas when k > 0, it is matter dominated.
Some particular cases of minimally coupled scalar tensor theories with a massive scalar field and a per-
fect fluid has already been studied in the literature. Here we have made an attempt to derive some necessary
conditions such that an asymptotically isotropic stable state be reached by the Universe at late times wha-
tever U and ω and we have then studied its dynamical behaviour. Using these results, we have made two
applications and checked their consistency with previous works. In a future paper, we hope to apply the
mathematical methods of this work to the Hyperextended Scalar Tensor theory for which the gravitational
function varies with the scalar field.
Appendix: Divergence of k
Since we have chosen to consider some positive energy densities for the perfect fluid with moreover
γ ∈ [1,2], then k2 is positive and thus from the constraint, we deduce that the divergence of k is excluded.
However, in what follows, we will consider that δ < 0. For the constraint it is equivalent to write it as
p2x2+Ry2+12z2− k2 = 1 or to keep the same form as (2.13) but with k2 < 0. We will consider this last
possibility. Then, k can diverge but we wish to show that it is not compatible with an equilibrium state.
In a general manner, when x → 0, the plane where all the isotropic stable states are present as shown in
subsection 2.3.2, we have the following relations:
k2 → 1−Ry2 − 12z2 (2.17)
and then:
y˙ → y(6ℓz + 3Ry2 − 3− 3/2(γ − 2)(1−Ry2 − 12z2)) (2.18)
z˙ → 3Ry2z −R/2ℓy2 − 3/2(γ − 2)z(1−Ry2 − 12z2) (2.19)
2. This constant does not appear in the previous application since it is asymptotically negligible.
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The expressions (2.18) and (2.19) have to tend toward zero to reach equilibrium. For the first one, it will
arise if y → 0 or 6ℓz+ 3Ry2 − 3− 3/2(γ − 2)(1−Ry2 − 12z2)→ 0. Let’s study these two possibilities.
Case 1: y → 0 and (2.18)→ 0
Then, (2.17) implies that z diverges and (2.18) that yz2 tends toward zero. Applying these two limits to
(2.19), we deduce that z˙ → z3 and thus diverges, preventing the equilibrium. This reasoning is also valid
when ℓ diverges.
Case 2: 6ℓz + 3Ry2 − 3− 3/2(γ − 2)(1−Ry2 − 12z2)→ 0 and (2.18)→ 0
It means that:
y2 → [−6ℓz + 3 + 3/2(γ − 2)(1− 12z2)] (3/2Rγ)−1 (2.20)
k2 → 1− [−6ℓz + 3 + 3/2(γ − 2)(1− 12z2)] (3/2γ)−1 − 12z2 (2.21)
By putting this last expression in (2.19), we get an expression of z˙ as a function of z. An equilibrium point
can then be reached only for a finite value of z. But (2.20) shows that y will tend toward a constant. Thus,
it will be the same for k which contradicts the fact that it becomes infinite. It is the same if ℓ diverges.
Consequently, a diverging value of k is not compatible with an isotropic state for the Universe at late times
whatever the sign of δ.
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Abstract
We look for necessary isotropisation conditions of Bianchi class A models with curvature in presence of a
massive and minimally coupled scalar field when a function ℓ of the scalar field tends to a constant, diverges
monotonically or with sufficiently small oscillations. Isotropisation leads the metric functions to tend to a
power or exponential law of the proper time t and the potential respectively to vanish as t−2 or to a constant.
Moreover, isotropisation always requires late time accelerated expansion and flatness of the Universe.
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3.1 Introduction
In this paper we study isotropisation of Bianchi class A models with curvature when a minimally coupled
and massive scalar field φ is considered.
Locally, General Relativity (GR) with a perfect fluid seems a good description of our Universe. At
cosmological scale, accelerated dynamical expansion is observed[9, 10] and additional fields are required
to explain it. Among them, a scalar field seems a good alternative although it is not the only one: higher
order theories[170, 171] or dissipative fluid[163, 172] also give birth to inflationary behaviour. Scalar fields
are required by standard model for elementary particles as well as by unification theories for which, for
instance, compactification schemes[113, 26] are considered. These last theories also give a natural order of
magnitude for the cosmological constant[173] at early times which may be 55 to 120 orders of magnitude
bigger than its present observed value: this is the so-called cosmological constant problem. A solution is to
consider that this ”constant” varies across the Universe history. A massive scalar field is then an interesting
possibility to simulate such a mechanism. All these elements show the interest of a minimally coupled
scalar-tensor theory with a Brans-Dicke coupling function ω and a potentialU depending on the scalar field
φ.
What about the geometrical framework of this paper? FLRW models geometrically describe the obser-
ved homogeneity and isotropy of our Universe. However they are very special ones among the set of all
possible models and do not allow to explain the observed large-scale structures. Moreover, at early times,
before the decoupling between matter and radiation, we have no indication about Universe’s geometry. Was
it as so symmetric as the FLRW models imply? Thus, it seems interesting to generalise them by only kee-
ping their spatial homogeneity property. Bianchi models describe anisotropic cosmological models and may
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allow to understand the process leading to an isotropic Universe. The most studied Bianchi models are those
containing the FLRW solutions[108], i.e. the types I , V , V II0,h and IX . We have examined the Bianchi
type I model in [105]. Here, we will be interested in the Bianchi class A models with curvature.
Our goal is to look for necessary conditions allowing the isotropisation of Bianchi class A models with
curvature when a minimally coupled and massive scalar tensor theory is considered. We will then deduce
the common asymptotical behaviour of the metric functions when isotropisation is reached and compare our
results with those obtained for the Bianchi type I model[105]. From a technical point of view, we will use
the methods of [105]: we will get the field equations from ADM Hamiltonian formalism[78, 77] and rewrite
them with a new set of variables. Then we will look for equilibrium points corresponding to isotropic stable
states.
A large amount of work has been done on equilibrium states of Bianchi models. Wainwright, Ellis and
collaborators have studied equilibrium points of homogeneous models for General Relativity with perfect
fluid, tilted or not and found asymptotically isotropic solutions. A good summary of their work is [25]. They
use Hubble-normalized variables to study the dynamics of Einstein field equations. The normalisation factor
is the Hubble parameter and the equation allowing to show that variables are normalized is the generalized
Friedman equation. In this paper we will also consider normalized variables but we will use the Hamiltonian
as normalisation factor. The expression for Hamiltonian will be the constraint from which we deduce that
variables are normalized. More recently Barrow and Kodama[174, 175] have examined the influence of
topology on isotropy and flatness of the Universe. They have shown that ”the topology of the Universe can
impose significant restrictions upon the type of anisotropies it can sustain”. We will not consider topology
in this work but these results are really interesting from the point of view of relations between dynamics
and topology which has also been examined by Ashtekar and Samuel[176].
The plane of the paper is the following. The second section will be parsed into three subsections. The
first one will be devoted to the Bianchi type II model, the second one to the Bianchi types V I0 and V II0
and the third one to the Bianchi type V III and IX models. Each of these subsections will be divided into
two subsections devoted to the field equations and the study of the equilibrium points. We will discuss the
physical meaning of our results in section 3.3.
3.2 Mathematical study of isotropisation for class A Bianchi models
We begin calculating the Hamiltonian field equations. The Lagrangian of the minimally coupled scalar-
tensor theory is given by:
S = (16π)−1
∫ [
R− (3/2 + ω(φ))φ,µφ,µφ−2 − U(φ)
]√−gd4x (3.1)
Although it may be more natural to redefine φ so that the kinetic term takes a standard form φ,µφ,µ, we
prefer considering an unspecified Brans-Dicke coupling function such that our results be valid for any form
of ω(φ) even when it is analytically impossible to get φ(ω). The general form of the metric for Bianchi
models is written:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20gijωiωj (3.2)
The ωi are the 1-forms defining each Bianchi model.N andN i are respectively the lapse and shift functions.
To find the ADM Hamiltonian corresponding to the action (3.1), we proceed as in [78] and [77]. We rewrite
the action as follows:
S = (16π)−1
∫
(Πij
∂gij
∂t
+Πφ
∂φ
∂t
−NC0 −NiCi)d4x (3.3)
The Πij and Πφ are respectively the conjugate momenta of the metric functions and scalar field. The lapse
and shift functions now play the role of Lagrange multipliers. By varying (3.3) with respect to N and Ni,
we get the constraints C0 = 0 and Ci = 0 with:
C0 = −
√
(3)g
(3)
R− 1√
(3)g
(
1
2
(Πkk)
2 −ΠijΠij) + 1√
(3)g
Π2φφ
2
6 + 4ω
+
√
(3)gU(φ) (3.4)
Ci = Πij|j (3.5)
We rewrite the metric functions gij as e−2Ω+2βij . It means that Ω stands for the isotropic part of the metric
and βij for the anisotropic parts. Then, using Misner parameterisation [79]:
pik = 2πΠ
i
k − 2/3πδikΠll (3.6)
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6pij = diag(p+ +
√
3p−,p+ −
√
3p−,− 2p+) (3.7)
βij = diag(β+ +
√
3β−,β+ −
√
3β−,− 2β+) (3.8)
and rewriting the Hamiltonian as H = 2πΠkk, from the expression (3.4) and the constraint C0 = 0, we get:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU + V (Ω,β+,β−) (3.9)
with pφ = πΠφ. The form of V (Ω,β+,β−) specifies each Bianchi model and is given in table 1. From (3.9),
we derive the Hamiltonian equations:
β˙± =
∂H
∂p±
=
p±
H
(3.10)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(3.11)
p˙+ = − ∂H
∂β±
= −∂V (Ω,β+,β−)/∂β+
2H
(3.12)
p˙− = − ∂H
∂β±
= −∂V (Ω,β+,β−)/∂β−
2H
(3.13)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6ΩUφ
H
(3.14)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
+
∂V (Ω,β+,β−)/∂Ω
2H
(3.15)
We set Ni = 0 and calculate that, whatever the Bianchi model, the lapse function is given by:
N =
12πR30e
−3Ω
H
(3.16)
Then, the relation between the time Ω and the proper time t is dt = −NdΩ.
Before starting the analysis of each Bianchi model, let us talk about some necessary conditions for isotro-
pisation. By definition, the Universe isotropises if each metric function tends toward a common form, let us
sayR2. From Misner parameterisation, we deduce that it implies e−Ω → R and β± → 0. A convenient mea-
sure of anisotropy is given by the a mesure of the root mean square anisotropy[21] dβ+/dt2 + dβ−/dt2 =
(dβ+/dΩ
2 + dβ−/dΩ2)(dΩ/dt)2 which have to decay such that isotropy occurs. Assuming that isotro-
pisation is an asymptotic phenomenon arising when proper time diverges, it means that asymptotically
dβ±/dt → 0. It is this last necessary condition only that we will use in this work. It is not sufficient for
isotropisation since it does not prevent β± to diverge or to tend toward a big constant but it is necessary if
we want that the Hubble factors Hi = dgiidt g
−1
ii be asymptotically the same, i.e. tend toward the same value
dΩ/dt in accordance with the fact that the Hubble constant is the same in any direction. Since the equations
(3.10) and the expression for N lead to:
dβ±
dt
= − p±e
3Ω
12πR30
(3.17)
a stable isotropic state needs p±e3Ω → 0. We now look for the conditions allowing this limit.
Let us assume that isotropy leads to a static Universe, i.e. Ω tends toward a constant. Then p± must tend
toward zero such that p±e3Ω vanishes. However, from (3.16) and (3.12-3.13), it comes that dp±/dt ∝
∂V/∂β±e3Ω. Hence for the Bianchi I , V I0 and V III models, when β+ and Ω tend toward some constants,
the conjugate momentum diverges with the proper time t since p˙± tends toward a non vanishing constant
and p+e3Ω → ∞. Thus from the reasonable assumption that isotropy happens when t diverges, we deduce
that isotropisation can not lead to a static Universe for these three models (it would be deeply unnatural that
a static Universe ends for a finite value of t). For the V II0 and IX models, the demonstration is not so
simple since then, when β± → 0 and Ω → const, ∂V/∂β± → 0 and p˙± vanishes. We will show below
that for these models also, isotropy is not possible when Ω tends toward a constant. If now we assume
that Ω diverges, nothing at this stage prevents the asymptotical vanishing of p±e3Ω. Moreover, since β±
tend toward some constants for a diverging value of Ω, we deduce that dβ±/dΩ → 0 otherwise β± would
diverge with Ω. Consequently, isotropisation should arise when Ω → ±∞, dβ±/dΩ and pe3Ω → 0. These
conditions are independent each other and of the considered Bianchi class A models. We will have to check
if each of them is respected for each presumed isotropic equilibrium state.
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Let us compare them with isotropisation conditions defined by Collins and Hawking [108]. First, as in
this last paper, we have assumed that isotropisation arises when t → ∞. Second, in the next sections, for
each Bianchi models, we will show that isotropisation needs Ω → −∞. This is the first condition that
defines isotropisation in Collins and Hawking’s paper and which implies that Universe expands indefinitely.
Third, the fact that dβ±/dt and dβ±/dΩ tend toward zero satisfies their third condition meaning that ”the
anisotropy in the locally measured Hubble constant tends to zero”. Thus from the necessary but not sufficient
conditions stating that isotropisation needs dβ±/dt → 0 and considering the field equations, we recover
two of the four conditions of the Collins and Hawking definition for isotropy. It shows the physical meaning
of the limit p±e3Ω → 0 regarding isotropisation. Moreover, assuming that β± tend toward some constants
means that the matrix β whose components are the βij becomes a constant β0 which is the fourth condition
defining isotropy in [108].
In what follows, we study isotropic equilibrium states of each Bianchi class A model with curvature.
3.2.1 The Bianchi type II model
Field equations
To study the equilibrium points corresponding to asymptotic isotropic states, we will use the following
variables, specific to the Bianchi type II model:
x± = p±H−1 (3.18)
y = πR30
√
Ue−3ΩH−1 (3.19)
z = pφφ(3 + 2ω)
−1/2H−1 (3.20)
w = πR20e
−2Ω+2(β++
√
3β−)H−1 (3.21)
They are independent since x±, y, z and w are respectively functions of the independent quantities p±, φ,
pφ and β±. Then, the Hamiltonian (3.9) yields:
x2+ + x
2
− + 24y
2 + 12z2 + 12w2 = 1 (3.22)
We will consider this last expression as a constraint. It shows that the 5 variables (x±,y,z,w) are normalised.
They allow us to rewrite the field equations as a first order equations system in the following way:
x˙+ = 72y
2x+ + 24w
2x+ − 24w2 (3.23)
x˙− = 72y2x− + 24w2x− − 24
√
3w2 (3.24)
y˙ = y(6ℓz + 72y2 − 3 + 24w2) (3.25)
z˙ = y2(72z − 12ℓ) + 24w2z (3.26)
w˙ = 2w(x+ +
√
3x− + 12w2 + 36y2 − 1) (3.27)
with ℓ = φUφU−1(3 + 2ω)−1/2. Since we want to keep ω and U undetermined, we will not explicit the
form of ℓ(φ). Then, the above system could not seem autonomous because ℓ = ℓ(φ) and thus it would
be meaningless to look for its equilibrium point. However, it exists two possibilities such that it becomes
autonomous. The first one is to consider ℓ as a function of (x,y,z,w) rather than φ. Such considerations
are often used when one look for exact solutions of field equations: for instance, instead of considering the
potential as a function of the scalar field, it can be easier to find exact solutions by assuming it depends on
the metric functions[177]. However, in the general case, ℓ may not be written in this way in the whole range
of φ. The second possibility, which applies whatever ℓ, is to consider an additional first order equation for
φ which is derived from (3.11): φ˙(z,φ). Then, the system is autonomous. However, the constraint equation
shows that scalar field equilibrium is not necessary for isotropisation contrary to other variables: φ˙ and φ
can diverge whereas isotropy asymptotically occurs. Hence, we conclude that whatever the way we use such
that the system be autonomous, equilibrium states are only determined by zeros of the system (3.23-3.27).
The same reasoning may be applied for each Bianchi model. In what follows, we will use (3.23-3.27) to get
the expressions for equilibrium points as some functions of ℓ(φ) and then φ˙(z,w) to get the asymptotical
behaviour of the scalar field.
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Isotropic equilibrium states
Equilibrium points
Several equilibrium points exist and we have to select those representing an isotropic equilibrium state.
Immediately, we observe that the necessary conditions for isotropisation dβ±/dΩ→ 0, imply that x± → 0
near equilibrium 1. Since the equations (3.10) and the definitions of the variables x± will be identical for all
the Bianchi models, these limits will be the same for each of them. Thus, we will systematically discard any
equilibrium point with x± 6= 0 or which is not defined by real values.
All the equilibrium points of the Bianchi type II model are summarised in the appendix. The first one
is defined by (y,w) = (0,0). Let us show that it is not consistent with isotropy. From equations (3.12-
3.13), we derive that p+ −
√
3p− = p0, p0 being an integration constant. Then, using (3.10), it comes
that β˙+ −
√
3β˙− = p0H−1. Thus, isotropisation needs a diverging Hamiltonian but for the zero measure
case with p0 = 0. If now we consider (3.27) near (y,w) = (0,0), we deduce that w behaves as e−2Ω and
vanishes when Ω → +∞. Introducing this expression in (3.21), we derive that H should asymptotically
behave as e2(β++
√
3β−) and thus should tend toward a constant value when Universe approaches isotropy.
This contradict the fact that the Hamiltonian have to diverge and thus the set of points (y,w) = (0,0) is not
compatible with isotropisation.
The second set of points is not real and such that x± 6= 0. Hence, it does not correspond to an isotropic
equilibrium state and we discard it. The third set of points is such that x± = 0 and respects the constraint. It
writes (x+,x−,y,z,w) = (0,0,±
√
3− ℓ2(6√2)−1,ℓ/6,0) and is real if ℓ2 < 3, implying that isotropisation
is not possible if this last quantity diverges 2. Indeed since asymptotically z behaves as ℓ/6, it means that
an isotropic stable state needs ℓ to tend to a constant value with no limit cycle otherwise z˙ 6→ 0 when
Ω → −∞. This is the only set of points representing an isotropic stable state and the only one we will
consider below. The fourth set of points does not represent a stable isotropic state except if ℓ → 1. Then it
tends toward the previous one. However, we will see below that the value ℓ = 1 does not allow for isotropi-
sation. Thus we discard it.
Monotonic functions
We rewrite the equation (3.15) with the normalised variables:
H˙ = −H(72y2 + 24w2) (3.28)
Hence the Hamiltonian is a monotonic function of Ω with a constant sign. Then, from the lapse function
expression (3.16), we deduce that Ω is a monotonic function of the proper time t. Therefore, if the Hamil-
tonian is initially positive (negative), Ω → −∞ corresponds to late time(early time). We will not consider
the case Ω → +∞ since we will show below that it does not lead to isotropy. We conclude that late times
isotropisation initially needs H > 0: this is the only necessary initial condition for this behaviour. Moreo-
ver, the Hamiltonian being of constant sign, it is the same for the variables y and w.
Asymptotic behaviours
We wish to evaluate the behaviours of some quantities in the neighbourhood of the equilibrium points
(x+,x−,y,z,w) = (0,0,±
√
3− ℓ2(6√2)−1,ℓ/6,0), i.e. when we approach isotropy in Ω→ −∞. Approxi-
mating (3.27) near equilibrium by w(1 − ℓ2), we find that asymptotically w behaves as e(1−ℓ2)Ω.
From this last expression and approximating (3.23) by (3− ℓ2)x+ − 24w2, we deduce that x+ behaves
as the sum of two terms e2(1−ℓ2)Ω and e(3−ℓ2)Ω. Since isotropy needs x+ → 0 and ℓ2 < 3, we derive it only
occurs if Ω→ −∞ and ℓ2 < 1. These two limits are in accordance with the vanishing of x± and w which is
necessary to reach the equilibrium isotropic state. Consequently x± asymptotically behave as e2(1−ℓ
2)Ω
. Let
us note that the two limits x± → 0 and Ω → −∞, necessary for isotropisation, are compatible and justify
our assumption that it takes place for a diverging value of t: when Ω → −∞ and the Universe isotropises,
it is expanding and there is no physical meaning to consider that it ends for a finite value of the proper time.
Let us show that the value ℓ2 = 1 has to be discarded. If 1 − ℓ2 → 0 faster than Ω−1, w tends toward a
non vanishing constant and is not compatible with isotropy. If 1 − ℓ2 → 0 slower than Ω−1, from (3.15)
we deduce that near equilibrium H → e−2Ω. Then from (3.12), it comes that p+ → e−2Ω and it follows
1. Note that we have then, near equilibrium, x˙± → 0 and x± → 0. This is a consequence of the fi eld equations and values of the
equilibrium points near isotropy. It means that x± should be integrable in the Lebesgue sense in the neighbourhood of equilibrium.
We will see that it is actually the case when we will calculate the asymptotical behaviours of x±.
2. We will not take into account the case for which ℓ2 would have a chaotic behaviour such that it stays smaller than 3.
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from (3.18) that x+ tends toward a non vanishing constant. Hence, the limit ℓ2 → 1 is not compatible with
isotropy. The above reasoning concerning the case for which 1 − ℓ2 → 0 faster than Ω−1 will stay valid
for any Bianchi model. However, when 1− ℓ2 → 0 slower than Ω−1, it will be valid only for Bianchi type
II , V I0 and V III models. For Bianchi type V II0 and IX models, the situation is different because when
β± → 0 during isotropisation, p± varies slower than e−2Ω since ∂V/∂β±e4Ω → 0. However, we will show
below that near equilibrium, the value ℓ = 1 can also be excluded.
Now it is possible to show that p±e3Ω vanishes when Ω → −∞. Writing p˙±/H as a function of x± and
w and using their asymptotical behaviours, we calculate that p˙±/p± tends toward the constant −(1 + ℓ2).
Consequently p±e3Ω → e(2−ℓ2)Ω → 0 when Ω → −∞ and the necessary but not sufficient condition for
isotropisation is respected. Moreover, from (3.28), we calculate that asymptotically H˙H−1 tends toward
ℓ2 − 3. Thus H → e(ℓ2−3)Ω and diverges since ℓ2 < 1: therefore, although determined independently, the
asymptotical behaviours of p± and H agreed with these of x± = p±H−1.
Concerning the scalar field, we can find a differential equation whose solution asymptotically behaves
in the same way as φ when Ω → −∞ by expressing equation (3.11) with the normalised variables and
considering its asymptotical limit near equilibrium. It comes:
φ˙ =
2φ2Uφ
(3 + 2ω)U
(3.29)
This important equation allows us to get the asymptotical behaviour of φ near equilibrium and consequently
that of ℓ.
From the asymptotical behaviour of H and the expression (3.16) for the lapse function, it is possible to
get the isotropic part of the metric, e−Ω, as a function of the proper time. If ℓ2 tends toward a non vanishing
constant, then e−Ω → tℓ−2 . If ℓ2 tends to 0 faster than (−Ω)−1, e−Ω behaves like an exponential. Let
us show that it is always the case. Equation (3.29) can be rewritten as dφ/dΩ = 2ℓ2U(Uφ)−1 and then
U ∝ e2
∫
ℓ2dΩ
when Ω → −∞. Introducing this expression and the expression for H into (3.19), we get
y ∝ e−ℓ2Ω+
∫
ℓ2dΩ
. Thus, if ℓ2 vanishes slower than (−Ω)−1, y diverges or tends to 0 instead of a non
vanishing constant and there is no equilibrium.
Hence, when an isotropic equilibrium state is reached with ℓ → 0, ℓ2 always vanishes faster than
(−Ω)−1 and Universe always tends toward a De Sitter one. This proof for ℓ = 0 relies on the asymptotic
form of φ, H and the definition of y. It will be valid for all the Bianchi models since we will see that these
3 quantities keep the same forms each time the same set of equilibrium points is considered.
From (3.19) and the asymptotical forms for Ω(t), we deduce that the potential behaves as t−2 when ℓ
tends toward a non vanishing constant, or as a non vanishing constant otherwise (the same behaviour held
when we consider the Bianchi type I model[105]). Concerning the 3-curvature which can be expressed as
R(3) = e2Ω+4(β++
√
3β−)
, it is obvious that near isotropy, it tends to zero, showing that the Universe be-
comes spatially flat.
Let us note the importance of the potential for isotropisation of the Bianchi type II model. If we consider
U = 0, we get from the field equations (3.12) and (3.15) that H = p+ + p0 and thus β˙+ = 1 − p0H−1,
p0 being an integration constant. It follows that β˙+ does not asymptotically vanish and isotropy can not be
reached.
Partial equilibrium 3
Above we have defined the isotropic equilibrium states such that all the variables reach equilibrium. Ho-
wever, this last statement is not mandatory: all of them have not to reach equilibrium such that x± → 0 in
a stable way. In this case, as Ω → −∞, the concerned variables would stay bounded but their derivatives
would not asymptotically vanish: they should oscillate indefinitely (around a constant or not) and thus, their
derivatives should also oscillate around zero without beeing damped. What are the variables able to behave
in this way?
We can reasonably assume that it is not x±, otherwise it would mean that the variation of the Hubble
constant would be anisotropic. Since x± and x˙± have to vanish, it implies that w also asymptotically va-
nishes and consequently, w˙ → 0. Finally the only variables whose equilibrium is not necessary to isotropy
and whose derivatives could be oscillating are y and z. Under these assumptions, what about ℓ behaviour?
Equation (3.26) writes asymptotically z˙ = y2(72z − 12ℓ). Since we have assumed that z˙ was oscillating, it
shows that ℓ can not tend to a constant, diverge monotonically or diverge oscillatory if the oscillations are
3. I thank one of the referees criticisms from which this section is inspired.
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not large enought(ℓ = Ω1/3 + cosΩ as instance) otherwise the sign of z˙ would be constant. Consequently,
only oscillatory ℓ with sufficiently large amplitudes and not tending to a constant may allow oscillations of z
too (ℓ = ΩsinΩ or ℓ = n cosΩ with n a constant larger than the largest amplitude of 6z as instance). In this
case, the results of the previous sections do not apply since all the variables do not reach equilibrium but an
isotropic equilibrium state eventually occurs with (x±,w) only reaching equilibrium. Then, since ℓ can be a
regular functions as well as having a chaotic behaviour, it is not possible to give more characteristics about
it or the way x± would reach equilibrium. Hence, the main result of this subsection is mainly a limitation
of the previous subsections results which will be valid for all the Bianchi class A models.
Let us examine the folowing example for the Bianchi type II model:
Since x± and w vanish, asymptotically the constraint is 24y2 + 12z2 = 1. In this limit, considering that
(3.26) is essentially equivalent to the constraint equation under (3.25), (3.25) is the only nontrivial equation.
In this asymptotic reduction, (3.25) can be regarded as the equation for ℓ in terms of y, which can be written
as:
ℓ =
v˙
2 + v
1√
1− v +
√
1− v,
where v = 2(36y2 − 1) and 6z = √1− v. For any function for v(Ω), the equation
φ˙ =
12φ√
3 + 2ω
z,
determines φ as a function of Ω for a given ω. Then, the definition of ℓ,
ℓ =
φ√
3 + 2ω
Uφ
U
,
determines U as a function of φ, provided that φ − Ω relation is invertible. Here, if v is bounded by a
positive constant from below and if 1− v is non-negative, one can easily check that x± and w have required
asymptotic behavior. Thus, the only possible constraint on v(Ω) is the invertibility of the φ − Ω relation.
For example, the choice:
v = v0 +
1
Ω
sin2Ω3
satisfies this condition, if v0 is a constant in the range 0 < v0 < 1. However, for this choice, ℓ, y˙ and z˙
diverge oscillatorily as Ω → −∞, although the isotropization condition x± → 0 as Ω → −∞ is satisfied
and (y,z) are bounded.
3.2.2 The Bianchi type V I0 and V II0 models
The results are similar to those of Bianchi type II model.
Field equations
We will use the following variables for both Bianchi type V I0 and V II0 models:
x± = p±H−1 (3.30)
y = πR30e
−3ΩU1/2H−1 (3.31)
z = pφφ(3 + 2Ω)
−1/2H−1 (3.32)
w± = πR20e
−2Ω+2β+±2
√
3β−H−1 (3.33)
They are independent since they respectively depend on p±, φ, pφ and a combining of β±. The definitions
of x±, y and z are the same as these of the Bianchi type II model. The Hamiltonian is written:
x2+ + x
2
− + 24y
2 + 12z2 + 12(w+ ± w−)2 = 1 (3.34)
and the field equations become:
x˙+ = 72y
2x+ + 24(x+ − 1)(w− ± w+)2 (3.35)
x˙− = 72y2x− + 24x−(w− ± w+)2 + 24
√
3(w2− − w2+) (3.36)
y˙ = y(6ℓz + 72y2 − 3 + 24(w− ± w+)2) (3.37)
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z˙ = y2(72z − 12ℓ) + 24z(w− ± w+)2 (3.38)
w˙+ = 2w+
[
x+ +
√
3x− + 12(w− ± w+)2 + 36y2 − 1
] (3.39)
w˙− = 2w−
[
x+ −
√
3x− + 12(w− ± w+)2 + 36y2 − 1
] (3.40)
The± symbols in equations (3.34-3.40) correspond respectively to the Bianchi type V I0 and V II0 models.
For the first model, the constraint shows that the variables are normalised since w+ and w− are positive.
For the second one, because of the minus sign, both w+ and w− could diverge. Then the constraint will
be respected only if the sum w+ − w− tends toward a constant. We will show below that isotropy is only
compatible with finite values of w±. Consequently, the isotropic states we are looking for are reached for
some bounded values of the variables whatever the Bianchi type V I0 or V II0 models. Now, we can also
show that isotropisation of Bianchi type V I0 and V II0 models may not arise for a finite value of Ω. Indeed,
if Ω tends toward a constant when the proper time diverges, dΩ/dt vanishes and thus, from (3.16), it comes
that H vanishes. But then,w± should diverge which is not compatible with the equilibrium as shown above.
Hence, for the Bianchi type V I0 and V II0 models, isotropisation does not lead to a static Universe.
Isotropic equilibrium states
Equilibrium points
All the equilibrium points with finite values of w+ and w− are referenced in the appendix. Following the
same reasoning as for Bianchi type II model, the only set of equilibrium points compatible with an isotropic
stable state is (x+,x−,y,z,w+,w−) = (0,0,±
√
3− ℓ2(6√2)−1,ℓ/6,0,0), implying that ℓ2 < 3. It is equiva-
lent to the points found for Bianchi type II model and, for the same reasons, ℓ have to tend to a constant with
no limit cycle. Another interesting set of points is given by (x+,x−,y,z,w±,w±) = ((ℓ2 − 1)(ℓ2 + 8)−1,±√
3(ℓ2− 1)(ℓ2+8)−1,±√12− 3ℓ2 [2(ℓ2 + 8)]−1 ,3ℓ(2ℓ2+16)−1,0,±√−ℓ4 + 5ℓ2 − 4 [2(ℓ2 + 8)]−1).
However, in this case x± → 0 only if ℓ2 → 1 and we recover the values of the previous set of points for this
particular limit of ℓ2 which does not allow isotropisation as it will be shown below. Other sets exist but are
complex valued and can thus be discarded. At last, as for Bianchi type II model, let us show that the set of
equilibrium points such that (y,w+,w−) = (0,0,0) implies that x± do not vanish.
In this case we deduce from (3.39-3.40) that w± behave as e−2Ω and thus isotropy would arise when
Ω → +∞. Then, using the definition (3.33) for w±, we derive that H should be a constant near isotropy
and, considering equations (3.12-3.13), we find that asymptotically p˙± should vary as p0±e−4Ω (p0± being
some constants) for Bianchi type V I0 or even slower for the V II0 type since β± might tend toward some
vanishing constants. It would follow that p± → p1±, p1± being some integration constants. However, in
this case β˙± would tend asymptotically toward the constants p1±H−1 and isotropisation could not occur
for a diverging value of Ω. Hence, (y,w+,w−) = (0,0,0) is not compatible with isotropisation except for
the special case of zero measure p1± = 0.
Monotonic functions
What about monotonic functions? We can rewrite equation (3.15) as follows:
H˙ = −H [72y2 + 24(w+ ± w−)2] (3.41)
As for the Bianchi type II model, (3.41) shows that the Hamiltonian is a monotonic function of constant
sign which determines if isotropisation occurs at early or late times depending if the Hamiltonian is initially
negative or positive. Moreover, it follows that y and w± are of constant sign.
Asymptotic behaviours
Making the same approximation as for subsection 3.2.1, we find that near an isotropic equilibrium state,
w± → e(1−ℓ2)Ω. Then, assuming that isotropisation arises for Ω → −∞ as we will show it below, it fol-
lows from (3.41) that H → e−2Ω when ℓ→ 1 and then, near equilibrium,w± should tend toward some non
vanishing constants. Thus the value ℓ = 1 does not agree with isotropisation.
Concerning x±, from (3.35-3.36), we deduce that they asymptotically behave as the sum of two exponen-
tials e2(1−ℓ2)Ω and e(3−ℓ2)Ω, showing again that these quantities will tend toward zero only if Ω → −∞
and ℓ2 < 1. These two limits allow vanishing of w±, which is necessary to reach the equilibrium states.
All these elements show that near isotropy w± is bounded. Indeed, for (x,y,z) to reach equilibrium, one
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only needs that w+ − w− → 0 whatever the particular asymptotical behaviours of w±. Then only using
this last limit, we have recovered the asymptotical behaviours for x± which implies that ℓ2 < 1. From
(3.39-3.40) and these last expressions and condition, it is then possible to get the particular behaviours of
w±, which show that, near isotropy, these variables always vanish and are then bounded.
Again, we are able to calculate that p±e3Ω tends to 0 as e(2−ℓ
2)Ω
, thus filling the necessary but not suffi-
cient conditions for isotropisation we defined above. From equation (3.41) we derive that asymptotically
H behaves as e(ℓ2−3)Ω. The form of equation (3.11) for φ˙ being unchanged whatever the Bianchi model
as well as those of ℓ and z near equilibrium, we recover the same differential equation as (3.29) giving the
asymptotical behaviour for the scalar field.
Since H and φ˙ when Ω → −∞, and N and y have the same forms as for the Bianchi type II model, we
find the same behaviours for e−Ω and U as a function of the proper time depending if ℓ tends or not toward
a vanishing constant. Again, the 3-curvature 3R tends to zero since β± become constant when Ω diverges
negatively.
3.2.3 The Bianchi type V III and IX models
Field equations
We will use the following variables:
x± = p±H−1
y = πR30e
−3ΩU1/2H−1
z = pφφ(3 + 2Ω)
−1/2H−1
wp = πR
2
0e
−2Ω+2β+H−1
wm = πR
2
0e
−2Ω−2β+H−1
w− = e2
√
3β−
The variables x±, y and z are the same as those defined for the Bianchi type II model. wp and wm are not
independent because both are related to β+. Near isotropy, we will have wm ∝ wp ∝ e−2ΩH−1. w− is
positive. The constraint equation is written:
x2+ + x
2
− + 24y
2 + 12z2 + 12[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)+
w2−(w
3
m − 2w3p)](w2−wp)−1 = 1
and for the field equations it comes:
x˙+ = 72y
2x+ + 24{w3p(x+ − 1)(1 + w4−)± w−(1 + 2x+)(wmwp)3/2(1 + w2−)
+w2−
[
(2 + x+)w
3
m − 2(x+ − 1)w3p
]}(w2−wp)−1 (3.42)
x˙− = 72y2x− + 24{w3p
[
w4−(x− −
√
3) + x− +
√
3)
]± w−(wmwp)3/2[w2−
(−√3 + 2x−) + (
√
3 + 2x−)] + w2−x−(w3m − 2w3p)}(w2−wp)−1 (3.43)
y˙ = y{6ℓz + 72y2 − 3 + 24[w3p(1 + w4−)± 2(wmwp)3/2w−(1 + w2−)+
w2−(w
3
m − 2w3p)](w2−wp)−1} (3.44)
z˙ = y2(72z − 12ℓ) + 24z[w3p(1 + w4−)± 2(wmwp)3/2w−(1 + w2−)+
w2−(w
3
m − 2w3p)](w2−wp)−1 (3.45)
w˙p = wp{−2 + 2x+ + 72y2 + 24[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)
+w2−(w
3
m − 2w3p)](w2−wp)−1} (3.46)
w˙m = wm{−2− 2x+ + 72y2 + 24[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)
+w2−(w
3
m − 2w3p)](w2−wp)−1} (3.47)
w˙− = 2
√
3w−x− (3.48)
± being related respectively to the Bianchi type V III and IX models. For sake of completeness, we have
written differential equations for each variable wp and wm. However, they are equivalent. The constraint
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shows that the variables are not necessarily normalised: if one of them diverges near isotropy, it have to
be counterbalanced by the divergence of wp and wm. Thus, if we show that isotropy does not arise for
unbounded values of wp and wm, it will mean that it only happens for some finite values of the variables.
To reach this goal, we will write that wp → wm → w and w− → 1. This is justified because isotropy needs
β± → 0 and we will see below that an isotropic equilibrium state effectively implies w− → 1. In this case,
for Bianchi type V III model, all the variables in the constraint are positives and thus bounded. Concerning
the Bianchi type IX model, let us assume that w diverges. Then, putting x± = 0, from the constraint we
have asymptotically 3w2 → 2y2 + z2 − 1/12 and from the equation for w˙, 3w2 → 3y2 − 1/12, implying
that asymptotically z2 → y2 and diverges as w2. However, with these limits we get from the equations for y˙
and z˙ that y˙ → 6ℓz2−3z and z˙ → −12ℓz2+2z. Then equilibrium for y and z can only be reached if z → 0
which is in disagreement with the assumption on the divergence of w. Hence, an isotropic equilibrium state
is not possible if wp and wm diverge. It follows, in the same way as for the Bianchi type V I0 and V II0
models, that isotropisation of Bianchi type V III and IX models for a finite value of Ω is impossible.
We can also show that wp and wm may not tend toward some non vanishing constants. Let us assume that
it is actually the case and consider 2 constants w and α such that wp → w and wm → αw. We introduce
these limits in equations (3.42-3.43) with x± = 0 and get respectively:
x˙+ = −24w2(1 + w−α3/2(1 + w2−)− 2w2−(1 + α3) + w4−)w−2− (3.49)
x˙− = −24
√
3w2(w2− − 1)(1− α3/2w− + w2−)w−2− (3.50)
Then, for Bianchi type V III model, we derive that equilibrium for x± will be reached only if α tends
toward a complex value (−1)2/3 or/and w− is negative, which is impossible. For the Bianchi type IX
model, equilibrium for x± may be reached if wp → wm (i.e. β± → 0) and w− → 1. Then, looking for
the equilibrium points, the only ones which may be real and such that wp and wm be different from 0 are
(x+,x−,y,z,wp,wm,w−) = (0,0,±(6ℓ)−1,(6ℓ)−1,±(1−ℓ2)1/2(6ℓ)−1). They check the constraint equation
and are real if ℓ2 < 1. Then we calculate thatwp andwm behave like±
[
(1− ℓ2)(1− e 4Ω(ℓ
2−1)+ω0
ℓ2 + 36ℓ2)−1
]1/2
and thus reach equilibrium when Ω→ +∞. Meantime, starting from this last expression and introducing it
in the equation for x+, it comes that x+ tends toward a complex value when Ω→ +∞ and thus these equi-
librium points are excluded. Numerical simulations seem to confirm the absence of equilibrium for these
values of (x+,x−,y,z,wp,wm,w−).
Isotropic equilibrium states
Equilibrium points
To find the equilibrium points we have to consider the equations (3.42-3.45), (3.48) and one of the equations
(3.46) or (3.47) since both wm and wp depend on β+. However the solutions of the equations system thus
defined can not be easily calculated. Consequently, we will only take into account the solutions such that
(x±,wp,wm) = (0,0,0) and which are compatible with isotropy. Then the solutions reduce to the set of
equilibrium points (x+,x−,y,z,wp,wm,w−) = (0,0, ±
√
3− ℓ2(6√2)−1,ℓ/6,0,0,1) which will be real if
ℓ2 < 3 and respect the constraint equation. It is equivalent to the sets found for the previous models and
once again, ℓ have to tend to a constant with no limit cycle such that equilibrium be reached. Note that it is
such that β− → 0 since w− → 1.
Monotonic functions
We can rewrite (3.15) in the following form:
H˙ = −H[72y2 + 24(±2w
1/2
p w
3/2
m
w−
± 2w1/2p w3/2m w− − 2w2p +
w2p
w2
−
+
w2pw
2
− +
w3m
wp
)] (3.51)
(3.52)
We immediately see that it is not a monotonic function and that its sign is indefinite. Thus Ω is not a mono-
tonic function of t and it is not possible to determine if isotropisation, corresponding to Ω→ −∞, arises at
early or late proper times.
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Asymptotic behaviours
Near equilibrium, it is possible to approximate equation (3.46) by wp(1−ℓ2) implying thatwp tends toward
e(1−ℓ
2)Ω
. The same conclusion arises forwm. In the same way as the previous subsection, one can show that
the value ℓ2 = 1 is not agreed with isotropisation. Introducing asymptotical expressions for wp and wm in
the equations (3.42-3.43), we find that x± behave as the sum of two exponentials, e2(1−ℓ2)Ω and e(3−ℓ2)Ω.
Thus, once again, isotropisation needs Ω→ −∞ and ℓ2 < 1 implying that x± behave as e2(1−ℓ2)Ω. As for
Bianchi type II model, it is possible to show that p±e3Ω → e(2−ℓ2)Ω and thus vanish. MoreoverH behaves
again as e(ℓ2−3)Ω. The Hamiltonian equation (3.11) for φ˙ being independent of considered Bianchi model
and the definition and asymptotical value of z being the same as for Bianchi type II model, we find the
same differential equation (3.29), giving asymptotically the behaviour of the scalar field. Anew, sinceH and
φ˙ when Ω → −∞, and N and y have the same forms as for Bianchi type II model, the discussion about
the forms of the metric functions near equilibrium is the same and they behave as power or exponential law
of the proper time depending on the asymptotical value of ℓ.
3.3 Discussion
We have found some necessary conditions for isotropisation of Bianchi class A models with curvature
for a minimally coupled scalar tensor theory. We have seen that the Universe has to expand (Ω → −∞),
justifying the assumption that t should be diverging, and that the ratio between the conjugate momentum
and the Hamiltonian should vanish. Our results do not concern the class of theories for which ℓ prevents the
equilibrium of z and y. As shown in subsection 3.2.1, such ℓ should be oscillating with significant amplitude
and not tending to a constant. Hence, they concern the ℓ which tend to a constant, diverge monotonically or
even with negligible oscillations. In these cases, our main result is:
A necessary condition for isotropisation of Bianchi class A models with curvature for General Relativity
plus a massive scalar field, whatever the considered Brans-Dicke coupling function and potential, will be
that φUφU−1(3 + 2ω)−1/2 tends to a constant ℓ such that ℓ2 < 1. For Bianchi type II , V I0 and V II0 mo-
dels, it arises at late times if the Hamiltonian is positive, at early times otherwise. For Bianchi type V III
and IX models, the time of isotropisation is undetermined. If isotropisation arises with ℓ 6= 0 the metric
functions tend toward a power inflationary law tℓ−2 and the potential vanishes as t−2. If it arises as ℓ = 0,
the Universe tends toward a De Sitter model and the potential to a constant. In any case, isotropisation
requires late time accelerated expansion and the Universe becomes spatially flat.
Necessary condition for isotropisation determines an asymptotical limit that the scalar field have to res-
pect. It can be compared to the limit required such that scalar tensor theories be compatible with solar
system tests when U = 0, i.e. ω → ∞ and ωφω3 → 0. To evaluate ℓ, we need to know the asymptotical
behaviour of the scalar field. It comes:
The value of the scalar field when the Universe reaches an equilibrium isotropic state with an asympto-
tically constant ℓ is the value of the function φ defined by φ˙ = 2φ2Uφ(3 + 2ω)−1U−1 when Ω→ −∞.
Although Bianchi type IX model contains the closed FLRW solutions, when the Universe isotropises and
we consider a minimally coupled and massive scalar field, it is infinitely expanding. Moreover, the common
late time attractor of all the isotropising solutions is not oscillating. This fact may seem astonishing for the
Bianchi type V III and IX models. However, in [128], it has been observed that despite the mixmaster
behaviour of Bianchi type V III model at early time, its late time behaviour can be non oscillating. If we
compare the results got when no curvature is present [105] with those of this paper, few differences appear.
The asymptotical behaviours of the scalar field and isotropic part of the metric are the same in both papers,
partly because the Hamiltonian and lapse function asymptotically behave in the same way. However the
variations of the functions describing the anisotropy, β±, are different since the conjugate momenta are not
constant in presence of curvature. The fundamental difference comes from the interval of ℓ allowing for
isotropy. For the Bianchi type I model, it was ℓ2 < 3 and decelerated dynamics was possible. For the mo-
dels with curvature, we have ℓ2 < 1, implying that isotropisation requires late time accelerated expansion.
This is due to the presence of curvature which reduces the interval of values of ℓ related to the Bianchi
type I model. Hence, late time accelerated expansion finds a natural explanation through the fact that our
Universe is isotropic. Other problems are naturally solved by isotropisation: asymptotically, the 3-curvature
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vanishes thus solving the flatness problem. It comes from the fact that during isotropisation β± tend toward
a constant whereas Ω → −∞. In the same way, the small value of the cosmological constant could be
explained by the fact that when Universe isotropises and ℓ does not vanish, the potential, which mimics a
dynamical cosmological constant vanishes. If ℓ vanishes, the potential tends to a non vanishing constant but
it is not necessary small except if we fine tune it.
To complete this study, let us write few words about Bianchi class B models. Their Hamiltonian formu-
lation is different from those of class A and has been studied in [178]. It needs to redefine the divergence
theorem in a non-coordinated basis. Then the Bianchi type V Hamiltonian writes as the one of Bianchi
type I with an additional constraint p+ = 0. Consequently for Bianchi type V model which contains the
solutions of open FLRW model, isotropisation follows the same rules as those of Bianchi type I model des-
cribed in [105]. The nature of the other class B Hamiltonians is totally different and will not be considered
here.
Let us examine some results usually considered in the literature.
The ”No Hair theorem” of Wald[49] states that General Relativity with a scalar field and a cosmological
constant isotropises toward a De Sitter Universe. Here, as for the Bianchi type I model, when ℓ → 0 and
if the minimally coupled scalar tensor theory isotropises 4, it will tend toward a De Sitter Universe. This
generalise the ”No Hair theorem” which takes into account only the case U = cte for which ℓ = 0.
It is really shocking that it exists only one set of equilibrium points shared by all the Bianchi models
and representing the only possible isotropic stable equilibrium state. However, despite a careful analysis
we have not found any additional points with such properties. One way to check if this statement is true
is to select some special forms of U and ω and then to verify if the conditions for isotropisation of the
theory thus defined and the asymptotical value of e−Ω are in agreement with our results. It can be easily
done with the theory defined by an exponential potential U = ekφ and a Brans-Dicke coupling function√
3 + 2ωφ−1 =
√
2 whose isotropisation has been extensively studied in the literature using different me-
thods. In this case ℓ2 = k2/2. We have collected the conclusions of different papers and have compared
them with ours. In [86, 85], it is shown that isotropisation arises at late time when k2 < 2 (except the
contracting Bianchi type IX models) and lead to a De Sitter Universe when k = 0 or to a power law of the
form t2k−2 for the metric functions otherwise. If k2 > 2, the Bianchi type I , V , V II and IX models might
isotropise at late times. Concerning the Bianchi type I model, we have shown in [105] that a necessary
condition for isotropisation will be k2 < 6 but it was impossible for larger values. For the models of class
A with curvature, from the present paper we deduce that isotropisation is possible only when k2 < 2 and
always comes with late time accelerated expansion. The asymptotic behaviour of the metric functions is in
accordance with that of [86, 85]. A difference is that Bianchi type V II0 and IX should not isotropise if
k2 > 2. Concerning the Bianchi type V I0 model, our results agree with these of [96]. For the Bianchi type
V model, they are the same as these of the Bianchi type I model in accordance with [86]. Hence, concerning
the special case of an exponential potential, there are few differences between our results and those of others
papers. It seems to confirm the presence of a unique set of equilibrium points shared by all the Bianchi class
A models and representing an isotropic equilibrium state. Of course, the case of an exponential potential
could be a particular one and thus other types of potentials should be studied to check the results of the
present paper. Note that, isotropic state is not the only possible late time equilibrium state. As written above
or shown in the appendix, other ones exist, for instance with x± 6= 0, but they do not correspond to an
isotropic Universe.
To conclude, Universe isotropisation requires late time accelerated expansion because of the curvature.
Then, it becomes flat and the potential vanishes as t−2 or tends toward a constant. These features fit well
with the current observations and leave the door open to geometrical and physical generalisations of standard
cosmological framework. In a next work, we will take into account the presence of a perfect fluid.
Acknowledgment
I thanks Mr Jean-Pierre Luminet for useful discussion and carefull reading of the manuscript. I also
thanks anonymous referees for improving the manuscript.
4. Do not forget that ℓ tending toward a constant is a necessary but not suffi cient condition for isotropisation.
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3.4 Appendix
In this appendix, we present all the equilibrium points of Bianchi type II , V I0 and V II0 models.
Bianchi type II model :
– (y,w) = (0,0)
– (x+,x1,y,z,w) = (1,
√
3,0,0,± i/2)
– (x+,x1,y,z,w) = (0,0,
±√3−ℓ2
(6
√
2)
,ℓ/6,0)
– (x+,x1,y,z,w) = (
ℓ2−1
ℓ2+8 ,
√
3 ℓ
2−1
ℓ2+8 ,±
√
12−3ℓ2
2(ℓ2+8) ,
3ℓ
2(ℓ2+8) ,±
√
(ℓ2−1)(ℓ2−4)
2(ℓ2+8) )
Bianchi type V I0 and V II0 models :
– (y,w+,w−) = (0,0,0)
– (x+,x−,y,w+,w−) = (1,0,0,w+,w+)
– (x+,x−,y,z,w+,w−) = (1,−
√
3,0,0,0,± i/2)
– (x+,x−,y,z,w+,w−) = (1,
√
3,0,0,± i/2,0)
– (x+,x−,y,z,w+,w−) = (0,0,±
√
3−ℓ2
(6
√
2)
,ℓ/6,0,0)
– (x+,x−,y,z,w+,w−) = ( ℓ
2−1
ℓ2+8 ,−
√
3 ℓ
2−1
ℓ2+8 ,±
√
12−3ℓ2
2(ℓ2+8) ,
3ℓ
2(ℓ2+8) ,0,±
√
(ℓ2−1)(ℓ2−4)
2(ℓ2+8) )
– (x+,x−,y,z,w+,w−) = ( ℓ
2−1
ℓ2+8 ,
√
3 ℓ
2−1
ℓ2+8 ,±
√
12−3ℓ2
2(ℓ2+8) ,
3ℓ
2(ℓ2+8) ,±
√
(ℓ2−1)(ℓ2−4)
2(ℓ2+8) ,0)
222 CHAPITRE 3. ISOTROPISATION OF BIANCHI CLASS A...
223
Chapitre 4
Isotropisation of Bianchi class A models
with a minimally coupled scalar fi eld
and a perfect fluid
Ste´phane Fay
Laboratoire Univers et The´ories(LUTH), CNRS-UMR 8102
Observatoire de Paris, F-92195 Meudon Cedex
France
Abstract
We look for the necessary conditions allowing the Universe isotropisation in presence of a minimally cou-
pled and massive scalar field with a perfect fluid. We conclude that it arises only when the Universe is scalar
field dominated, leading to flat spacelike sections and accelerated expansion, and examine the case of a
SUGRA theory.
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4.1 Introduction
Today the introduction of scalar fields in cosmology obeys major reasons taking roots in the extension
of the standard particle physics model such as supersymmetry which requires additional degrees of freedom
represented by these fields. In a general way, most of the theories predicting extra dimensions at high energy
could generate scalar fields[113] via compactification processes. Supergravity theory(SUGRA)[179, 180]
related to supersymmetry concept or Higgs mechanism which allows us to explain the mass of particles
also imply some scalar fields. From an observational point of view they could be responsible for dark
matter[136, 181, 147] as well as dark energy[9, 10, 182, 183] although other explanations exist. They could
also solve the so-called cosmological constant problem: most of these scalar fields are massive and thus
able to mimic a variable cosmological constant.
Let us speak about the geometrical context of this paper. There exist nine anisotropic cosmological models
classified by Bianchi in 1897. We will be interested in the curved Bianchi class A models since we have
studied the spatially flat Bianchi type I model in [109] and there is no adapted ADM Hamiltonian formula-
tion for the Bianchi class B models. Among the Bianchi class A models, the Bianchi type IX one contains
the solutions of the positively curved isotropic FLRW model and the Bianchi type II one characterizes the
strong anisotropic phases[72]. Unless we assume a Universe born isotropic and homogeneous, as instance
thanks to a quantum principle selecting this type of particular model among all the possible ones, it is le-
gitimate to ask why our Universe is so symmetric. It seems more natural to suppose that it was initially
less symmetric and that it asymptotically evolves to an FLRW model. This is one of the reasons why the
study of anisotropic models is so important. It allows us to explore the mechanisms responsible for the
isotropisation of our Universe and to put some constraints that may be compared to observations on its final
isotropic state. Moreover, from the initial state point of view, the oscillatory approach of the singularity by
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the Bianchi type IX model is generally considered as more generic than the one of the FLRW models and
could be shared by the most general inhomogeneous models as conjectured by Belinskij, Khalatnikov and
Lifchitz [184, 185].
Our goal is to find some scalar field properties allowing the Universe to reach isotropy and then the dyna-
mical behaviours of the metric and potential. In [127], we have shown that isotropisation of curved class
A Bianchi models in presence of a massive scalar field but without a perfect fluid always leads to a late
times acceleration which is not necessary the case when there is no curvature[105]. In [109], we have seen
that in presence of a perfect fluid, the isotropisation of the flat Bianchi type I model leads to a decelerated
expansion if asymptotically the difference pφ − ρφ between the pressure and the density of the scalar field
is proportional to the density ρ of the perfect fluid. What happens when we consider both curvature and
perfect fluid? Here, we will try to answer this question.
To this end, we will use the ADM Hamiltonian formalism[78] to get a first order equations system that we
will study by help of dynamical systems analysis[25]. Most of times, dynamical analysis of the field equa-
tions in cosmology rest on the orthonormal frame formalism and Hubble-normalized variables as shown
in Wainwright and Ellis book[25]. It allows us to study a large number of cosmological models in various
situations, even the most complex one such as the inhomogeneous cosmologies[186] or the presence of
magnetic fields[187], finding and classifying all the equilibrium points of these systems. Some scalar-tensor
theories have also been studied in this way but, to our knowledge, their forms were always completely spe-
cified, i.e. they did not contain any unspecified function of the scalar field. Here, we want to consider a class
of scalar-tensor theories containing two unspecified functions of the scalar field and just look for the stable
isotropic state the Universe can reach. Hence, we aim to study a larger class of scalar-tensor theories than
usually and it is one of the reasons why we have not used the powerful orthonormal frame formalism but
rather the more traditional Hamiltonian ADM formalism which have proved to be useful in such a case[42].
The plan of this work is as follows: in the second part we establish the Hamiltonian field equations and,
after having remembered the results we obtained without a perfect fluid, we study the isotropisation process
when it is present. We discuss the physical meaning of our results in the last section.
4.2 Field equations and dynamical analysis
In the first subsection, we derive the Hamiltonian field equations and in the second one, we use dynami-
cal systems analysis to study the stable isotropic states.
4.2.1 Field equations
We will use the following metric, reflecting the 3+1 decomposition of spacetime:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20gijωiωj (4.1)
The ωi are the 1-forms generating the Bianchi homogeneous spaces, N and Ni are the lapse and shift
functions and gij are the metric functions parameterised by Misner[24] as:
g11 = e
−2Ω+β++
√
3β−
g22 = e
−2Ω+β+−
√
3β−
g33 = e
−2Ω−2β+
The β± functions describe the anisotropy whereas Ω is the metric isotropic part. The action of the minimally
coupled and massive scalar field theory with a non tilted perfect fluid writes:
S = (16π)−1
∫ [
R− (3/2 + ω(φ))φ,µφ,µφ−2 − U(φ) + 16πc4Lm
]√−gd4x (4.2)
U is the potential of the scalar field φ whose coupling with the metric is described by the Brans-Dicke
coupling function ω 1. Lm is the Lagrangian of the non tilted perfect fluid whose equation of state is p =
(γ − 1)ρ with γ ∈ [1,2]. It describes a dust fluid when γ = 1 and a radiative fluid when γ = 4/3. The
other important value is γ = 0 and corresponds to a cosmological constant which has been discussed in
1. A scalar fi eld transformation sometimes allows to reduce the two unspecifi ed functions ω and U to a single function. However,
the transformation is not always analytically possible and it is why it is more general to consider the two functions.
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[127]. Technical details allowing to get the ADM Hamiltonian from the action (4.2) have been given in
[125, 77, 105]. Hence we write directly:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU + δe3(γ−2)Ω + V (Ω,β+,β−) (4.3)
with p± and pφ, respectively the conjugate momenta of the β± variables and the scalar field. V (Ω,β+,β−)
is the curvature potential characterising each curved Bianchi class A model and given in table 4.1. δ is a
Type Expression of V (Ω,β+,β−)
II 24π2R40e
−4Ω+4β++
√
3β−
V I0 24π
2R40e
−4Ω+4β+(cosh 4
√
3β− + 1)
V II0 24π
2R40e
−4Ω+4β+(cosh 4
√
3β− − 1)
V III 24π2R40e
−4Ω[e4β+(cosh 4
√
3β− − 1) + 1/2e−8β+ + 2e−2β+ cosh−2
√
3β−]
IX 24π2R40e
−4Ω[e4β+(cosh 4
√
3β− − 1) + 1/2e−8β+ − 2e−2β+ cosh−2
√
3β−]
TAB. 4.1 – Curvature potentials for Bianchi type II , V I0, V II0, V III and IX models
positive constant proportional to (γ − 1)ρ0. Using (4.3), the Hamiltonian equations are:
β˙± =
∂H
∂p±
=
p±
H
(4.4)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(4.5)
p˙± = − ∂H
∂β±
= − ∂V
2H∂β±
(4.6)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6ΩUφ
H
(4.7)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
+ 3/2δ(γ − 2)e
3(γ−2)Ω
H
+
∂V
2H∂Ω
(4.8)
In this paper, we will choose Ni = 0, i.e. a diagonal metric, and we derive[78] that
N =
12πR30e
−3Ω
H
Now, we have to rewrite these equations with some variables, bounded in the neighbourhood of the isotropy.
In [127] we had used the following variables common to all the curved Bianchi class A models:
x± = p±H−1 (4.9)
y = πR30
√
Ue−3ΩH−1 (4.10)
z = pφφ(3 + 2ω)
−1/2H−1 (4.11)
and φ the scalar field. These variables are real as long as U > 0 and 3 + 2ω > 0 which is necessary to
respect the weak equivalence principle. Each of them has a physical interpretation:
– x2± are proportional to the shear parameters Σ± defined in [25].
– y2 is proportional to (ρφ − pφ)/(dΩ/dt)2, (dΩ/dt)2 being the Hubble variable when the Universe is
isotropic, ρφ and pφ the density and pressure of the scalar field.
– z2 is proportional to (ρφ+φ)/(dΩ/dt)2, (dΩ/dt)2.
– We deduce from these two last points that the density parameterΩφ for the scalar field is a linear com-
bination of y2 and z2 or, when the scalar field is quintessent, that these two variables are proportional
to Ωφ.
We had also defined some ”w” variables characterising the curvature of each Bianchi model and which are
shown in the table 4.2. They are related to the three Ni variables describing the curvature in the paper of
Horwood and Wainwright[126] or in the book edited by Wainwright and Ellis[25] and defined by using
a symmetry group structure. In this last book, the curvature of the Bianchi type II model, V I0 and V II0
models, V III and IX models are respectively described byN1 , (N2,N3) and (N1,N2,N3) variables. Here,
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Bianchi models Associated variables
II w = πR20e
−2Ω+2(β++
√
3β−)H−1
V I0 and V II0 w± = πR20e−2Ω+2(β+±
√
3β−)H−1
V III and IX wp = πR20e−2Ω+2β+H−1
wm = πR
2
0e
−2Ω−2β+H−1
w− = e2
√
3β−
TAB. 4.2 – w variables characterising he curvature of each Bianchi model.
in a similar way, we could redefine three variableswi, i = 1,2,3 such that for the Bianchi type II model,V I0
and V II0 models, V III and IX models, the curvature be described by (w1 = w), (w1 = w+,w2 = w−)
and (w1 = wpw−,w2 = wp/w−,w3 = wm), thus recovering the same unified picture as in [25].
In this paper, we will also consider an additional variable called k and related to the presence of a perfect
fluid. It is defined by
k2 = δe3(γ−2)ΩH−2
k2 = δy2V −γU−1 (4.12)
k is proportional to the density parameter of the perfect fluid, one of the main parameters in cosmology. It
can be shown by checking that k2 ∝ V −γ/(dΩdt )2. k is not independent from the other variables and when
no perfect fluid is considered, k = 0 strictly.
For each Bianchi model, we have rewritten the Hamiltonian constraint and the field equations with these
variables in the second appendix.
4.2.2 Isotropisation
In the first subsection, we define the different ways to reach a stable isotropic state. In the second one,
we recall our results obtained without the perfect fluid. In the third one, we discuss about their stability. In
the fourth one, we extend them by considering the presence of a perfect fluid.
Different kinds of isotropisation
In [127] when no perfect fluid is present, we had defined the isotropy as the convergence of the me-
tric functions to a common form such as the Hubble parameter is the same in any directions. It implied
dβ±/dt→ 0 and β± → const and thus that it should arise when p±e3Ω → 0. This definition is unchanged
in presence of a perfect fluid.
Different kind of isotropisation may exist, leading to a forever expanding model, a singularity or a static
Universe. We had shown that when there is no perfect fluid, isotropy only occurs when Ω → −∞ and
x→ 0, i.e. for a forever expanding Universe. Looking at the field equations, we find three ways to reach an
isotropic stable state that we have classified in three classes:
1. Class 1: all the variables but not necessarily the scalar field reach equilibrium with y 6= 0.
2. Class 2: all the variables but not necessarily the scalar field reach equilibrium with y = 0.
3. Class 3: all the variables do not reach equilibrium but x± which, as the w functions, have to vanish.
For the class 2, generally nothing can be deduced about the asymptotic behaviours of the metric functions
and potential. It has been numerically observed in a paper in preparation where a non minimally coupling
between a scalar field and a perfect fluid is considered. For the class 3, y and z do not necessarily need to
reach equilibrium when the Universe isotropises. They just have to be bounded when Ω → −∞, implying
that they oscillate. Hence, the signs of their derivatives, which do not asymptotically vanish 2, change conti-
nuously 3. We have numerically observed the class 3 isotropisation in presence of several scalar fields[116]
and it seems to be associated to an oscillating behaviour of ℓ.
In this paper, we will study the class 1 isotropisation. In the two next subsections, we briefly recall the
results we obtained in [127] without a perfect fluid and then discuss the assumptions we have made related
to their stability.
2. We are assuming that they do not reach equilibrium!
3. The variables are bounded
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Without the perfect fluid
The results we obtained in [127] are the following. We define the function ℓ of the scalar field:
ℓ = φUφU
−1(3 + 2ω)−1/2
The equilibrium points corresponding to class 1 isotropisation are given by (x±,y,z) = (0,±
√
3− ℓ2(6√2)−1,ℓ/6),
the w variables related to the curvature (see table 4.1) being zero. Our conclusion about isotropisation, valid
whatever the curved Bianchi class A models when no perfect fluid is present, was that it occurs for a forever
expanding Universe (Ω → −∞) and it requires ℓ2 to tend to a constant ℓ0 smaller than 1. Then the metric
functions tend to tℓ−20 if ℓ0 6= 0 or to a De Sitter model otherwise. The Universe is thus asymptotically ac-
celerated and flat. The scalar field asymptotical behaviour may be determined by the asymptotical solution
of the first degree differential equation φ˙ = 2φ2Uφ(3 + 2ω)−1U−1.
For Bianchi type II , V I0 and V II0 model, isotropisation will occur at late times if the HamiltonianH is ini-
tially positive and at early times otherwise. It is easily shown by noting that H is a monotonic function of Ω
with a constant sign. Then, using the relation dt = −NdΩ, it comes that Ω is a decreasing(increasing) func-
tion of the proper time t when H is positive (negative). Since the Universe only isotropises in Ω→ −∞, it
thus corresponds to late times and forever expanding Universe. For the Bianchi types V III and IX models,
it is not possible to show that H is a monotonic function and thus, the isotropisation time is undetermined.
Stability of our results
The above results or the ones of the present paper are the determination of the isotropic equilibrium
points, some necessary conditions for isotropisation and the asymptotical behaviours of some functions in
the neighbourhood of these points. However the asymptotical behaviours are determined by calculating the
exact solutions for each equilibrium point and they will be correct only if on one hand ℓ and in the other
hand the variables (y,z,w) (and k when we will consider a perfect fluid) tend sufficiently fast to their equi-
librium values. Otherwise, they will be different. Let us explain why.
The first kind of instability comes from ℓ. As instance, when we look for x± asymptotical behaviours, we
need to calculate exp(
∫
ℓ2dΩ), with ℓ2 asymptotically tending to a constant ℓ0 (vanishing or not) near the
isotropic state. In our calculation, we have assumed that asymptotically when Ω → −∞, exp(∫ ℓ2dΩ) →
exp(ℓ20Ω) but this is true only if ℓ2 tends sufficiently fast to its constant equilibrium value. As instance, if
ℓ2 → ℓ0 + Ω−1/2, it is different from a pure exponential. Hence, our results will be valid as long as the
following assumption holds:
– When ℓ tends to a constant ℓ0 (vanishing or not) such that ℓ2 → ℓ20 + δℓ2,
∫
(ℓ20 + δℓ
2)dΩ →
ℓ20Ω + const.
If it is not true, the asymptotical behaviours for the metric functions (and potential) are different from clas-
sical power or exponential laws. This problem could be overcame since our results allow to calculate φ(Ω)
and thus ℓ(Ω). Hence, it should be easy to generalise them by keeping the
∫
ℓ2dΩ term instead of conside-
ring that it tends to ℓ2Ω but then they would not be on a closed form.
The second kind of instability can not be solved so easily. In the same way, the asymptotical behaviours
we have determined will be true only if the variables (y,z,w,k) tend sufficiently fast to their equilibrium
values. As instance near isotropy we have y → ±√3− ℓ2(6√2)−1 and when we integrate the differential
equation for x±, we assume that exp(
∫
y2dΩ) → exp(∫ (3 − ℓ2)/72dΩ). But once again, this is not exact
if y2 tends to its equilibrium value slower than Ω−1 and we have to make the same kind of assumption for
(y,z,w,k) as for ℓ. For partly solve this problem, it would be necessary to consider some small perturbations
of the exact solutions but until now we have not succeed to get any interesting results, even for the flat model.
To summarize, the results of this paper related to asymptotical behaviours will be valid for a class 1 iso-
tropisation if the function ℓ and the variables (y,z,w,k) tend sufficiently fast to their equilibrium values
or, more physically, if the Universe tends sufficiently fast to its isotropic state. The restriction on ℓ may be
easily solved but the ones on (y,z,w,k) require a more careful examination. In the following subsection, we
consider the isotropisation of a curved Bianchi class A model in presence of a perfect fluid, first when k
vanishes and then when it tends to a non vanishing constant.
With a perfect fluid
Depending on the vanishing of k near an isotropic equilibrium state, the results summarize in the section
4.2.2 will or will not be modified.
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k → 0
When k → 0 near isotropy, the results are the same as those found when we consider no perfect fluid. In
particular, isotropisation always arise for a forever expanding Universe, i.e. when Ω → −∞. Obviously,
we find the same equilibrium points and assuming that k tends sufficiently fast to its equilibrium value(see
section 4.2.2), we also recover the same asymptotical behaviours. However, the limit k → 0 plays the role
of a new constraint. This fact was noted in [116] for the flat Bianchi type I model. In this last paper we had
shown that the interval of ℓ allowing for isotropy was smaller when we consider a perfect fluid such that
k → 0 than without it: in this last case isotropy requires ℓ2 < 3, otherwise ℓ2 < 3/2γ 4.
Does the limit k → 0 also change the necessary conditions for isotropy when we consider some curvature?
Near equilibrium, the w variables have to vanish and are proportional to e−2ΩH−1. But e−2Ω diverges and
thus, since w→ 0, H have to be larger than e−2Ω, i.e.:
H >> e−2Ω
Moreover, we have y2 = Ue−2Ωe−4ΩH−2 and since near isotropy y tends to a non vanishing constant
whereas e−4ΩH−2 tends to vanish, we deduce that
U >> e2Ω >> V −γ
and then from (4.12) that k → 0. Consequently, starting from the fact that w → 0, we conclude that k → 0
without any modification of the necessary condition for isotropisation on the contrary from the Bianchi type
I model. Moreover, it means that the energy density ρφ of the scalar field and its pressure pφ are such that
U ∝ pφ− ρφ >> ρm: the Universe is dynamically dominated by the scalar field. Thus, the results obtained
in the vacuum (i.e. k = 0 strictly) are not changed when we consider a perfect fluid such as k → 0.
k 6→ 0
Now, we consider what happens when k 6→ 0. The necessary condition for isotropy is still p±e3Ω → 0 and
we have to determine if it occurs for a forever expanding, contracting or static Universe.
– If it arises for a diverging Ω, it means that at equilibrium, we must have x± → 0 as explained in the
section 4.2.2.
– If it arises for a finite value of Ω, then we must have p± → 0.
– Let us assume that in the same time x± 6→ 0. Since p± → 0, from (4.9) we deduce that H
have to vanish otherwise x± → 0. But then k2, which is proportional to the perfect fluid density
parameter, diverges and the constraint is not respected because, near isotropy, all the variables
have to be bounded as shown in [127]. Hence, H can not tend to zero and x± must vanish near
equilibrium.
– In the same way, when Ω tends to a non vanishing constant, H can not diverge because then
k → 0 which is not in agreement with the assumption of this subsection.
Consequently, when the isotropy occurs for a finite Ω, the Hamiltonian have to tend to a bounded and
non vanishing quantity and it is thus the same for the w variables.
To summarize, in the neighbourhood of the isotropic state:
– If Ω diverges, the equilibrium points are such that x± → 0.
– If Ω → const 6= 0, the equilibrium points are such that x± → 0 and w variables are non vanishing
and bounded.
Whatever the curved Bianchi models, the only equilibrium points corresponding to these requirements when
solving the field equations 5 are defined by (x±,y,z) = (0, ±
√
γ(2−γ)
4
√
2πR30ℓ
, γ4ℓ), the w variables related to the
curvature(see table 4.2) being 0 6. The Hamiltonian constraint implies that k2 = 1 − 3γ2ℓ2 and consequently
ℓ2 > 32γ. This inequality is independent from any assumption on how far the isotropic state is reached. As
4. This inequality rests on the asymptotical behaviour of k and, as discussed in section 4.2.2, it may vary if k does no tend
suffi ciently fast to its equilibrium value. However, the limit ℓ2 < 3 have always to be respected since it is required for the existence of
the equilibrium points, independently on how fast the isotropic state is reached.
5. For the Bianchi type V III and IX models where the equations are far from being simple, it is not possible to solve them
directly. We proceed by putting x± = 0 and w− = 1 in the equations for x±, these values being these required for isotropy. We
then show that x± can reach equilibrium only if wp and wm vanish which allow us to determine the equilibrium values for the other
variables. Since wp and wm tend to vanish, the Hamiltonian constraint shows that all the variables are bounded. For the other Bianchi
models, we can show in the same way as in [127] that all the variables are bounded near the isotropic equilibrium state.
6. There exist some other equilibrium points for which k or ℓ may be chosen such that x± = 0 and the constraint be respected but
they correspond to complex values of some variables.
4.3. CONCLUSION 229
the w variables are vanishing, it follows that Ω must diverge and not tend to a constant. Consequently, we
calculate that asymptotically the Hamiltonian, whose form is given in the second appendix as a function of
the variables, behaves as:
H → e− 32 (2−γ)Ω
This is in agreement with the limit k2 → const 6= 0 and the definition for k which also implies that
U ∝ V −γ . Hence, the scalar field plays the same dynamical role as the perfect fluid and we can show that
their energy densities scales in the same way, preventing any accelerated expansion. We also get that the w
variables(but w− which tends to a non vanishing constant for the Bianchi type V III and IX variables) all
behave as:
w → e(1− 3γ2 )Ω
For the considered range of γ, we derive that w → 0 only if Ω→ +∞. But for the x± variables, it comes:
x± → x0e(2−3γ)Ω(e(1+
3γ
2 )Ω + x1)
x0 being an integration constant. It follows that if γ ∈ [1,2] and Ω → +∞, x diverges. Consequently, the
isotropic state can not be reached for this range of γ. Knowing x± and H , we calculate that:
p± → e− 12 (2+3γ)Ω + cte
Hence, p±e3Ω, thew and x± variables vanish only if γ < 2/3 and Ω→ −∞. Then, we find that e−Ω → t
2
3γ
and, from the definition of y and the property U ∝ V −γ , we derive that U → t−2. This restriction on γ
does not exist for the flat Bianchi type I model[109, 116] and does not fit an ordinary perfect fluid such that
γ ∈ [1,2].
4.3 Conclusion
In this work, we have determined the necessary but not sufficient conditions for class 1 isotropisation
of curved Bianchi class A models when a minimally and massive scalar field with a perfect fluid are consi-
dered. We have assumed that U > 0 and 3 + 2ω > 0 such that the weak energy principle is respected.
Moreover, some of our results related to asymptotical behaviours are valid as long as the isotropic state is
reached sufficiently fast.
We can distinguish two cases depending on the vanishing of k, a variable proportional to the perfect
fluid density parameter Ωm. When isotropy occurs with k → 0, we have thus Ωm → 0, U ∝ pφ− ρφ > ρm
and the results are the same as in [127] where no perfect fluid is present:
Class 1 isotropisation with Ωm → 0:
A necessary condition for isotropisation of curved Bianchi class A models in presence of a minimally and
massive scalar field such that Ωm → 0 will be that the quantity ℓ = φUφU−1(3 + 2ω)−1/2 tends to a
constant ℓ0, whose square is smaller than one. For the Bianchi type II , V I0 and V II0 models, it arises
at late (early) times if the Hamiltonian is initially positive(negative). For the Bianchi type V III and IX
models, the time of isotropisation is undetermined. If ℓ0 6= 0, the metric functions tend to a power law tℓ−20
and the potential vanishes as t−2. If ℓ0 = 0, the Universe tend to a De Sitter model and the potential to a
constant. The isotropisation process always leads to a flat and accelerated Universe.
Considering the limit near isotropy of the Hamiltonian equation for φ˙ rewritten with the normalised va-
riables (see appendice), we deduce that the scalar field asymptotically behaves as the limit of the solution
for
φ˙ = 2φ2UφU
−1(3 + 2ω)−1
as Ω → −∞, in the same way as in [127]. This last equation allows us to deduce the asymptotical beha-
viour of ℓ(Ω) when we specify ω and U . The second result of this work concerns the case for which k, or
equivalently Ωm, tends to a non vanishing constant implying that U ∝ pφ − ρφ ∝ ρm. We have then:
Class 1 isotropisation with Ωm → const 6= 0:
The isotropisation of curved Bianchi class A models in presence of a minimally and massive scalar field
such that Ωm → const 6= 0 is impossible if the perfect fluid is an ordinary one such that γ ∈ [1,2]. It will
only occur if γ < 2/3, which generally corresponds to a quintessent fluid equation of state.
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Now, we examine these results with respect to supergravity. In [179, 180], it is shown that quintessence
theories should be based on supergravity. A scalar tensor theory is then derived, defined by ω + 3/2 = φ2
and U = Λ4+mφ−men2 φ2 . It is able to solve the coincidence problem and even the fine tuning problem if
m ≥ 11. What about class 1 isotropisation? We calculate that:
ℓ2 = (
nφ2 −m√
2φ
)2
and when no matter is present or if k → 0, the scalar field asymptotically behaves as:
φ→ ±
√
m− φ0e2nΩ
n
φ0 being an integration constant.
When n > 0, φ → (m/n)1/2 implying that m should be positive. ℓ → 0 and the necessary conditions for
isotropisation are thus respected. If it arises, the Universe tends to a De-Sitter model. It could thus describe
the inflationary period, before the domination of the matter. This case is plotted on figure 4.1 for the Bianchi
type IX model.
When n < 0, the scalar field behaves as φ → ±
√
−φ0e2nΩ
n . It is defined when Ω → −∞ if φ0 > 0 and
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FIG. 4.1 – Isotropisation of SUGRA theory for Bianchi type IX model. Initial conditions and potential parameters respectively are
(x+,x−,y,z,wp,wm,w−,φ) = (0.05,0.83,0.025,0.12,0.02,0.002,0.2,0.14) and (Λ,m,n) = (2.0,1.1,0.15).
then diverges. It follows that ℓ also diverges and thus a class 1 isotropisation is not possible as confirmed by
numerical simulations.
Summarising, if the Universe isotropises, this theory issued from SUGRA leads an anisotropic curved Uni-
verse to a flat isotropic De Sitter one dominated by the scalar field. It could be a good description for an
inflationary period. Numerical simulations have not shown any class 2 or 3 isotropisation.
In conclusion, we knew that when no perfect fluid is present, the class 1 isotropisation of an anisotropic
curved Universe may lead the Universe to flat spacelike sections and accelerated expansion if some neces-
sary conditions are respected. The question was: does this acceleration, due to the presence of curvature,
always exist in presence of a perfect fluid. The answer is ”yes” when the density parameter of the perfect
fluid asymptotically vanishes. Then, its presence does not change the asymptotic isotropic state or the ne-
cessary conditions to reach it. Contrary to the flat Bianchi type I model for which an isotropic state such
that Ωm → const 6= 0 may exist, the perfect fluid and the scalar field playing the same dynamical role, the
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isotropic state in presence of curvature is always scalar field dominated but if the perfect fluid is an exotic
one. Future research should be concerned by a scalar field which violates the energy conditions, i.e. such
that ω < −3/2 or U < 0 or which is not minimally coupled to a perfect fluid. This last possibility, which
would allow to extend our results to the Hyperextended Scalar Tensor theory (i.e. with a varying gravitation
function) with a perfect fluid, is currently under consideration in a paper in preparation.
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4.4 Appendix: field equations of the curved Bianchi models with nor-
malised variables
Bianchi type II
The Hamiltonian constraint writes:
x2+ + x
2
− + 24y
2 + 12z2 + 12w2 + k2 = 1 (4.13)
The Hamiltonian equations become:
x˙+ = 72y
2x+ + 24w
2x+ − 24w2 − 3/2(γ − 2)k2x+ (4.14)
x˙− = 72y2x− + 24w2x− − 24
√
3w2 − 3/2(γ − 2)k2x− (4.15)
y˙ = y(6ℓz + 72y2 − 3 + 24w2)− 3/2(γ − 2)k2y (4.16)
z˙ = y2(72z − 12ℓ) + 24w2z − 3/2(γ − 2)k2z (4.17)
w˙ = 2w(x+ +
√
3x− + 12w2 + 36y2 − 1)− 3/2(γ − 2)k2w (4.18)
To get an autonomous system, we need a first order equation for φ. Rewriting (4.5), it comes:
φ˙ = 12
zφ√
3 + 2ω
(4.19)
This equation is the same for any Bianchi models. The equation for H˙ may be rewritten as:
H˙ = −H(72y2 + 24w2 + 3
2
(γ − 2)k2) (4.20)
Bianchi V I0 and V II0 models
The Hamiltonian constraint writes:
x2+ + x
2
− + 24y
2 + 12z2 + 12(w+ ± w−)2 + k2 = 1 (4.21)
and the Hamiltonian equations become:
x˙+ = 72y
2x+ + 24(x+ − 1)(w− ± w+)2 − 3/2(γ − 2)k2x+ (4.22)
x˙− = 72y2x− + 24x−(w− ± w+)2 + 24
√
3(w2− − w2+)− 3/2(γ − 2)k2x− (4.23)
y˙ = y(6ℓz + 72y2 − 3 + 24(w− ± w+)2)− 3/2(γ − 2)k2y (4.24)
z˙ = y2(72z − 12ℓ) + 24z(w− ± w+)2 − 3/2(γ − 2)k2z (4.25)
w˙+ = 2w+
[
x+ +
√
3x− + 12(w− ± w+)2 + 36y2 − 1
]− 3/2(γ − 2)k2w+ (4.26)
w˙− = 2w−
[
x+ −
√
3x− + 12(w− ± w+)2 + 36y2 − 1
]− 3/2(γ − 2)k2w− (4.27)
The equation for H˙ is:
H˙ = −H
[
72y2 + 24(w+ ± w−)2 + 3
2
(γ − 2)k2
]
(4.28)
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Bianchi V III and IX models
The Hamiltonian constraint writes:
x2+ + x
2
− + 24y
2 + 12z2 + 12[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)+
w2−(w
3
m − 2w3p)](w2−wp)−1 + k2 = 1
and the Hamiltonian equations are:
x˙+ = 72y
2x+ + 24{w3p(x+ − 1)(1 + w4−)± w−(1 + 2x+)(wmwp)3/2(1 + w2−)
+w2−
[
(2 + x+)w
3
m − 2(x+ − 1)w3p
]}(w2−wp)−1 − 3/2(γ − 2)k2x+ (4.29)
x˙− = 72y2x− + 24{w3p
[
w4−(x− −
√
3) + x− +
√
3)
]± w−(wmwp)3/2[w2−
(−√3 + 2x−) + (
√
3 + 2x−)] + w2−x−(w3m − 2w3p)}(w2−wp)−1 (4.30)
−3/2(γ − 2)k2x−
y˙ = y{6ℓz + 72y2 − 3 + 24[w3p(1 + w4−)± 2(wmwp)3/2w−(1 + w2−)+
w2−(w
3
m − 2w3p)](w2−wp)−1} − 3/2(γ − 2)k2y (4.31)
z˙ = y2(72z − 12ℓ) + 24z[w3p(1 + w4−)± 2(wmwp)3/2w−(1 + w2−)+
w2−(w
3
m − 2w3p)](w2−wp)−1 − 3/2(γ − 2)k2z (4.32)
w˙p = wp{−2 + 2x+ + 72y2 + 24[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)
+w2−(w
3
m − 2w3p)](w2−wp)−1} − 3/2(γ − 2)k2wp (4.33)
w˙m = wm{−2− 2x+ + 72y2 + 24[w3p(1 + w4−)± 2w−(wmwp)3/2(1 + w2−)
+w2−(w
3
m − 2w3p)](w2−wp)−1} − 3/2(γ − 2)k2wm (4.34)
w˙− = 2
√
3w−x− (4.35)
and
H˙ = −H[72y2 + 24(±2w
1/2
p w
3/2
m
w−
± 2w1/2p w3/2m w− − 2w2p +
w2p
w2
−
+
w2pw
2
− +
w3m
wp
) + 32 (γ − 2)k2] (4.36)
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Abstract
Starting from an anisotropic flat cosmological model(Bianchi type I), we show that conditions leading to
isotropisation fall into 3 classes, respectively 1, 2 ,3. We look for necessary conditions such that a Bianchi
type I model reaches a stable isotropic state due to the presence of several massive scalar fields minimally
coupled to the metric with a perfect fluid for class 1 isotropisation. The conditions are written in terms of
some functions ℓ of the scalar fields. Two types of theories are studied. The first one deals with scalar tensor
theories resulting from extra-dimensions compactification, where the Brans-Dicke coupling functions only
depend on their associated scalar fields. The second one is related to the presence of complex scalar fields.
We give the metric and potential asymptotical behaviours originating from class 1 isotropisation. The results
depend on the domination of the scalar field potential compared to the perfect fluid energy density. We give
explicit examples showing that some hybrid inflation theories do not lead to isotropy contrary to some high-
order theories, whereas the most common forms of complex scalar fields undergo a class 3 isotropisation,
characterised by strong oscillations of the ℓ functions.
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5.1 Introduction
If General Relativity is the best available theory describing our local Universe, it has recently become
clear [9] that the modest amount of matter in the Universe (30% of the total energy density) is complemented
by a large amount of exotic energy (70%). This exotic energy implies that the Universe is approximately
spatially flat, and that its expansion is accelerating. To account for such a dynamics, several proposals exist
which extend General Relativity to include higher order theories[170, 171], dissipative fluids[163, 172] or
massive scalar fields. We are going to consider this last type of energy content.
Although most of papers only take into account one single scalar field, there are many reasons to consi-
der the presence of several ones. Indeed, particle physics predicts high-order theories of gravity with extra-
dimensions, which can be cast into an Einstein form in a 4-spacetime with several scalar fields by help of
conformal transformations[112, 113, 26]. In supersymmetry, the adjunction of several scalar fields achieves
equality between bosonic and fermionic degrees. Other reasons may be related to various inflationary me-
chanisms such as hybrid inflation, which needs two scalar fields[114, 115]: a first one, ψ, decreases to a
local minimum corresponding to a false vacuum. Then the vacuum energy dominates and early time in-
flation begins. During this time, a second scalar field φ varies and when it reaches a threshold value φc, a
fast variation of ψ arises. The two fields fit toward some values corresponding to a true vacuum and the
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end of inflation. A last reason could be the presence of complex scalar fields. A scalar tensor theory with
one complex scalar field ζ can be cast into another one with two real scalar fields, ψ and φ, by help of the
transformation ζ = 1√
2m
ψeimφ.
From a geometrical point of view, the standard cosmological model lies on the assumption that the
Universe is perfectly isotropic, homogeneous and thus described by the FLRW metrics. However, they are
very particular ones among the set of all possible metrics and we have to understand why our Universe
may be described by them. One answer is to assume that it was not so symmetric at the beginning of
time and that it quickly evolved to an isotropic and homogeneous state, as indicated by CMB observations.
Moreover the singularity approach in FLRW models is far from being generic. Hence, it seems more natural
to consider that the Universe was born with a more general geometry and has evolved toward a FLRW
one. One possibility is to leave the isotropy hypothesis, keeping only homogeneity. Anisotropic models
are described by the nine Bianchi models and allow studying how the Universe may tend to isotropy. Their
behaviour near the singularity could be shared by inhomogeneous models[185, 184] and one of them admits
the flat FLRW model solution consistent with recent CMB observations[188]: the flat Bianchi type I model.
The goal of this paper is to look for necessary conditions allowing for Bianchi type I model isotropisa-
tion when two minimally coupled and massive scalar fields with a perfect fluid are considered, and to study
the asymptotic dynamics of the metric and potential in the neighbourhood of this state. From a technical
point of view, we will use Hamiltonian ADM formalism giving the field equations as a first order differential
system. We will rewrite it with normalised variables and look for equilibrium stable states corresponding to
isotropic ones for the Universe[25]. Similar techniques have been used in presence of one single minimally
coupled and massive scalar field[105] and with a perfect fluid[109]. For both cases, isotropic equilibrium
points have been found corresponding to power or exponential law expansion for the metric functions. Here,
we will also examine the stability of these results and Wald’s cosmological ”No Hair” theorem with respect
to the presence of additional scalar fields. Intuitively, one could think that nothing should change and that
the generalisation implying several scalar fields should be straightforward. However, we will see that it is
not always the case and depends on the form of the scalar-tensor theory with respect to these fields.
The paper is organized as follows. In section 5.2 we derive the Hamiltonian equations and rewrite them
with normalized variables. In section 5.3, we explain the assumptions we will use to study these equations.
In section 5.4 we determine the equilibrium points, the monotonic functions and the asymptotic behaviour
of the metric near equilibrium. We summarize and discuss our results in section 5.5. In section 5.6, some
explicit applications are performed and we conclude in section 5.7.
5.2 Field equations
In this section we calculate the field equations. The metric of the Bianchi type I model is:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20gijωiωj (5.1)
where the ωi are the 1-forms defining the homogeneous Bianchi type I model. The gij are the metric
functions, N and Ni respectively the lapse and shift functions. The relation between the proper time t and
the time Ω is dt2 = (N2−NiN i)dΩ2. In what follows we rewrite the metric functions as gij = e−2Ω+2βij
and use the Misner parameterisation[24] defined as:
βij = diag(β+ +
√
3β−,β+ −
√
3β−,− 2β+) (5.2)
pik = 2ππ
i
k − 2/3πδikπll (5.3)
6pij = diag(p+ +
√
3p−,p+ −
√
3p−,− 2p+) (5.4)
the pij being the conjugate momenta of βij . Hence the metric is cast into:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20e−2Ω+2βijωiωj (5.5)
The most general form for the action is:
S = (16π)−1
∫
[R− (3/2 + ω)φ,µφ,µφ−2 − (3/2 + µ)ψ,µψ,µψ−2 − U
+16πc4Lm]
√−gd4x (5.6)
where a prime denotes ordinary derivation. φ and ψ are two scalar fields and their Brans-Dicke coupling
functions with the metric are ω(φ,ψ) and µ(φ,ψ). U(φ,ψ) is the potential and Lm the Lagrangian of a
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perfect fluid with an equation of state p = (γ − 1)ρ. We will consider the interval γ ∈ [1,2] in which γ = 1
stands for a dust fluid, γ = 4/3 for a radiative fluid. Vacuum energy corresponds to γ = 0 and is equivalent
to the presence of a cosmological constant which we will study. Defining the 3-volume V by V = e−3Ω and
using the energy impulsion conservation law for the perfect fluid, T 0α;α = 0, we get for its energy density
ρ = V −γ .
Hamiltonian ADM formalism[78, 77] needs to rewrite the action under the following form:
S = (16π)−1
∫
(πij
∂gij
∂t
+ πφ
∂φ
∂t
+ πψ
∂ψ
∂t
−NC0 −NiCi)d4x (5.7)
πij , πφ and πψ are respectively the metric functions and scalar fields conjugate momenta. In the action
(5.7), N and Ni play the role of Lagrange multipliers and C0 and Ci are respectively the superhamiltonian
and supermomenta. Considering (5.6) and (5.7), we deduce that:
C0 = −
√
(3)g
(3)
R− 1√
(3)g
(
1
2
(πkk)
2 − πijπij) + 1
2
√
(3)g
(
π2φφ
2
3 + 2ω
+
π2ψψ
2
3 + 2µ
) +
√
(3)gU +
1√
(3)g
δe3(γ−2)Ω
24π2
(5.8)
Ci = πij|j (5.9)
where | means covariant derivative on a {t = const} surface. The variation of the action with respect to
Lagrange multipliers leads to the constraints C0 = 0 and Ci = 0. Using Misner parameterisation and the
above definition of gij , we redefine the action (5.7) as S =
∫
p+dβ+ + p−dβ− + pφdφ + pψdψ − HdΩ
with pφ = ππφ, pψ = ππψ and H = 2ππkk , the ADM Hamiltonian. Then, the constraint C0 = 0, yields for
H :
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 12
p2ψψ
2
3 + 2µ
+ 24π2R60e
−6ΩU + δe3(γ−2)Ω (5.10)
From (5.10), we derive the Hamiltonian equations:
β˙± =
∂H
∂p±
=
p±
H
(5.11)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(5.12)
ψ˙ =
∂H
∂pψ
=
12ψ2pψ
(3 + 2µ)H
(5.13)
p˙± = − ∂H
∂β±
= 0 (5.14)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
+ 12
µφψ
2p2ψ
(3 + 2µ)2H
−
12π2R60
e−6ΩUφ
H
(5.15)
p˙ψ = −∂H
∂ψ
= −12 ψp
2
ψ
(3 + 2µ)H
+ 12
ωψφ
2p2φ
(3 + 2ω)2H
+ 12
µψψ
2p2ψ
(3 + 2µ)2H
−
12π2R60
e−6ΩUψ
H
(5.16)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
+ 3/2δ(γ − 2)e
3(γ−2)Ω
H
(5.17)
The dot means time derivative with respect to Ω. We choose the shift functions such thatN i = 0 and we find
that the lapse function is related to the metric and the Hamiltonian by the relation ∂√g/∂Ω = −1/2πkkN
[78]. Thus, it comes:
N =
12πR30e
−3Ω
H
(5.18)
236 CHAPITRE 5. ISOTROPISATION OF FLAT HOMOGENEOUS UNIVERSES WITH...
The relation between Ω and the proper time t is then dt = −NdΩ. We wish to rewrite the Hamiltonian
equations with normalised variables. The Hamiltonian (5.10), which also stands as a constraint equation,
leads to the following choice:
x = H−1 (5.19)
y =
√
e−6ΩUH−1 (5.20)
z = pφφ(3 + 2ω)
−1/2H−1 (5.21)
w = pψψ(3 + 2µ)
−1/2H−1 (5.22)
It implies thatU > 0, 3+2ω > 0 and 3+2µ > 0 so that the variables be real and the weak energy condition
be satisfied. In addition, we define a variable depending on the above ones:
k2 = δe3(γ−2)ΩH−2 = δy2V −γU−1
Some of these variables may be physically interpreted. x is proportional to the shear parameter Σ defined
in [25] and k2 to the density parameter Ωm of the perfect fluid. We introduce them in the constraint (5.10)
and get:
p2x2 +R2y2 + 12z2 + 12w2 + k2 = 1 (5.23)
with p2 = p2++p2− andR2 = 24π2R60. This equation shows that the new variables (x,y,z,w) are normalised.
Then, we rewrite the field equations as:
x˙ = 3R2y2x− 3/2(γ − 2)k2x (5.24)
y˙ = y(6ℓφ1z + 6ℓψ1w + 3R
2y2 − 3)− 3/2(γ − 2)k2y (5.25)
z˙ = y2R2(3z − 1/2ℓφ1) + 12w(wℓφ2 − zℓψ2)− 3/2(γ − 2)k2z (5.26)
w˙ = y2R2(3w − 1/2ℓψ1) + 12z(zℓψ2 − wℓφ2)− 3/2(γ − 2)k2w (5.27)
where we have defined the folowing functions of the scalar fields φ and ψ
ℓφ1 = φUφU
−1(3 + 2ω)−1/2
ℓψ1 = ψUψU
−1(3 + 2µ)−1/2
ℓφ2 = φµφ(3 + 2µ)
−1(3 + 2ω)−1/2
ℓψ2 = ψωψ(3 + 2ω)
−1(3 + 2µ)−1/2
Remark that these equations are unchanged under the transformation x ↔ −x and/or y ↔ −y. Hence, we
can limit our study to positive x or y. Moreover, some first degree equations for the scalar fields (which are
not normalized) may be written as:
φ˙ = 12z
φ√
3 + 2ω
(5.28)
ψ˙ = 12w
ψ√
3 + 2µ
(5.29)
Hence, the nine Hamiltonian equations are rewritten with the six equations (5.24-5.29). This reduction in
the number of equations comes from the fact that equations (5.14) imply p± → consts and thus β+ ∝ β−.
Hence, it stays 9-3=6 equations to solve.
5.3 Assumptions
In this section we describe the assumptions we will use to study the above equations system. They
concern the dependence of the Brans-Dicke functions and the potential with respect to the scalar fields, the
type of equilibrium isotropic states we will consider and how fast it is approached by this system.
We will study the two following classes of theories from the Bianchi type I isotropisation viewpoint:
– For the first one, ω and µ will respectively depend on φ and ψ only, i.e. ℓφ2 = ℓψ2 = 0 whereas
U will depend on both scalar fields. It means that the coupling between them only appears via the
potential. As pointed in the introduction this type of theories may be obtained when one studies the
hybrid inflation[114] or as the outcome of extra-dimensions compactification[113]. The theories of
[114] and [113] are commented and studied from the isotropisation point of view in respectively the
sections 5.6.1 and 5.6.2.
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– For the second one, U and µ will depend on ψ only whereas ω will contain both scalar fields. Then,
we will have ℓφ1 = ℓφ2 = 0. This type of theories is obtained when one casts a Lagrangian with
one complex scalar field into another one with two real scalar fields. Complex scalar fields have been
studied in [118] where the scalar fields quantization is considered, in [121] to study the formation of
topological defects and in [122] for the Bose-Einstein condensate. We have analysed each theory of
these papers from the isotropisation point of view in respectively the sections 5.6.3, 5.6.4 and 5.6.5.
Looking at the field equations, we have identified three types of isotropic equilibrium states (all characteri-
sed by x → 0 when Ω → −∞ as we will show it below) that we have classified into three isotropisation
classes:
1. Class 1 is such as all the variables but not necessarily the scalar fields reach equilibrium with y 6= 0.
Mathematically, it is the only one which allows to fully determine the asymptotical behaviours of the
metric functions and potential in the vicinity of the isotropy.
2. Class 2 is such as all the variables but not necessarily the scalar fields reach equilibrium with y = 0.
It is generally not possible to determine the asymptotical state of the system near isotropy because of
y vanishing. If it is technically possible, the study of the general properties of this class will be the
subject of future work.
3. Class 3 is such as at least x± reach equilibrium but not necessarily the other variables. If one of
them behaves in this way, since it has to be bounded as Ω → −∞, it would mean that it should be
oscillating but not damped and then its first derivatives should oscillate around 0. It can never happen
if one of the ℓ diverges monotonically or with sufficiently small oscillations since then, at least two of
the derivatives y˙, z˙ or w˙ will keep the same sign and thus will not be oscillating. It does not arise if the
ℓ tend to some constants which is confirmed by numerical simulations. However, a partial equilibrium
may occur for sufficiently oscillating ℓ which then allow an oscillation of the sign of the (y,z,w) first
derivatives although x± tend to zero.
In this paper we will only study the first type of isotropic equilibrium state for the following reasons. Ma-
thematically it is the only one allowing to determine completely the asymptotical behaviours of the metric
functions and potential in the vicinity of the isotropy. Physically, near the isotropic state, either one of the
scalar fields energy densities will be negligible with respect to the other or they will both behave in the same
way. Let us assume without loss of generality that near the isotropic state the dominant scalar field energy
density be the one of φ. y is then proportional to (pφ− ρφ)/Hubble2 whereHubble is the Hubble function.
Defining the scalar field parameter as Ωφ ∝ ρφ/Hubble2, the class 2 is thus such as Ωφ → 0 or pφ → ρφ
whereas the class 3 should be such as Ωφ does not reach equilibrium. The class 1 is thus the only one such
as asymptotically Ωφ tends to a non vanishing constant. WMAP observations[182] indeed shows that today
Ωφ = 0.73 and pφ/ρφ < −0.78.
As a last assumption, we will suppose that the Universe approaches suffi ciently fastly its isotropic state.
This is a reasonable assumption since the Universe was already very isotropic at the CMB time and it will
allow us to recover classical behaviours for the metric functions in the vicinity of the isotropic state, such as
power and exponential laws of the proper time. All the asymptotical behaviours we will determine will be
concerned by this assumption. Mathematically, it means that on one hand a function f of the scalar fields
and on the other hand the variables (y,z,w,k) will have to tend sufficiently fastly to their equilibrium values
such as their variations in the vicinity of the equilibrium may be neglected.
The form of the function f(φ,ψ) will be related on the presence or not of a perfect fluid and the dependence
of the Brans-Dicke coupling functions and potential with respect to the scalar field. If in the neighbourhood
of the equilibrium, f tends to a constant equilibrium value f0, vanishing or not and such as f → f0 + δf
with δf << f0, we will assume that
∫
fdΩ→ f0Ω+ f1, f1 being an integration constant. It will be equal
to the constant f1 if f0 = 0. This assumption could be easily raised by keeping the integral but then our
results will not be on a closed form and not easily physically interpretable. However it is mathematically
feasible.
The same kind of assumptions will be made for the variables (y,z,w,k) with respect to (δy,δz,δw,δk) but
they can not be raised so easily. A perturbative analysis would be probably necessary and could depend on
the particular form of the Brans-Dicke functions and potential with respect to the scalar fields whereas we
wish to keep these functions undetermined.
The above assumptions are illustrated by an example in section 5.4.1 in the part ”Asymptotic behaviours”.
In the section 5.6 where we will apply our results to some scalar-tensor theories, they will be systematically
checked.
We will examine each of the above defined classes of scalar tensor theories, firstly without a perfect fluid
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(k = 0 strictly) and secondly with it (k 6= 0 or k → 0). Equations (5.28-5.29) will serve to establish the
scalar fields asymptotic behaviours.
5.4 Study of the equilibrium states
We are going to look for the equilibrium points representing an asymptotically isotropic Universe for
the two classes of scalar tensor theories defined respectively by ℓφ2 = ℓψ2 = 0 and ℓφ1 = ℓφ2 = 0 and such
as all the variables (x,y,z,w) reach equilibrium with y 6= 0.
In their famous paper [108], Collins and Hawking defined the isotropy as Ω→ −∞, in the following way
– Let Tαβ be the energy-momemtum tensor: T 00 > 0 and T
0i
T 00 → 0
T 0i
T 00 represents a mean velocity of the matter compared to surfaces of homogeneity. If this quantity
did not tend to zero, the Universe would not appear homogeneous and isotropic.
– Let be σij = (deβ/dt)k(i(e−β)j)k and σ2 = σijσij : σdΩ/dt → 0, i.e. the shear parameter, proportional
to x variables disappears. This condition says that the anisotropy measured locally through the Hubble
parameter H0 tends to zero.
– β tends to a constant β0
This condition is justified by the fact that the anisotropy measured in the CMB is to some extent a
measurement of the change of the matrix β between time when radiation was emitted and time when
it was observed. If β did not tend to a constant, one would expect large quantities of anisotropies in
some directions.
Hence, in our calculations, we will look for the equilibrium states respecting the second point, i.e. isotro-
pisation occurs when x → 0 as Ω → −∞. It is thus a stable state arising for a diverging value of t. These
two limits do not depend on each other and their consistency will have to be checked. We will see that the
third point will be always respected since β± will always disappear exponentially. The first point is also
respected since we consider a diagonal tensor T αβ and positive energy densities for the perfect fluid and
scalar field.
The system of first order equations (5.24-5.27) is not totally autonomous since ℓφ1 , ℓφ2 , ℓψ1 and ℓψ2 are
some functions of φ and ψ. To make it fully autonomous, we have to consider the two additional first or-
der equations (5.28-5.29) for φ and ψ. Since the scalar fields do not appear in the constraint, they do not
need to be bounded whatever the isotropisation class. Hence, looking for stable isotropic states for class
1 isotropisation only consists in finding the values of (x,y,z,w) depending on the scalar fields such as
(x˙,y˙,z˙,w˙) = (0,0,0,0). The equilibrium values of z and w will be introduced in equations (5.28) and (5.29)
to respectively get φ and ψ asymptotic behaviours.
5.4.1 Without a perfect fluid
ℓφ2 = ℓψ2 = 0
In this subsection and the following ones, we first look for equilibrium points corresponding to isotropic
stable states, i.e. such as x = 0. Then we search for monotonic functions and finally calculate the asymptotic
behaviours of some important quantities in the neighbourhood of these points.
Calculus of the equilibrium points.
We find two equilibrium points:
(x,y,z,w) = (0,± (3− ℓ2φ1 − ℓ2ψ1)1/2(
√
3R)−1,ℓφ1/6,ℓψ1/6) (5.30)
and a set of points defined by y = 0. The two first ones respect the constraint and are real if ℓ2φ1 + ℓ
2
ψ1
tends
to a constant smaller than 3. Both ℓφ1 and ℓψ1 have to tend to a constant such as z˙ and w˙ vanish. We will
show below that they are in agreement with a negatively diverging value of Ω. We do not look after the set
of points defined by y = 0 since it concerns the class 2 isotropisation which we will not study in this work.
Monotonic functions.
By examining equation (5.24), we deduce that x is a monotonic function of Ω: if x < 0 (x > 0) initially,
it will keep the same sign and will be decreasing (increasing). Thus, if initially the Hamiltonian is positive,
from the definition (5.18) of the lapse function N and the relation between the proper time t and Ω, we de-
rive that Ω → −∞ corresponds to late times epoch. In the same way, if initially z < ℓφ1/6 (z > ℓφ1/6), z
will be monotonically decreasing(increasing). The same conclusion arises for w related on the value ℓψ1/6.
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As in the case of a single scalar field[105], x being monotonic and with a constant sign, we are able
to show that the metric functions may have one extremum at most. Indeed, their derivatives write as
dgij/dt = −2N−1e−2Ω+2βij (β˙ij−1) and β˙ij is a linear combination of β˙± which depends on the monoto-
nic function x. Consequently, there exists only one value for x such as dgij/dt vanishes. In a general way, if
we consider the two Brans-Dicke coupling functions as depending on both scalar fields φ and ψ (i.e. ℓi 6= 0
whatever i = φ1,φ2,ψ1,ψ2), z and w are not necessarily monotonic but it is always the case for x. Thus,
whatever the dependence of ω, µ and U on φ and ψ, the metric functions will always have one extremum at
most.
All these elements show that there is no periodic or homoclinic orbit in the phase space (x,y,z,w).
Asymptotic behaviours
As explained in the section 5.3, we define the function f = ℓ2φ1 + ℓ
2
ψ1
such as when Ω → −∞, we
assume that
∫
fdΩ → (ℓ2φ1 + ℓ2ψ1)Ω + f1. Then, when Ω diverges and after having replaced y by its
equilibrium value neglecting its variation δy in the vicinity of the equilibrium, we deduce from (5.24) that
x → x0e
∫
(3−ℓ2φ1−ℓ
2
ψ1
)dΩ → x0e(3−ℓ
2
φ1
−ℓ2ψ1)Ω. It shows that the equilibrium points reality condition is in
agreement with the vanishing of x when Ω → −∞. Introducing this asymptotic expression for x in the
lapse function (5.18), it is possible to calculate the asymptotic form of e−Ω as a function of the proper time
t, i.e. the metric functions attractor. Its local or global nature can not be determined unless we specify ω,
µ or U . When ℓ2φ1 + ℓ
2
ψ1
tends to a non vanishing constant, e−Ω → t(ℓ2φ1+ℓ2ψ1)−1 . When it vanishes, e−Ω
tends to an exponential of t. We also evaluate the asymptotic forms of φ and ψ by rewriting the equations
(5.28) and (5.29) near the equilibrium. We get two differential equations whose asymptotic solutions take
the same forms as those of φ and ψ when Ω→ −∞:
φ˙ =
2φ2Uφ
(3 + 2ω)U
(5.31)
ψ˙ =
2ψ2Uψ
(3 + 2µ)U
(5.32)
Since U˙ = Uφφ˙+ Uψψ˙ and applying our assumption on f , we determine that near equilibrium:
U ∝ exp [2(ℓ2φ1 + ℓ2ψ1)Ω] (5.33)
This shows that if ℓ2φ1 + ℓ
2
ψ1
tends to a non vanishing constant, U asymptotically vanishes as t−2. If it
vanishes, the potential tends to some constant. Note that the special case for which ℓ2φ1 + ℓ
2
ψ1
→ 3 implies
y → 0 and thus belongs to class 2 isotropisation which will not be studied in this work. Approach of
equilibrium is represented by a phase portrait diagram on figure 5.1.
ℓφ1 = ℓφ2 = 0
We proceed as in the previous subsection.
Calculus of the equilibrium points.
We find the following equilibrium points, E1 and E2, which might correspond to some isotropic stable
states:
E1 = (0,± (1− ℓ2ψ1/3)1/2R−1,0,ℓψ1/6)
E2 = (0,±
[
2ℓψ2(ℓψ1 + 2ℓψ2)
−1]1/2R−1,
±(ℓ2ψ1 + 2ℓψ1ℓψ2 − 3)1/2
[
2
√
3(ℓψ1 + 2ℓψ2)
]−1
,
(2ℓψ1 + 4ℓψ2)
−1)
They both check the constraint equation. The first one will be real and bounded if ℓ2ψ1 ≤ 3 and tends to a
constant. The second one needs that ℓψ2(ℓψ1 + 2ℓψ2)−1 tends to a positive constant, ℓψ1(ℓψ1 + 2ℓψ2) ≥ 3
and ℓψ1 + 2ℓψ2 6= 0. Remark that for E2, ℓψ1 and ℓψ2 may be unbounded. A third set of equilibrium points
is (y,z) = (0,0) but we discard it for the same reasons as in the previous subsection.
Monotonic functions.
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FIG. 5.1 – Case 1A - Equilibrium point approach when no perfect fluid is present and
(Lφ1 ,Lφ2 ,Lψ1 ,Lψ2 ,R,p) = (0.23,0,1.58,0,2,1). The point is located at (x,y,z,w) = (0,0.19,0.04,0.26).
As written in subsection 5.4.1, x is a monotonic function of Ω and Ω(t) a monotonic function of the proper
time whose limit Ω → −∞ corresponds to late time epoch when the Hamiltonian is initially positive. If
ℓψ2 > 0 (ℓψ2 < 0) and w > ℓψ1/6 (w < ℓψ1/6), w is an increasing (decreasing) function of Ω. If moreover
ℓψ1 > 0 (ℓψ1 < 0), w is positive (negative) and keeps a constant sign.
Asymptotic behaviour in the neighbourhood of E1
Here we define f = ℓ2ψ1 and write that in Ω→ −∞,
∫
ℓ2ψ1dΩ→ ℓ2ψ1Ω + f1. Then, from (5.26) we get:
z → e(3−ℓ2ψ1)Ω−2
∫
ℓψ1ℓψ2dΩ (5.34)
Indeed ℓψ1 must tend to a constant but ℓψ2 may diverge. It is why an integral of ℓψ2 appears in this last
expression. It shows that we must have (3 − ℓ2ψ1)Ω − 2
∫
ℓψ1ℓψ2dΩ → −∞ when Ω → −∞ such as
z vanishes. Moreover, considering equation (5.27) where a z2ℓψ2 term is present, we deduce that z has
to vanish sufficiently fast to allow w equilibrium, i.e. z2ℓψ2 → 0. When the condition for z vanishing is
respected, z˙z = (3 − ℓ2ψ1)z2 − 2ℓψ1ℓψ2z2 → 0 and we deduce that z2ℓψ2 → 0 is always true as long as(obviously) ℓψ2 does not diverge or/and ℓψ1 does not vanish. Otherwise, nothing can be deduced from z˙z
vanishing.
The variable x behaves as x0e(3−ℓ
2
ψ1
)Ω and vanishes as Ω→ −∞when reality condition for the equilibrium
points is respected. As previously, using the expression for the lapse function and the relation dt = −NdΩ,
we get e−Ω as a function of the proper time near isotropy. If ℓψ1 tends to a non vanishing constant, e−Ω tends
to tℓ
−2
ψ1 . If ℓψ1 vanishes, e−Ω tends to an exponential of the proper time. In the same way as in subsection
5.4.1, we calculate the differential equations whose solutions asymptotically correspond to the forms of φ
and ψ when Ω→ −∞:
φ˙ = 12φ(3 + 2ω)−1/2e(3−ℓ
2
ψ1
)Ω−2
∫
ℓψ1ℓψ2dΩ (5.35)
ψ˙ =
2ψ2Uψ
(3 + 2µ)U
(5.36)
Since U˙ = Uψψ˙, it comes that:
U ∝ e2ℓ2ψ1Ω (5.37)
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Thus, the potential behaves as t−2 when ℓ2ψ1 tends to a non vanishing constant or as a constant when ℓ
2
ψ1
tends to zero. Again if ℓ2ψ1 → 3, y vanishes and thus isotropisation is of class 2. We thus exclude this value
from our study.
Asymptotic behaviour in the neighbourhood of E2
We define f = ℓψ1(ℓψ1 + 2ℓψ2)−1 and write that in Ω → −∞,
∫
ℓψ1(ℓψ1 + 2ℓψ2)
−1dΩ → ℓψ1(ℓψ1 +
2ℓψ2)
−1Ω+f1. With this assumption we calculate that nearE2, x behaves as x0e3[2ℓψ2(ℓψ1+2ℓψ2)
−1]Ω
. Since
2ℓψ2(ℓψ1 + 2ℓψ2)
−1 tends to a positive constant, it thus vanishes as Ω→ −∞. Using the expression (5.18)
for the lapse function, we calculate that when the quantity 1 − 2ℓψ2(ℓψ1 + 2ℓψ2)−1 = ℓψ1(ℓψ1 + 2ℓψ2)−1
tends to a non vanishing constant, e−Ω → t(ℓψ1+2ℓψ2)(3ℓψ1)−1 . From reality condition for the point E2,
we deduce that this power of t is positive. Hence, this last expression is increasing when the proper time
t diverges in accordance with the growth of e−Ω when Ω → −∞. If the quantity ℓψ1(ℓψ1 + 2ℓψ2)−1 va-
nishes, the metric functions tend to an exponential of the proper time. From (5.12) and (5.13) we derive the
differential equations allowing φ and ψ to get asymptotic forms:
φ˙ = −2
√
3
φ
ψ
√
−3U2(3 + 2µ)(3 + 2ω) + ψ2Uψ [U(3 + 2ω)]ψ
[U(3 + 2ω)]ψ
(5.38)
ψ˙ =
6U(3 + 2ω)
[U(3 + 2ω)]ψ
(5.39)
This last equation easily integrates to give U(3 + 2ω) = e6(Ω−Ω0), Ω0 being an integration constant.
Since we have U˙ = Uψψ˙, we deduce from (5.39) that U = e6ℓψ1(ℓψ1+2ℓψ2)−1Ω. Consequently, when
ℓψ1(ℓψ1 + 2ℓψ2)
−1 tends to a non vanishing constant, the potential vanishes as t−2. If it vanishes, the
potential tends to a non vanishing constant.
Approaches of both equilibrium points are represented by phase portrait diagrams on figures 5.2 and 5.3.
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FIG. 5.2 – Case 2A - First equilibrium point approach when no perfect fluid is present and
(Lφ1 ,Lφ2 ,Lψ1 ,Lψ2 ,R,p) = (0,0,0.53,1,2,1). The point is located at (x,y,z,w) = (0,0.47,0,0.09).
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FIG. 5.3 – Case 2A - Second equilibrium point approach when no perfect fluid is present and
(Lφ1 ,Lφ2 ,Lψ1 ,Lψ2 ,R,p) = (0,0,4,1,2,1). Let us note how this approach is different from the first equi-
librium point. x and y undergo damped oscillations when they approach their equilibrium values. The point
is located at (x,y,z,w) = (0,0.29,0.22,0.08).
5.4.2 With a perfect fluid
There are two types of equilibrium points when we take into account a perfect fluid depending if k, or
equivalently the density parameter of the perfect fluid, tends to a non vanishing or vanishing constant. The
first type is studied in the two next subsections and the second one in the third subsection.
ℓφ2 = ℓψ2 = 0
Calculus of the equilibrium points.
In the annexe 2, we look for the zeros of (5.24-5.27) and introduce them in the constraint to determine k.
The only ones in agreement with isotropy are:
E4,5 = (0,± 1/2
√
3R−1
[
γ(2− γ)(ℓ2φ1 + ℓ2ψ1)−1
]1/2
,1/4γℓφ1(ℓ
2
φ1 + ℓ
2
ψ1)
−1,
1/4γℓψ1(ℓ
2
φ1 + ℓ
2
ψ1)
−1)
with k2 → 1− 3γ
2(ℓ2
φ1
+ℓ2
ψ1
)
that is real and non vanishing if ℓ2φ1 + ℓ2ψ1 > 3/2γ. We will show in this subsec-
tion that k tends to non vanishing constant and it is why we exclude the special value ℓ2φ1 + ℓ2ψ1 → 3/2γ.
Since we study the class 1 isotropisation, y is non vanishing and then ℓ2φ1 + ℓ2ψ1 can not diverge. Hence,
from the forms of E4,5 points, we deduce that respectively the sum ℓ2φ1+ ℓ2ψ1 and its individual components
have to tend to some constants.
Monotonic functions
Equation (5.24) shows that x is a monotonic function with a constant sign whatever the values of ℓφ2 , ℓψ2 ,
ℓφ1 and ℓψ1 . Consequently the lapse function also has a constant sign and Ω is a monotonically decreasing
function of t if initially H > 0, tending to −∞ for late times. If z > ℓφ1, z is a monotonically increasing
function. However, nothing can be deduced when z < ℓφ1 because of the perfect fluid presence. The same
reasoning holds for w with respect to ℓψ1. Hence, it seems that no periodic or homoclinic orbit exists.
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Asymptotic behaviours
Here, there is no need to make any assumptions related to a function f as defined in the subsection 5.3.
Using (5.28-5.29), the scalar fields asymptotic behaviours are defined by the asymptotic solutions of the
following systems:
φ˙ = 3γ
(3 + 2µ)φ2UUφ
(3 + 2µ)φ2U2φ + (3 + 2ω)ψ
2U2ψ
(5.40)
ψ˙ = 3γ
(3 + 2ω)φψUUψ
(3 + 2µ)φ2U2φ + (3 + 2ω)ψ
2U2ψ
(5.41)
Linearising (5.24) in the neighbourhood of E4,5, we find that asymptotically x→ e− 32 (γ−2)Ω and vanishes
as Ω → −∞ for the considered interval of γ. Then, from the lapse function N , it comes that e−Ω → t 23γ .
We deduce from y definition and the fact that this variable does not vanish near equilibrium thatU → t−2 ∝
V −γ . In the same way we deduce from k definition, using the asymptotic expressions for U(t) and Ω(t),
that it tends to a non vanishing constant. It is thus the same for the density parameter Ωm of the perfect
fluid. Approach to equilibrium is represented by the phase portrait diagram on figure 5.4.
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FIG. 5.4 – Case 1B - Equilibrium point approach when a perfect fluid with γ = 1 is present
and (Lφ1 ,Lφ2 ,Lψ1 ,Lψ2 ,R,p,k) = (0.23,0,1.58,0,2,1,0.41). The point is located at (x,y,z,w) =
(0,0.27,0.022,0.15).
ℓφ1 = ℓφ2 = 0
Calculus of the equilibrium points.
We proceed as in the previous section. The details for the equilibrium points calculus are given in the annexe
2. We find that the only ones corresponding to an isotropic state are:
E2,3 = (0,± 1/2R−1ℓ−1ψ1
√
3γ(2− γ),0,1/4γℓ−1ψ1) (5.42)
with k2 → 1 − 3/2γℓ−2ψ1 and thus require ℓ2ψ1 > 3/2γ. We will show below that k is non vanishing and it
is why we exclude the value ℓ2ψ1 → 3/2γ. Moreover, since we consider a class 1 isotropisation, y can not
tend to zero and ℓψ1 is bounded. Hence, equilibrium is reached only if ℓψ1 tends to a constant such as y˙ and
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z˙ vanish.
Monotonic functions
As already noted in the previous section, x is a monotonic function of Ω and has a constant sign. Conse-
quently, Ω is a monotonic decreasing function of t if initially the Hamiltonian is positive and Ω → −∞
corresponds to late times epochs.
Asymptotic behaviours
Once again, there is no need to make any assumptions related to a function f as defined in the subsection
5.3. Surprisingly, equilibrium points E2,3 have the same form as in the presence of a single scalar field ψ in
[109]. If we consider a Lagrangian with a single complex scalar field ζ and cast it into another Lagrangian
with 2 real scalar fields φ and ψ, E2,3 would only depend on its amplitude ψ and not on its phase φ.
Again, we find that asymptotically x→ e− 32 (γ−2)Ω and thus e−Ω → t 23γ independently on the scalar fields
behaviours. Hence considering the definition of y, the potential vanishes as t−2 ∝ V −γ . As in the previous
section, one can show using these asymptotical behaviours for the metric functions and potential that k
tends to a non vanishing constant. The differential equation giving ψ in Ω→ −∞ may be written:
ψ˙ = 3γ
U
Uψ
(5.43)
To determine a similar equation for φ, we need to know z asymptotic behaviour. We find z → e3
[
(1−γ/2)Ω−γ
∫
ℓψ2ℓ
−1
ψ1
dΩ
]
and it is thus vanishing when Ω→ −∞ if (1−γ/2)Ω−γ ∫ ℓψ2ℓ−1ψ1dΩ→ −∞. Then, the differential equa-
tion giving the asymptotic form for φ is:
φ˙ = φ0
12φ√
3 + 2ω
e
3
[
(1−γ/2)Ω−γ
∫
ℓψ2ℓ
−1
ψ1
dΩ
]
(5.44)
φ0 being an integration constant. As in the absence of a perfect fluid, z has to vanish sufficiently fast such
that w reaches equilibrium, i.e. we must have z2ℓψ2 → 0. This condition is always satisfied as long as the
one allowing the vanishing of z is respected, since we have then z˙z = 3(1 − γ/2)z2 − 3γℓψ2ℓ−1ψ1z2 → 0
and ℓψ1 does not diverge. Approach to equilibrium is represented by the phase portrait diagram on figure
5.5.
The case k → 0
As shown above, the limit k → 0 disagrees with the isotropic equilibrium states defined for the equili-
brium points of subsections 5.4.2-5.4.2. However, it is always possible to assume k → 0 in the field equa-
tions and then to solve them. We thus recover the equilibrium points obtained in the absence of a perfect
fluid. The asymptotic behaviours of x and of the metric functions are the same as in section 5.4.1. However,
the conditions for isotropisation are modified since now k has to vanish asymptotically, thus representing
an additional constraint. To find it, we rewrite k as δx2e(3γ−6)Ω. Then, in the case ℓφ2 = ℓψ2 = 0 where
x → e3−ℓ2φ1−ℓ2ψ1 , k will vanish only if ℓ2φ1 + ℓ2ψ1 < 3/2γ which is consistent, although more restrictive,
with reality condition of the equilibrium points when no perfect fluid is present since γ ∈ [1,2]. Hence,
ℓ2φ1 + ℓ
2
ψ1
> 3/2γ is a necessary condition for isotropisation to occur with k 6= 0 toward the equilibrium
points of subsection 5.4.2, whereas ℓ2φ1 + ℓ
2
ψ1
< 3/2γ is a necessary condition for isotropisation to occur
with k → 0 toward the equilibrium points of subsection 5.4.1. The same reasoning may be followed concer-
ning the case ℓφ1 = ℓφ2 = 0. For the E1 point, k vanishes only if ℓ2ψ1 < 3/2γ and for the E2 point, if
2ℓψ2(ℓψ1+2ℓψ2 )
−1 > 1− γ/2 with 1− γ/2 ∈ [0,1/2].
Since k = δy2U−1V −γ and we consider the class 1 isotropisation such as y 6= 0, k vanishing implies
U >> V −γ and thus, in the Lagrangian field equations, the potential will dominate the perfect fluid energy
density term.
The results of this last subsection are more accurate and extended than those we had found in [109]. In
this last paper, we had considered different cases depending on the behaviour of U with respect to V −γ and
then deduced this of k. In the present paper, the opposite reasoning is made and seems to give better results.
In particular in [109], we had not detected that conditions for isotropisation were changed when k → 0 with
respect to the no perfect fluid case.
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FIG. 5.5 – Case 2B - Equilibrium point approach when a perfect fluid is present and
(Lφ1 ,Lφ2 ,Lψ1 ,Lψ2 ,R,p,k) = (0,0,1.53,0.23,2,1,0.60). The point is located at (x,y,z,w) =
(0,0.28,0,0.16).
5.4.3 Technical results summary
In this subsection, we summarise our technical results. We got the hamiltonian field equations for a
Bianchi type I Universe filled with a perfect fluid and two scalar fields defined by ℓφ2 = ℓψ2 = 0 and
ℓφ1 = ℓφ2 = 0. We rewrote them with normalised variables and looked for the stable isotropic states
defined such as the shear disappears when the Universe expands, i.e x → 0 when Ω → −∞. We then
found the equilibrium points summarising in table 5.1 and depending on the asymptotic behaviour of k or
equivalently the perfect fluid density parameter Ωm.
ℓφ2 = ℓψ2 = 0 ℓφ1 = ℓφ2 = 0
Ωm = 0 E1 = (0,
±(1−ℓ2ψ1/3)
1/2
R ,0,
ℓψ1
6 )
or (0,
±(3−ℓ2φ1−ℓ
2
ψ1
)1/2√
3R
,
ℓφ1
6 ,
ℓψ1
6 ) E2 = (0,±
[2ℓψ2(ℓψ1+2ℓψ2)
−1]
1/2
R ,
Ωm → 0 ± (ℓ
2
ψ1
+2ℓψ1ℓψ2−3)1/2
2
√
3(ℓψ1+2ℓψ2)
, 1(2ℓψ1+4ℓψ2)
)
Ωm → const (0,± 1/2
√
3
R
[
γ(2− γ)(ℓ2φ1 + ℓ2ψ1)−1
]1/2
,
with γℓφ1
4(ℓ2
φ1
+ℓ2
ψ1
)
,
γℓψ1
4(ℓ2
φ1
+ℓ2
ψ1
)
) (0,± 12Rℓψ1
√
3γ(2− γ),0, γ4ℓψ1 )
const 6= 0
TAB. 5.1 – The (x,y,z,w) equilibrium points representing stable isotropic states for the Universe
We then found some asymptotical necessary conditions for isotropy depending on inequality and limits
written with respect to the functions ℓ of the scalar fields. From the viewpoint of asymptotical behaviours,
it comes asymptotically that either the potential vanishes as t2 or tends to a constant. In this last case, the
Universe tends to a De Sitter one whereas when Ωm tends to a non vanishing constant, the metric functions
behave as t
2
3γ as in the absence of any scalar fields. In the other cases, they behave as some powers of the
proper time, the powers beeing some constants defined as asymptotical limits of some scalar fields functions
summarised in table 5.2.
246 CHAPITRE 5. ISOTROPISATION OF FLAT HOMOGENEOUS UNIVERSES WITH...
ℓφ2 = ℓψ2 = 0 ℓφ1 = ℓφ2 = 0
ℓ2φ1 + ℓ
2
ψ1
E1 : ℓ
2
ψ1
E2 : (ℓψ1 + 2ℓψ2)(3ℓψ1)
−1
TAB. 5.2 – When the potential desappears and Ωm does not tend to a constant, the metric functions be-
have as some power laws of the proper time in the neighbourhood of the isotropic state. These powers are
summarised in this table for the corresponding isotropic equilibrium point.
5.5 Discussion
After the tedious computation of previous sections, we now summarize and discuss our results. We have
classified isotropisation process into three classes and looked for necessary conditions allowing for class 1
isotropisation of Bianchi type I model when two minimally and massive scalar fields with a perfect fluid
are considered. The class 1 is such as all the variables (x,y,z,w) reach equilibrium with y 6= 0. We have
assumed that the potential is positive, the scalar field respects the weak energy condition and the Universe
isotropises sufficiently fastly such as we could neglect the variation of f(φ,ψ) and (y,z,w,k) in the vicinity
of the equilibrium.
The first necessary conditions we have found for isotropisation stem from the definition of isotropy: it will
only happen for a vanishing shear (x→ 0) and an eternally expanding Universe (Ω→ −∞), thus implying
that an isotropic state is always stable. Moreover, it will correspond to late time isotropisation if the Hamil-
tonian is initially positive. Two classes of theories have been examined depending on the relation between
(ω,µ,U) and (φ,ψ). Each of them has been studied without or with a perfect fluid.
Case A: without a perfect fluid
When the perfect fluid is not present, we have for class 1 isotropisation:
Case 1A: ω(φ), µ(ψ) and U(φ,ψ)
A necessary condition for isotropisation of Bianchi type I model when two minimally and massive scalar
fields are present will be that the two quantities ℓφ1 = φUφU−1(3 + 2ω)−1/2 and ℓψ1 = ψUψU−1(3 +
2µ)−1/2 tend to some constants such as ℓ2φ1 + ℓ
2
ψ1
< 3. When isotropisation occurs and one of the two
constants is non vanishing, the power law t(ℓ
2
φ1
+ℓ2ψ1)
−1
is a late time attractor of the metric functions and
the potential vanishes as t−2. If the two constants vanish, the de Sitter Universe represents the late time
attractor and the potential tends to a constant.
If we put ℓψ1 = 0 strictly, we recover the results got in presence of a single scalar field without a perfect
fluid [105]. Results of case 1A can be generalised for n scalar fields φi when their associated Brans-Dicke
coupling functions ωi respectively depend on only φi (see annexe 1). For that, it is sufficient to replace
ℓ2φ1 + ℓ
2
ψ1
by
∑
i ℓ
2
i . In the literature, it has been shown that the presence of multiple scalar fields could
help to generate inflation: it is the assisted inflation[117]. Sometimes it is the opposite which happens: the
more scalar fields there are, the less likely the inflation occurs[117]. It seems that it is this last behaviour
which arises for case 1A: the more scalar fields there are, the more they contribute to the denominator of
the power law to which the metric functions converge, and the less likely it will be larger than 1 and produce
an accelerated expansion at late times.
To evaluate the above conditions for a specific theory, we need to know the asymptotic behaviours for φ and
ψ such as we could calculate ℓψ1 and ℓψ2 . It comes:
asymptotic behaviours of the scalar fields for case 1A
The asymptotic behaviours of the two scalar fields when an isotropic state is reached are those of the two
functions φ and ψ when Ω→ −∞ defined by:
φ˙ =
2φ2Uφ
(3 + 2ω)U
(5.45)
ψ˙ =
2ψ2Uψ
(3 + 2µ)U
(5.46)
Now we summarize our results concerning the second type of coupling for ω, µ and U :
Case 2A: ω(φ,ψ), µ(ψ) and U(ψ)
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There exists two equilibrium points E1 and E2 which may correspond to an isotropic equilibrium state
with two minimally and massive scalar fields for the Bianchi type I model. The necessary conditions
to reach equilibrium are expressed with the two quantities ℓψ1 = ψUψU−1(3 + 2µ)−1/2 and ℓψ2 =
ψωψ(3 + 2ω)
−1(3 + 2µ)−1/2:
– For point E1, it is necessary that ℓ2ψ1 < 3 and (3− ℓ2ψ1)Ω− 2
∫
ℓψ1ℓψ2dΩ→ −∞. When isotropisa-
tion occurs and if ℓψ1 tends to a non vanishing constant, tℓ
−2
ψ1 is the late time attractor of the metric
functions and the potential vanishes as t−2. If ℓψ1 tends to zero, a de Sitter Universe is the late time
attractor and the potential tends to a constant. If moreover ℓψ2 diverges, an additional condition for
isotropisation is ℓψ2e
2
[
(3−ℓ2ψ1)Ω−2
∫
ℓψ1ℓψ2dΩ
]
→ 0.
– For pointE2, it is necessary that 0 < 2ℓψ2(ℓψ1+2ℓψ2)−1 < 1, ℓψ1+2ℓψ2 6= 0 and ℓψ1(ℓψ1+2ℓψ2) >
3. When isotropisation occurs and if ℓψ1(ℓψ1 + 2ℓψ2)−1 tends to a non vanishing constant, the late
time attractor of the metric functions is a power law of the proper time t(ℓψ1+2ℓψ2)(3ℓψ1)−1 and the
potential vanishes as t−2. If ℓψ1(ℓψ1+2ℓψ2)−1 vanishes, a de Sitter Universe is the late time attractor
and the potential tends to a constant.
Contrary to what happens with only a single scalar field, there are now two equilibirum points. The first
one is such as the metric functions asymptotic behaviour only depends on ψ whereas for the second one,
it depends on both scalar fields φ and ψ, the power law exponent being totally different from the previous
case. The scalar fields asymptotic behaviours allowing to calculate the quantities ℓψ1 and ℓψ2 are given in
the following way:
asymptotic behaviours of the scalar fields for case 2A
The asymptotic behaviours of the two scalar fields when an isotropic state is reached are those of the two
functions φ and ψ as Ω→ −∞ defined by:
– for the equilibrium point E1:
φ˙ = 12φ(3 + 2ω)−1/2e(3−ℓ
2
ψ1
)Ω−2
∫
ℓψ1ℓψ2dΩ (5.47)
ψ˙ =
2ψ2Uψ
(3 + 2µ)U
(5.48)
– for the equilibrium point E2:
φ˙ = −2
√
3
φ
ψ
√
−3U2(3 + 2µ)(3 + 2ω) + ψ2Uψ [U(3 + 2ω)]ψ
[U(3 + 2ω)]ψ
(5.49)
U(3 + 2ω) = e6(Ω−Ω0) (5.50)
Let us examine the connection between our results and Wald’s No Hair theorem[49]. The latter states
that initially expanding homogeneous models with a positive cosmological constant (except Bianchi type
IX) and a stress energy tensor satisfying the dominant and strong energy conditions, exponentially evolve
to an isotropic de Sitter solution. The behaviour of Bianchi type IX model is similar if the cosmological
constant is sufficiently large compared with spatial-curvature terms. Assuming that the Universe tends suffi-
ciently fastly to its isotropic equilibrium state 1, Wald’s No Hair theorem can be generalised for the case 1A
to any form of potential and Brans-Dicke coupling functions such as ℓφ1 and ℓψ1 tend to zero. For the case
2A and the equilibrium point E1, only the vanishing of ℓψ1 is necessary and, for the equilibrium point E2,
the vanishing of ℓψ1(ℓψ1+2ℓψ2)−1. For both cases, the potential tends to a constant, showing the stability of
Wald theorem with respect to the presence of several scalar fields. Note that the relations between Bianchi
models and Wald’s No Hair theorem has been explored in the context of chaotic inflation in [189].
Case B: with a perfect fluid
When we take into account a perfect fluid, we get different conditions and metric functions asymptotic
behaviours resulting from class 1 isotropisation. There exists two possible equilibrium points respectively
corresponding to a vanishing or non vanishing k or equivalently the perfect fluid density parameter Ωm. For
the first case, we have:
Case 1B: ω(φ), µ(ψ) and U(φ,ψ).
1. i.e. considering that the assumptions on f(φ,ψ) and (y,z,w,k) we explained in the section 5.3 are checked
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A necessary condition for isotropisation of Bianchi type I model when 2 massive and minimally coupled
scalar fields with a perfect fluid are considered and such as Ωm → const 6= 0 will be that the quan-
tities ℓφ1 = φUφU−1(3 + 2ω)−1/2 and ℓψ1 = ψUψU−1(3 + 2µ)−1/2 tend to some constants with
ℓ2φ1 + ℓ
2
ψ1
> 3/2γ. Then, when isotropisation occurs, the metric functions will always tend to t 23γ and
the potential will vanish as t−2. When isotropisation arises such as Ωm → 0, we recover the results of
case 1A (including the scalar fields asymptotic behaviours) but the condition on ℓ2φ1 + ℓ2ψ1 is cast into
ℓ2φ1 + ℓ
2
ψ1
< 3/2γ.
Hence, when Ωm → const 6= 0, the metric functions asymptotic behaviour is the same as in presence
of a single scalar field[109]. We find for the scalar fields asymptotic behaviours:
Asymptotic behaviours of the scalar fields for case 1B (k 6= 0)
The asymptotic behaviours of the two scalar fields when an isotropic state is reached with Ωm → const 6= 0
are those of the two functions φ and ψ as Ω→ −∞ defined by:
φ˙ = 3γ
(3 + 2µ)φ2UUφ
(3 + 2µ)φ2U2φ + (3 + 2ω)ψ
2U2ψ
(5.51)
ψ˙ = 3γ
(3 + 2ω)φψUUψ
(3 + 2µ)φ2U2φ + (3 + 2ω)ψ
2U2ψ
(5.52)
If we consider the second type of coupling, we get the following results:
Case 2B: ω(φ,ψ), µ(ψ) and U(ψ).
Let be the quantities ℓψ1 = ψUψU−1(3 + 2µ)−1/2 and ℓψ2 = ψωψ(3 + 2ω)−1(3 + 2µ)−1/2. Some neces-
sary conditions for isotropisation of Bianchi type I model when 2 massive and minimally coupled scalar
fields with a perfect fluid are considered and such as Ωm → const 6= 0 will be that ℓψ1 tends to a constant
with ℓ2ψ1 > 3/2γ and (1 − γ/2)Ω− γ
∫
ℓψ2ℓ
−1
ψ1dΩ → −∞ as Ω → −∞. When isotropisation arises, the
metric functions will always tend to t 23γ and the potential will vanish as t−2. When isotropisation arises
such as Ωm → 0, we recover the results of case 2A (including the scalar fields asymptotic behaviours) but
necessary reality conditions for isotropisation to E1 and E2 equilibrium points are cast into respectively
ℓ2ψ1 < 3/2γ and 1− γ/2 < 2ℓψ2(ℓψ1+2ℓψ2 )−1 < 1.
Once again when Ωm → const 6= 0, we recover the same behaviour for the metric functions as in the
presence of a single scalar field despite the unusual form of ω. To check the above limits and inequalities,
again we need to know the scalar fields asymptotic behaviours. We have got:
Asymptotic behaviours of the scalar fields for case 2B (k 6= 0)
The asymptotic behaviours of the two scalar fields when an isotropic state is reached with Ωm → const 6= 0
are those of the two functions φ and ψ as Ω→ −∞ defined by:
ψ˙ = 3γ
U
Uψ
(5.53)
φ˙ =
12φ√
3 + 2ω
e
3
[
(1−γ/2)−γ
∫
ℓψ2ℓ
−1
ψ1
dΩ
]
(5.54)
5.6 Applications
To illustrate our calculation, we look for isotropisation conditions of some important theories exten-
sively studied in the literature. Remember that we have assumed a positive potential, the respect of the
weak energy condition and γ ∈ [1,2]. Then, in the following applications, when we will write that iso-
tropisation is impossible, we must keep in mind that it could be wrong if one of the above assump-
tions were violated. These applications will be illustrated with numerical simulations done with a Runge-
Kutta algorithm (order 5) implemented in java. Java program and its user manual may be downloaded at
http://luth2.obspm.fr/˜etu/fay/stephane.html. It allows to integrate any hyperextended scalar tensor theories
(with varying G, ω and U ) with a perfect fluid for any class A Bianchi models written with the Lagrangian
or Hamiltonian(with the variables of this work) field equations. The equations system (5.24-5.27) is also
implemented and any new equations system or numerical methods may be easily added and should work
with all the codes already written if user manual recommendations are followed.
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5.6.1 Hybrid inflation
In the introduction we have connected the presence of two scalar fields with higher order theories or
hybrid inflation. Hybrid inflation is studied in [114] with a scalar tensor theory defined by:
(3 + 2ω)φ−2 = 2 (5.55)
(3 + 2µ)ψ−2 = 2 (5.56)
U = 1/4λ(ψ2 −M2) + 1/2m2φ2 + 1/2λ′φ2ψ2 (5.57)
m, M , λ and λ′ being some constants. It thus corresponds to cases 1A and 1B defined above. The same
type of theory is also used in [115] for similar reasons and from the point of view of topological defects. The
potential (5.57) has the symmetry φ↔ −φ and ψ ↔ −ψ and is the most general form of a renormalisable
potential with this property, apart from the absence of a λ′′φ4 term. For a flat FLRW model, inflation stops
when the true vacuum state, which corresponds to a global minimum for the potential with (φ,ψ) = (0,M),
is reached. When no perfect fluid is present, we calculate that ℓφ1 and ℓψ1 are respectively proportional to
φ˙ and ψ˙ and write:
ℓφ1 =
2
√
2φ(m2 + λ′ψ2)
λ(M2 − ψ2)2 + 2φ2(m2 + λ′ψ2) (5.58)
ℓψ1 =
2
√
2ψ
[
λ′φ2 + λ(ψ2 −M2)]
λ(M2 − ψ2)2 + 2φ2(m2 + λ′ψ2) (5.59)
Obviously, with (φ,ψ) = (0,M), we have φ→ 0 and M 2−ψ2 → 0. Then, if we assume that the vanishing
of φ is slower, faster or of the same order as M 2 − ψ2, we respectively find that ℓφ1 , ℓψ1 or the couple
(ℓφ1 ,ℓψ1) diverge. Then it is the same for the derivatives of the scalar fields. The first graph of figure 5.11
represents a numerical integration of the scalar fields and illustrates this fact. Consequently, the couple
(φ,ψ) = (0,M) represents an asymptotic state of true vacuum which can not occur with isotropisation of
the Bianchi type I model. Moreover, numerical simulations show that the scalar fields are not defined as
Ω → −∞, thus confirming that this theory can not lead to isotropisation of the Universe. Such a result is
interesting because early time inflation is often used to solve some problems of the standard big bang model
such as the flatness problem or the isotropy of the cosmological microwave background. However we see
that starting from an anisotropic model, the hybrid inflation for the theory defined by (5.55-5.57) is not able
to isotropise the Universe.
When a perfect fluid is present, numerical simulations (second and third graphs of figure 5.11) indicate that
φ would oscillate to 0 whereas ψ would tend to a constant M0 different from M as Ω → −∞. Thus, the
potential tends to a constant and not to V −γ . Consequently isotropisation does not occur when k 6= 0. Since
it can not arise either when no perfect fluid is present, we conclude that, even when k → 0, isotropisation
does not take place at late time.
Hence class 1 isotropisation seems impossible for the theory of this section. Numerical simulations for the
system (5.24-5.27) confirm the result and do not show class 2 or 3 isotropisation either.
5.6.2 High-order theories and compactification
Another theory can be defined by the same forms of Brans-Dicke coupling functions but with another
form of potential:
U = U0e
−
√
2/3kφe−5
√
3/6kψ(e
√
3/2ψ − 1)m (5.60)
with k > 0 and m > 0 2. Such potentials appear when we compactify the space-time and cast high-order
theories of gravity into relativistic forms. Hence in [113], conformal transformations are applied to the
theory defined by S =
∫
d5x
√
G5(
M35
16πR5 + αM
−3
5 R
4
5) and lead to the scalar tensor theory defined above
with m = 4/3, whereas if we consider the action S =
∫
d5x
√
G5(
M35
16πR5 + bM5R
2
5 + cM
−3
5 R
4
5), we get a
scalar tensor theory with m = 2. These actions are related to M -theory compactification. When no perfect
fluid is present, using (5.45) and (5.46), we find that near isotropy:
φ→ −
√
2/3kΩ+ φ0 (5.61)
2. These assumptions allow to simplify the study.
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−
√
2/3kΩ + φ0 → − 2
√
2
5(5k − 3m){2
√
3m ln
[
e
√
3ψ/2(5k − 3m)− 5k
]
+(5k − 3m)ψ} (5.62)
Since we consider k > 0, ψ does not diverge to −∞ otherwise the left member of equation (5.62) would be
complex. Numerical simulations show thatψ tends to +∞when Ω→ −∞ and then, we deduce from (5.62)
that ψ → −(5k − 3m)(2√3)−1Ω. This limit will arise in Ω → −∞ if in the same time 5k − 3m > 0.
An illustration of the two scalar fields asymptotical behaviours has been plotted on the fourth graph of
figure 5.11. We calculate that the quantities ℓφ1 and ℓψ1 respectively tend to the constants −k/
√
3 and
(3m − 5k)/(2√6). The necessary condition for isotropisation is thus (11k2 − 10km + 3m2)/8 < 3.
Assuming that (k,m) 6= (0,0), the late time attractor of the metric functions is a power law of the proper time
t24[8k
2+(5k−3m)2]−1
. Hence, after some conformal transformations, these theories derived from particle
physics can lead to isotropisation of Bianchi type I model as illustrated by figure 5.6.
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FIG. 5.6 – These fi gures, with −Ω in abscissa, represent successively the behaviours of (x,y,z,w,φ,ψ,ℓψ1) for initial condition
(x,y,z,w,φ,ψ) = (−0.49,0.25, − 0.12, − 0.15,0.14,0.23) and parameters (U0,k,m) = (3.2,1.25, − 0.36) and a dust fluid. Note that
ℓφ1 is a constant−k/
√
3 = −0.721688. The last fi gure shows the vanishing of α, β and γ derivatives with respect to the proper time as it should be
in case of metric functions convergence to a power law of time. If we take m = −2.36, (11k2 − 10km + 3m2)/8 > 3 and class 1 isotropisation
does not occurs since x tends to a non vanishing constant
When a perfect fluid is present, numerical analysis of (5.52) shows that scalar fields are defined when
Ω → −∞ and ψ may diverge. From the forms of φ˙ and ψ˙, it is easy to see that ψ can not tend to −∞ for
positive k when Ω → −∞. When ψ → +∞, it comes ℓ2φ1 + ℓ2ψ1 → (11k2 − 10km + 3m2)/8 and thus
this theory may isotropise to an equilibrium state whose nature depends on the value of this constant with
respect to 3/2γ. This case is illustrated on figure 5.7 where a numerical integration has been performed
with (11k2 − 10km+ 3m2)/8 > 3/2γ. Numerical integration for the scalar fields theoretical asymptotical
behaviours has also been plotted on the fifth graph of figure 5.11. It also produces some solutions for which
ψ vanishes and φ tends to a non vanishing constant but then, ℓ2φ1 + ℓ
2
ψ1
diverges and class 1 isotropisation
should not occur.
5.6.3 A common quadratic potential for a complex scalar field
The theories corresponding to cases 2A and 2B are related to the presence of complex scalar fields
whose Lagrangian is most of times written as[118, 119, 120]:
L = R+ gµνζ∗,µζ,ν − V (|ζ|2) + Lm (5.63)
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FIG. 5.7 – These fi gures, with −Ω in abscissa, represent successively the behaviours of (x,y,z,w,φ,ψ,k,ℓψ1) for initial condition
(x,y,z,w,φ,ψ) = (−0.49,0.25, − 0.12, − 0.15,0.14,0.23) and parameters (U0,k,m) = (3.2,1.25, − 2.36) and a dust fluid. Note that
ℓφ1 is a constant−k/
√
3 = −0.721688. As previously, last fi gure shows the vanishing of α, β and γ derivatives with respect to the proper time.
By redefining the scalar field ζ as ζ = ψ(
√
2m)e−imφ, it becomes:
L = R+ 1/2gµν(ψ2φ,µφ,ν +m
−2ψ,µψ,ν)− U(ψ2) + Lm (5.64)
which corresponds to 3/2 + µ = 1/2m−2ψ2 and 3/2 + ω = 1/2φ2ψ2. Since the potential depends on
ψ2, its most simple and maybe natural form seems to be U = ζζ∗ = ψ2. It is often used in the literature
for instance for scalar fields quantization in [118] or to study the genericity of inflation for spatially closed
FLRW models in [120]. If we suppose that there is no perfect fluid, then, for E1 equilibrium point, we
get ψ → ±2m
√
2(Ω− ψ0): it is complex when Ω → −∞ whereas, by definition, it should be real. For
E2 equilibrium point, we get ψ → ψ0e3/2Ω whereas now φ tends to a complex value instead of a real
one. Consequently, for the theory defined by (5.64) with U = ψ2, class 1 isotropisation does not occur at
late times. However, numerical simulations of equations (5.24-5.25) reveal that Universe may (”may” and
not ”must” since x → 0 is a necessary but not sufficient condition for isotropisation.) undergoes a class 3
isotropisation as shows on figure 5.8 with the characteristics explained at the beginning of this work.
If now we assume that a perfect fluid is present, ψ → e3/2γΩ and ℓψ1 diverges as e−3/2γΩ: then class
1 isotropisation is not possible if k 6= 0. However, once again a class 3 isotropisation is possible with
k oscillating to a constant as plotted on figure 5.9. If k → 0, as shown above, class 1 isotropisation is
impossible but not class 3.
5.6.4 Topological defects
Another type of potential has been used in [121] to study the formation of topological defects after
early time inflation. Its form is U = λ/2(ψ2 − η2)2, i.e. the so-called wine bottle potential, with λ and
η some constants. If we assume that there is no perfect fluid, we calculate for E1 equilibrium point that
ψ2 → −η2ProductLog(−η−2e−16m2η−2(Ω−φ0)), φ0 being an integration constant 3. But this last quantity
is negative when Ω → −∞ and then, again, ψ is asymptotically complex, which does not fit with its
definition as a real scalar field. For point E2, we also find that ψ is complex as Ω → −∞ but if the
integration constant is complex too. So for both E1 and E2 points, an isotropic equilibrium state of class 1
type can not be reached because at least one of the scalar fields is complex at late time.
If now we assume that a perfect fluid is present, we have ψ2 → e3/2γ(Ω−Ω0) + η2, with Ω0 an integration
3. ProducLog(z) gives the principal solution for w in z = wew .
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FIG. 5.8 – These fi gures, with −Ω in abscissa, represent successively the behaviours of (x,x˙,y,z,w,φ,ψ,ℓφ2,ℓψ2) for initial condition
(x,y,z,w,φ,ψ) = (−0.70,0.25, − 0.12, − 0.15,0.14,0.23) and parameters m = −2.3. x is the only variable to reach equilibrium whe-
reas y, z and w oscillates more and more as −Ω increases. The scalar fi elds undergo damped oscillations whereas the oscillations for ℓφ2 and ℓψ2
increase. The last fi gure shows the vanishing of α, β and γ derivatives with respect to the proper time as needed for isotropisation. Note that they
oscillate.
constant. Hence, ℓψ1 diverges and class 1 isotropisation does not occur for the same reasons as in the
previous application.
However, once again, we have observed class 3 isotropisation with and without matter. In the first case, k
tends to a constant with damped oscillations and we have observed that x but also z and the scalar fields
could reach equilibrium. This is depicted on figure 5.10. The same remarks apply to the second case. Overall
the behaviours of the functions are the same as these shown on figures 5.8.
5.6.5 Bose-Einstein condensate
In [122], Bose-Einstein condensate is studied 4 with a potential of the form αψ2+βψ4. Again, assuming
no perfect fluid, ψ is complex for E1 equilibrium point.
Indeed,ψ → [α(2β−1)]1/2 (ProductLog(α−1e1+32m2βα−1(Ω−ψ0))−1)1/2 with ψ0 an integration constant.
Thus, when Ω → −∞, the second square root is real only if αβ−1 < 0 but then the first one is complex.
For E2 equilibrium point, ψ2 tends to the constant −αβ−1 with α < 0 and β > 0. In the same time,
φ → −2(−3βα−1)1/2Ω + φ0, φ0 being an integration constant. Calculating ℓψ1 and ℓψ2 we get respecti-
vely that ℓψ1 diverges and ℓψ2 → ±m
√
−βα−1. Hence, 2ℓψ2(ℓψ1 + 2ℓψ2)−1 → 0 and y → 0. We could
have a class 2 isotropisation although numerical simulations have failed to confirm it.
If now we consider a perfect fluid, we find ψ2 → −α(2β)−1 ± (2β)−1(α2 + 4βe−3γ(Ω0−Ω))1/2, Ω0 being
an integration constant. Then, ℓψ1 diverges and an isotropic stable state may be reached only if k → 0. From
what we have found above, isotropisation could only occur for E2 point. However, since the vanishing of k
4. The Lagrangian is different from (5.63).
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FIG. 5.9 – If we take into account a perfect fluid, k may reach a constant value during isotropisation.
needs 1− γ/2 < 2ℓψ2(ℓψ1+2ℓψ2 )−1 and the right member of this inequality is vanishing, we conclude that
the theory should not undergo class 1 isotropisation.
Once again numerical simulations show class 3 isotropisation, with or without a perfect fluid, and with the
same behaviours as those shown on figures 5.8.
We observe that all the theories dealing with complex scalar fields seem to reach isotropisation via class 3
mainly, whereas the others may reach it via class 1.
5.7 Conclusion
We have studied the isotropisation of the flat homogeneous Bianchi type I model filled with a perfect
fluid and two real scalar fields. This is an important issue because, as explained in section 5.6, such theories
are used to describe hybrid inflation, compactification mechanisms, topological defects or Bose-Einstein
condensate which may be related to primordial Universe. Taking the point of view that early Universe is
anisotropic, the Lagrangian describing these theories have to be constrained to explain why isotropy arises
and what looks like the Universe isotropic state.
To reach this goal, we have made the following assumptions:
– We consider the scalar fields either such as ω(φ), µ(ψ) and U(φ,ψ) or ω(φ,ψ), µ(ψ) and U(ψ) since
we thus recover a large number of theories with two real scalar fields or one complex scalar field
studied in the literature.
– The weak energy condition is satisfied.
– The potential, which may be considered as a variable cosmological constant, is positive.
– Asymptotically the density parameter of the scalar field should tend to a non vanishing constant value
and the ratio of its pressure and energy density to a negative value in accordance with WMAP data.
– The isotropic state is reached sufficiently fast.
We have then found some necessary conditions for the Universe isotropisation under the form of some
limits and inequalies expressing with respect to the functions ℓφ1 , ℓφ2 , ℓψ1 and ℓψ2 of the scalar fields φ and
ψ. The natural outcome of the Universe isotropisation may be described as
– A De sitter Universe with a non vanishing cosmological constant
– An Einstein - De Sitter Universe (e−Ω → t 23γ ) with a vanishing cosmological constant(U → t−2)
and a non vanishing perfect fluid density parameter Ωm.
– A power law expanding Universe (e−Ω → tm, with m the limit of a determined function of the scalar
fields) with a vanishing cosmological constant (t−2) and a vanishing perfect fluid density parameter
Ωm.
Note that the potential always tends to a constant or decreases as t−2, whatever the forms of ω, µ and U .
In this last case, if the Universe is 15 Gys old, the cosmological constant should be 4.96.10−57cm−2 in
agreement with supernovae observations.
When there is no perfect fluid and ω(φ), µ(ψ) and U(φ,ψ), the results generalise those of [105], where
a single scalar field is considered, for any number of minimally coupled scalar fields φi whose associa-
ted Brans-Dicke coupling functions ωi only depend on φi: a necessary condition for isotropisation is that∑
i ℓ
2
φi
tends to a constant smaller than 3. If the constant is vanishing, the Universe tends to a De Sitter
model otherwise the metric functions increase as t1/
∑
i
ℓ2φi
. When ω(φ,ψ), µ(ψ) and U(ψ), the results are
different because now the factor in front of the φ field kinetic term contains the ψ field. Hence, we find two
equilibrium points and the power laws representing the asymptotic behaviours of the metric functions when
isotropisation occurs are different from the previous case or what we had found in [105].
Considering a perfect fluid modifies the necessary conditions for isotropy even when its density parame-
ter Ωm tends to vanish. However, in this last case, the asymptotical behaviours of the metric functions and
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FIG. 5.10 – These fi gures, with −Ω in abscissa, represent successively the behaviours of (x,x˙,y˙,z˙,w˙,φ,ψ,ℓφ2 ,ℓψ2) for initial condition
(x,y,z,w,φ,ψ) = (0.49,0.25, − 0.12, − 0.15,0.14,0.23) and parameters (λ,η) = (0.25,0.25). x, z and the scalar fi elds reach equilibrium
whereas ℓψ1 undergoes non damped oscillations. The last fi gure shows the vanishing of α, β and γ derivatives with respect to the proper time.
potential are the same as without it whereas if Ωm tends to a nonvanishing constant, the metric functions
behave as if they were no scalar field at all, i.e as t
2
3γ
. Hence, when Ωφ and Ωm are asymptotically of the
same order, the expansion is decelerated thus preventing to solve the coincidence problem[163].
From an observational point of view, this paper shows that the presence of several minimally coupled scalar
fields would not be detectable by dynamical observations of a nearly isotropic Universe since the dynamical
behaviours of the metric functions or potential are of the same nature as in the presence of a single one, thus
showing a degeneracy problem.
We have applied our results to several theories and shown, considering the above assumptions, that the
model of hybrid inflation considered in [114] does not lead the Universe to an isotropic state on the contrary
to some theories coming from compactification process and studied in [113]. All the theories with a com-
plex scalar field and related to scalar fields quantization[118], topological defects[121] or Bose-Eisntein
condensate[122] do not undergo a class 1 isotropisation but a class 3, showing among others strongly oscil-
lating behaviours of one or two scalar fields or even of the perfect fluid density parameter.
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FIG. 5.11 – Some scalar fields numerical integrations for the following applications of section 4: hybrid
inflation (m = 1, M = 1, λ = 1, λ′ = 5, φ(1) = 1, ψ(1) = 1) without and with a perfect fluid, high-order
theories (m = 1, k = 2, φ(1) = −2.5, ψ(1) = 0.70) without and with a perfect fluid.
5.8 Appendix 1: Generalisation of case 1A for n scalar fields
If we consider the presence of n scalar fields φn and we use the following variables:
x = H−1 (5.65)
y =
√
e−6ΩUH−1 (5.66)
zi = pφiφi(3 + 2ωi)
−1/2H−1 (5.67)
i varying from 1 to n, we get the following first order equations system from the Hamiltonian equations:
x˙ = 3R2y2x (5.68)
y˙ = 3y(2
n∑
i
ℓizi +R
2y2 − 1) (5.69)
z˙i = y
2R2(3zi − 1/2ℓi) + 12
n∑
j 6=i
ℓijz
2
j − 12
n∑
j 6=i
ℓjizjzi (5.70)
with ℓi = φiUφiU−1(3 + 2ωj)−1/2 and ℓij = φiωjφi(3 + 2ωi)−1/2(3 + 2ωj)−1. If we assume that each
Brans-Dicke coupling function ωi only depends on the scalar field φi as for the case 1, ℓij = 0 when i 6= j
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and the equilibrium points are (x,y,z1,..,zn) = (0,± (3−
∑n
i=1 ℓ
2
i )
1/2(
√
3R)−1,1/6ℓ1,..,1/6ℓn). It is thus
possible to generalise the results of case 1 by replacing ℓ2φ1 + ℓ
2
ψ1
by
∑n
i=1 ℓ
2
i .
5.9 Appendix 2: With a perfect fluid
Equilibrium points calculus when ℓφ2 = ℓψ2 = 0
The equilibrium points are defined by the following (x,y,z,w) values:
– E1 = (0,0,0,0)
– E2,3 = (0,±[9(2−γ)γ−ℓ4φ1+12(γ−1)ℓ2ψ1−4ℓ4φ1+4ℓ2φ1(3γ−3−2ℓ2ψ1)]1/2[ℓ2φ1+ℓ2ψ1]−1/2(2
√
3R)−1,ℓφ1(6−
3γ + 2ℓ2φ1 + 2ℓ
2
ψ1)
[
12(ℓ2φ1 + ℓ
2
ψ1)
]−1
),
ℓψ1(6− 3γ + 2ℓ2φ1 + 2ℓ2ψ1)
[
12(ℓ2φ1 + ℓ
2
ψ1)
]−1
)
– E4,5 = (0,± 1/2
√
3R−1
[
γ(2− γ)(ℓ2φ1 + ℓ2ψ1)−1
]1/2
,1/4γℓφ1(ℓ
2
φ1 + ℓ
2
ψ1)
−1,
1/4γℓψ1(ℓ
2
φ1 + ℓ
2
ψ1)
−1
E1 may correspond to a class 2 isotropisation. For the other equilibrium points, the constraint implies
k2 → 1 − 3γ
2(ℓ2
φ1
+ℓ2
ψ1
)
that is real and non vanishing if ℓ2φ1 + ℓ2ψ1 > 3/2γ. E2,3 points will be real only if
ℓ2φ1+ ℓ
2
ψ1 ∈ [3/2(γ − 2),3/2γ] but this condition is incompatible with above constraint on k. Consequently
they are eliminated from further considerations. E4,5 points are real since γ ∈ [1,2[ and thus will be the
only one we will consider.
Equilibrium points calculus when ℓφ1 = ℓφ2 = 0
We find 11 equilibrium points that we introduce in the constraint equation to determine the form for k.
They can be divided into 3 groups:
– First group:
The constraint requires k2 → 1 and then equilibrium points are given by:
– E1 = (0,0,0,0)
– E6,7 = (0,0,± 1/8
[
−(γ − 2)2ℓ−2ψ2
]1/2
,1/8(2− γ)ℓ−2ψ2 )
The E1 point is similar to that of the previous section and we make the same remarks. Equilibrium
points E6,7 are complex and thus eliminated from further considerations.
– Second group:
The constraint requires k2 → 1− 3/2γℓ−2ψ1 . Introducing this value in the equilibrium points, we get:
– E2,3 = (0,± 1/2R−1ℓ−1ψ1
√
3γ(2− γ),0,1/4γℓ−1ψ1).
– E4,5 = (0,± (2
√
3Rℓψ1)
−1
[
9γ(2− γ) + 12(γ − 1)ℓ2ψ1 − 4ℓ4ψ1
]1/2
,0,
(12ℓψ1)
−1(6− 3γ + 2ℓ2ψ1))
E2,3 points are real for the considered values of γ. E4,5 points are real if 3/2γ ∈
[
ℓ2ψ1,ℓ
2
ψ1 + 3
]
which is not compatible with a real k arising for 3/2γ < ℓ2ψ1. Hence, E4,5 points are eliminated.
– Third group
In this last group, the constraint requires k = 0 or k → 0. Then equilibrium points values and x
asymptotic behaviour are the same as in section 5.4.1, although isotropisation conditions are modified
as shown in subsection 5.4.2.
It follows that only E2,3 equilibrium points may represent an isotropic stable state when ℓ2ψ1 > 3/2γ and k
is strictly or asymptotically different from zero.
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Abstract
In previous works, we studied the isotropisation of Bianchi class A models with a minimally coupled scalar
field. In this paper, we want to extend these results to the case of a non minimally coupled one. To that end,
we will first study a scalar tensor theory with a scalar field minimally coupled to the curvature but non mini-
mally coupled to the perfect fluid. Then, we will use a conformal transformation of the metric to generalise
our results to a scalar field non minimally coupled to the curvature, i.e. the so called hyperextended scalar
tensor theory. Some applications will be made with the Brans-Dicke and low energy string theories.
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6.1 Introduction
There are numerous reasons to consider the presence of some scalar fields in our Universe. Historically,
the most famous scalar tensor theory is the Brans-Dicke one which aimed to satisfy Mach ideas. Since
the eighties some new justifications have appeared mainly related to particle physics theories. As instance,
the supersymmetry assumption supposes the equality between fermionic and bosonic degrees of freedom
and needs several scalar fields to exist. Higgs physics also rest upon the presence of such fields. Although
these theories are speculative, we hope they will be tested in a near future at LHC, the CERN hadrons
collider[190]. Some other reasons to believe that scalar fields exist are related to the cosmology: they could
explain the flattening of the spiral galaxies rotation curves[146, 183](dark matter), the late time Universe
accelerating expansion[9, 10](dark energy) or the inflation.
The scalar field φ we are going to consider is characterised by a Brans-Dicke coupling function ω between
the field and the metric, a potential U which describes its self coupling and a coupling function λ between
φ and a perfect fluid. Generally, it is assumed that λ = 1, i.e. no coupling between the matter and the
scalar. When λ varies, the matter does not follow the spacetime geodesics. The reasons for which we wish
to consider such a λ is that from the results we will get about the Universe dynamics for the theory thus
defined, we will be able via a conformal transformation, to derive similar results for the Hyperextended
Scalar Tensor theory[35] with a perfect fluid, i.e. a theory with a varying gravitation function depending
on the scalar field. Such a derivative would be impossible if λ was a constant. We will hence extend our
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previous results[105, 109] found with λ = 1 to the case of a varying gravitation function.
As a geometrical framework, we have chosen to study the homogeneous and spatially flat Bianchi type
I model. Anisotropic models allow to generalise the FLRW ones whose high symmetry seems unnatural
and to understand why and how isotropy could appear. If the isotropy and homogeneity of our Universe
until the decoupling period is well established from the CMB[182], one has to remember that it is always a
hypothesis concerning the early Universe. Another justification for this generalisation is that the behaviour
of the FLRW model near the singularity is not generic. A generic approach to singularity could be oscillating
as the one of the Bianchi type IX model. It has been conjectured by Belinskij, Khalatnikov and Lifchitz
(BKL)[184, 185] that it should be shared by the most general anisotropic and inhomogeneous models,
conjecture recently revisited by Uggla and others[186]. Here, we will study the Bianchi type I model whose
singularity is not oscillatory but which is a spatially flat model in agreement with WMAP data.
Our goal will be to study the isotropisation process of the Bianchi type I model when we consider the
presence of a non minimally coupled and massive scalar field. To this end, we will use the ADM Hamiltonian
formalism[78, 79] allowing to write the field equations as a first order differential system. Then, we will
use the dynamical systems methods[25] to find its isotropic equilibrium states. The plan of the paper is as
follows. In section 6.2, we write the Hamiltonian field equations. In section 6.3, some necessary conditions
for isotropisation and the behaviours of the metric and potential when such a state is reached are described.
In the last section, we summarize our results and study the isotropisation of the Brans-Dicke and low energy
string theories when the potential is a power or an exponential law of the scalar field.
6.2 Field equations
The action we described in the introduction writes as:
S = (16π)−1
∫ [
R− (3/2 + ω)φ,µφ,µφ−2 − U
]√−gd4x+ Sm(gij ,φ) (6.1)
φ is the scalar field, ω and U are respectively the Brans-Dicke coupling function and the potential, both
depending on φ. Sm is the action standing for a perfect fluid coupled to the scalar field with an equation of
state pm = (γ − 1)ρm and γ ∈ [1,2]. The metric for the Bianchi type I model is:
ds2 = −dt2 +R20gijωiωj (6.2)
The gij are the metric functions and ωi the 1-forms specifying the Bianchi type I model. In order to use the
Hamiltonian formalism, we have to rewrite this metric following a 3+1 decomposition of spacetime:
ds2 = −(N2 −NiN i)dΩ2 + 2NidΩωi +R20e−2Ω+2βijωiωj (6.3)
N and Ni are the lapse and shift functions whereas Ω, a monotonic function of the proper time as we will
show it latter, describes the isotropic part of the metric and will be considered as a time coordinate. The
3-volume V of the Universe is thus defined as V = e−3Ω. The βij stand for the anisotropic part of the
metric and have been parameterised by Misner[79] in the following way:
βij = diag(β+ +
√
3β−,β+ −
√
3β−,− 2β+) (6.4)
pik = 2ππ
i
k − 2/3πδikπll (6.5)
6pij = diag(p+ +
√
3p−,p+ −
√
3p−,− 2p+) (6.6)
The pij are the βij conjugate momenta. To find the ADM Hamiltonian, we rewrite the action as:
S = (16π)−1
∫
(πij
∂gij
∂t
+ πφ
∂φ
∂t
+ πψ
∂ψ
∂t
−NC0 −NiCi)d4x (6.7)
where πφ is the scalar field conjugate momentum and N and Ni may be seen as Lagrange multipliers. By
varying the action with respect to these quantities, we find the constraints C0 = 0 and Ci = 0 with:
C0 = −
√
(3)g
(3)
R− 1√
(3)g
(
1
2
(πkk)
2 − πijπij) + 1
2
√
(3)g
π2φφ
2
3 + 2ω
+
√
(3)gU +
1√
(3)g
δλe3(γ−2)Ω
24π2
Ci = πij|j (6.8)
(6.9)
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where δ and λ are respectively a positive constant and a scalar field function describing the coupling between
the scalar field and the perfect fluid. When the action (6.1) is derived using a conformal transformation of a
non minimally coupled scalar tensor theory with a gravitation function G(φ) as described in the appendice,
we have the relation λ ∝ G3(4−3γ). Moreover the energy conservation law of the perfect fluid writes
ρm = λV
−γ
. Hence, we will assume that λ is a positive function of φ. The constraint Ci = 0 is identically
satisfied whereas the constraint C0 = 0 gives the ADM Hamiltonian:
H2 = p2+ + p
2
− + 12
p2φφ
2
3 + 2ω
+ 24π2R60e
−6ΩU + δλe3(γ−2)Ω (6.10)
This Hamiltonian generalises the one got when the scalar field is not coupled to the perfect fluid, i.e. λ =
const. For more details on Hamiltonian formalism, see [125]. The Hamiltonian equations then write:
β˙± =
∂H
∂p±
=
p±
H
(6.11)
φ˙ =
∂H
∂pφ
=
12φ2pφ
(3 + 2ω)H
(6.12)
p˙± = − ∂H
∂β±
= 0 (6.13)
p˙φ = −∂H
∂φ
= −12 φp
2
φ
(3 + 2ω)H
+ 12
ωφφ
2p2φ
(3 + 2ω)2H
− 12π2R60
e−6ΩUφ
H
− δλφe
3(γ−2)Ω
2H
(6.14)
H˙ =
dH
dΩ
=
∂H
∂Ω
= −72π2R60
e−6ΩU
H
+ 3/2δλ(γ − 2)e
3(γ−2)Ω
H
(6.15)
A dot means a derivative with respect to Ω and a subscript φ a derivative with respect to the scalar field. We
want to rewrite these equations with some bounded variables. For this we define:
x = H−1 (6.16)
y = e−3Ω
√
UH−1 (6.17)
z = pφφ(3 + 2ω)
−1/2H−1 (6.18)
These new variables will be real if U > 0 and 3 + 2ω > 0 and thus the weak equivalence principle will be
respected. Each of them have a physical interpretation:
– x2 is proportional to the shear parameter Σ defined in [25].
– y2 is proportional to (ρφ− pφ)/(dΩ/dt)2, (dΩ/dt)2 being the Hubble constant when the Universe is
isotropic, ρφ and pφ the density and pressure of the scalar field.
– z2 is proportional to (ρφ + pφ)/(dΩ/dt)2.
– From the two last points it comes that the density parameter of the scalar field, Ωφ ∝ ρφ/(dΩ/dt)2,
is a linear combination of y2 and z2 or, when the scalar field is quintessent, that these two variables
are proportional to Ωφ.
From the equation (6.10) we get:
p2x2 +R2y2 + 12z2 + k2 = 1 (6.19)
where we put to simplify
k2 = δλe3(γ−2)ΩH−2
and the constants p2 = p2+ + p2− and R2 = 24π2R60. The equation (6.19) may be considered as a constraint
equation and show that the variables x, y, z and k are bounded. k is not a new independent variable but is
related to x, y and φ, this last variable being able to diverge. It is proportional to the perfect fluid density
parameter Ωm ∝ ρm/(dΩ/dt)2 and it may be rewritten under the following useful forms:
k2 = δλxγy2−γUγ/2−1 (6.20)
k2 = δλx2e3(γ−2)Ω (6.21)
k2 = δy2U−1λV −γ (6.22)
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Using the variables (6.16-6.18), the field equations become:
x˙ = 3R2y2x− 3/2(γ − 2)k2x (6.23)
y˙ = y(6ℓz + 3R2y2 − 3)− 3/2(γ − 2)k2y (6.24)
z˙ = R2y2(3z − ℓ
2
)− 3/2(γ − 2)k2z − 1/2ℓmk2 (6.25)
where the quantities ℓ and ℓm are defined by ℓ = φUφU−1(3 + 2ω)−1/2 and ℓm = φλφλ−1(3 + 2ω)−1/2.
ℓ and ℓm look each other because of the similar roles of U and λ in the Hamiltonian (6.10) which both are
multiplied by an exponential of Ω. The equation for φ will be written as:
φ˙ = 12z
φ
(3 + 2ω)1/2
(6.26)
Summarising, the seven equations of the Hamiltonian system (6.11-6.15) are reduced to a system of four
equations (6.23-6.26) describing the evolution of four variables of which three are bounded. It comes owing
to the fact that, for the Bianchi type I model, the hamiltonian equations immediately give p± = const
implying β+ ∝ β−. Moreover, we will choose a diagonal form for the metric, i.e. Ni = 0, what allows to
get N = 12πR30H−1e−3Ω with dt = −NdΩ.
6.3 Stable isotropic states
6.3.1 Defining isotropy
Following Collins and Hawking[108], isotropy arises when Ω→ −∞, i.e. for a forever expanding Uni-
verse such as dβ±/dt ∝ e3Ω → 0. Moreover, defining σij = (deβ/dt)k(i(e−β)j)k and σ2 = σijσij , we
must have σdΩ/dt → 0. This last condition says that the anisotropy measured locally through the constant of
Hubble tends to zero and implies that the shear parameter x ∝ β˙± = dβ±/dtdt/dΩ → 0. Consequently,
isotropisation arises when x vanishes in Ω→ −∞ and is thus a stable state arising for a diverging value of t.
We deduce that the Universe can become isotropic in three different ways respectively named class 1, 2
and 3, and described as follows;
– Class 1: in the vicinity of the isotropy, all the variables (x,y,z) reach equilibrium with y 6= 0. It is
generally possible to determine the asymptotical forms of the metric functions and potential whatever
the forms of ω, U and λ.
– Class 2: in the vicinity of the isotropy, all the variables (x,y,z) reach equilibrium with y = 0 and
thus k2 → 1 − 12z2. Until now, we did not succeed in finding the Universe asymptotical state. A
numerical example will be shown in the last section.
– Class 3: in the vicinity of the isotropy, only the variable x reaches equilibrium but not necessarily the
others variables. If y and z do not reach equilibrium when Ω→ −∞, since they have to be bounded,
they necessarily oscillate without damping and thus their first derivatives oscillate around zero. This
phenomenon will arise if ℓ or/and ℓm sufficiently oscillate when Ω → −∞ such that the signs of y˙
or/and z˙ change continuously. Of course in this case, once again it seems difficult to determine the
Universe asymptotical state (but we hope not impossible). Class 3 isotropisation has been observed
numerically for complex scalar fields in [116].
In this paper, we will consider the first class which is the only one allowing a full description of the Universe
asymptotic state when it isotropises. If some properties of the two others classes may be determined, they
will be considered in future papers.
6.3.2 Assumptions for the stability of our results
The results of the present paper will consist of the determination of the isotropic equilibrium points,
some necessary conditions for isotropisation and the asymptotical behaviours of some functions in the
neighbourhood of these points. However we will determine these behaviours by neglecting in the vicinity
of the equilibrium the variation of on one hand, a function f of the scalar field whose form depends on the
asymptotical behaviour of k and, in the other hand, the ones of the variables (y,z,k). In other words, we
will assume that all these quantities tend sufficiently fast to their equilibrium values. We had already talked
about this problem in [129] and we reproduce below the discussion of this last paper.
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The first type of assumption is related to ℓ and ℓm. let f(ℓ,ℓm) be a function of the scalar field that we will
define below and tending to a constant f0 in the vicinity of the isotropic state, vanishing or not. We will
assume that this function reaches sufficiently quickly its equilibrium value f0, i.e.
– When f tends to its constant equilibrium value f0 (vanishing or not) such as f → f0 + δf ,
∫
(f0 +
δf)dΩ→ f0Ω+ const.
We will check this assumption each time we will use our results. If it is not true, the asymptotical behaviours
for the metric functions (and potential) will be different from the laws we will derive below. This problem
could be overcame since our results allow to calculate φ(Ω) and thus f(Ω). Hence, it should be easy to
generalise them by keeping the
∫
fdΩ term instead of considering that it tends to f0Ω+const but then they
would not be on a closed form.
The second type of assumption can not be solved so easily. In the same way, the asymptotical behaviours
we will determine will be true only if the variables (y,z,k) tend sufficiently fast to their equilibrium va-
lues. For that, we have to make the same kind of assumption for (y,z,k) as for f . For partly solve this
problem, it would be necessary to consider some small perturbations of these variables in the vicinity of
the equilibrium but until now we did not succeed to get any interesting results, even for the empty flat model.
To summarize, the results of this paper related to asymptotical behaviours will be valid for a class 1 iso-
tropisation if the functions f we will define below and the variables (y,z,k) tend sufficiently fast to their
equilibrium values or, from a physical point of view, if the Universe tends sufficiently fast to its isotropic
state. The assumption on f may be easily solved but the ones on (y,z,k) need a more careful examination.
6.3.3 Asymptotic state when k 6= 0
In what follows, we look for the isotropic states such as k 6= 0. The case for which k → 0 will be
analysed in the section 6.3.5.
Equilibrium points
First we calculate the equilibrium points of the equations system (6.23-6.25) and we introduce them in the
constraint (6.19) to find k. Then, the equilibrium points write:
E0 = (0,0,
ℓm
3(2− γ))
E1 = (0,± 1
2
√
3R(ℓ− ℓm)
[− 4ℓ4 + 8ℓ3ℓm − 4ℓ2(3 + ℓ2m − 3γ)−
12ℓℓm(γ − 1)− 9γ(γ − 2)]1/2,6ℓ+ 2ℓ
3 − 6ℓm − 2ℓ2ℓm − 3ℓγ
12ℓ(ℓ− ℓm) )
E2 = (0,± 1
2R(ℓ− ℓm) [4ℓm(ℓm − ℓ)− 3γ(γ − 2)]
1/2
,
γ
4(ℓ− ℓm) )
E0 point belongs to class 2 and is thus discarded. For the two other points, k expresses as:
k2 =
2ℓ(ℓ− ℓm)− 3γ
2(ℓ− ℓm)2 ,
It is a real as long as:
ℓ(ℓ− ℓm) > 3
2
γ (6.27)
This inequality disagrees with a real value for E1 points which are then discarded from further considera-
tions. Consequently, the only equilibrium points corresponding to an isotropic class 1 stable state are the
E2 ones. A numerical simulation representing one of them is illustrated on figure 6.1. They are real and
bounded if respectively:
4ℓm(ℓm − ℓ) > 3γ(γ − 2) (6.28)
ℓ 6→ ℓm (6.29)
i.e. U 6→ λ. The first condition is automatically satisfied when there is no coupling between the matter and
the scalar field(ℓm = 0). We will show in section 6.3.4 that ℓ and ℓm can not diverge but at the same order
and that k tends to a non vanishing constant in the vicinity of the E2 points.
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FIG. 6.1 – Equilibrium point E2 in (x,y,z) = (0,0.81, − 0.08) when k 6= 0 and (R,γ,ℓ,ℓm) = (1,1, −
1.23,1.58).
Monotonic functions
The equation (6.23) shows that x is a monotonic function of constant sign. We deduce that the metric func-
tions whose derivatives with respect to the proper time write as some linear functions of x can only have a
single extremum. From the form of the lapse function N and the relation dt = −NdΩ, we also derive that
Ω is a monotonic function of the proper time whose value in −∞ corresponds to late time epoch when the
Hamiltonian is initially positive. These monotonic functions will be also recovered when k → 0
Asymptotical behaviours
The function f we talk about in the subsection 6.3.2 is defined in this subsection as f = ℓ(ℓ− ℓm)−1. Then
linearising the equation (6.23) for x near the equilibrium state, we find that in the vicinity of the isotropy:
x→ x0e−
3[2ℓm+ℓ(γ−2)]
2(ℓ−ℓm)
Ω,
with x0 an integration constant 1. x vanishes when Ω → −∞ if the reality conditions for k and E2 are
respected. Using the lapse functionN and the relation between the proper time t and the time coordinateΩ,
i.e. dt = −NdΩ, we find that e−Ω tends to the increasing function of the proper time:
e−Ω → t 2(ℓ−ℓm)3ℓγ (6.30)
when 3ℓγ2(ℓ−ℓm) tends to a non vanishing constant. This is always true since, as it will be shown in the next
section, ℓ and ℓm can not diverge but at the same order and such that ℓ 6→ ℓm. Moreover, the reality condition
(6.27) for k shows that ℓ does not vanish. Since in the next section we will also prove that y can not vanish,
from y definition we derive that the potential asymptotically disappears as U → t−2.
To check the inequalities (6.27-6.29) whenω(φ) andU(φ) are specified and that are necessary conditions for
isotropy, we need to know the asymptotical behaviour of φ. For this, we write (6.26) in the neighbourhood
of the equilibrium and we get that asymptotically φ behaves as the asymptotical solution of the differential
equation:
φ˙ = 3γ(
Uφ
U
− λφ
λ
)−1 (6.31)
when Ω→ −∞. This asymptotical equation is a good illustration of the assumptions we talk about in sub-
section 6.3.2 for the variables (y,z,k): to determine (6.31), we have replaced z in (6.26) by its equilibrium
value γ4(ℓ−ℓm) , neglecting any small variation δz when z approaches equilibrium. However, if it tends to
γ
4(ℓ−ℓm) slower than Ω
−1
, then δz should be taken into account in (6.31) and not neglected.
1. This result is always valid if ℓ and ℓm diverge at the same order.
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6.3.4 Some important results for the E2 points
Integrating (6.31) near equilibrium leads to
U → U0λV −γ
U0 being an integration constant we then deduce from the expression (6.22) that k tends to a non vanishing
constant as long as y 6= 0 what is always true. Indeed, the only ways for y to vanish are if ℓ >> ℓm or
4ℓm(ℓm − ℓ)→ 3γ(γ − 2). In the first case, the constraint or equivalently (6.30) shows that k → 1. But if
we consider the form (6.22) for k and the limit U → U0λV −γ , it comes that if y → 0 ⇒ k → 0 6= 1. For
the same reason, y can not tend to 0 when 4ℓm(ℓm − ℓ) → 3γ(γ − 2). It follows that y is never vanishing
in the vicinity of E2. We get a similar result if we consider the divergence of ℓm when ℓm >> ℓ. In this
case, y tends to a non vanishing constant and k to 0, which is in disagreement with the form (6.22) of k and
the limit U → U0λV −γ . On the other hand, if ℓ and ℓm diverge at the same order without converging one
to the other, y and k tend to some non vanishing constants and the constraint is respected. Since λ ∝ UV γ
and y can not vanish, we deduce from (6.17) that
λ→ e 3γℓmΩℓ−ℓm
and from (6.30) that
λ→ t−2 ℓmℓ
Thus from the reality condition for k2, it comes λ > t−2(1−
3
2
γ
ℓ2
)
. In the same time, the energy densities for
the perfect fluid and scalar field write respectively ρ = λV −γ → U and ρφ = 92γ2(ℓ−1− ℓ−1m )−2t−2+ 12U .
When ℓ and ℓm tend to some constants, since U → t−2, pφ ∝ ρφ ∝ ρm: the scalar field and the perfect
fluid energy densities behave in the same way. If both ℓ and ℓm diverge at the same order, the kinetic term
in ρφ is larger than t−2, ρφ >> ρm and the energy density of the scalar field dominates.
6.3.5 Equilibrium point when k → 0
This section is divided in three parts depending on ℓm = 0 strictly, ℓmk2 → 0 or ℓmk2 6→ 0.
ℓm = 0
In this first part, we recall and complete the results got in [109] when no coupling exists between the scalar
field and the perfect fluid.
In the vacuum, k = 0 strictly and the reality condition for the equilibrium points writes as ℓ2 < 3. Near
isotropy, the metric functions tend to tℓ−2 when ℓ tends to a non vanishing constant or to an exponential
when ℓ vanishes. When k 6→ 0, the reality condition for the equilibrium points is ℓ2 > 3/2γ and the metric
functions tend to t
2
3γ
. When k → 0, we recover the same values for the equilibrium points as when no
perfect fluid is present[105] but now, k → 0 implies ℓ2 < 3/2γ. The asymptotical behaviour of the metric
functions is the same as without a perfect fluid. We had not noticed this last inequality in [109] nor that
U → V −γ when k → const 6= 0.
Once again, these results have been got by making the assumptions of subsection 6.3.2 with now f = ℓ2
when k = 0 or k → 0. When they are not true, meaning that the Universe does not reach its isotropic
equilibrium state sufficiently quickly, the asymptotical behaviours of U and e−Ω are generally different. As
instance when k = 0 strictly and if ℓ2 vanishes as nΩ−1 with n < 0, the integral of f does not tend to
a constant and we can show that the potential will diverge as (−Ω)−2n and the metric functions will tend
to exp
[
n+1
12πR30x0
t1/(n+1)
]
with n ∈ ]−1,0[ such as the Universe be expanding. This solution is different
from the classical solutions found when we neglect the variation of ℓ near equilibrium and it shows that
the assumptions on f that we will also use in the next sections, have to be checked each time we apply our
results to a specific scalar-tensor theory.
ℓmk
2 → 0
If k → 0 such as ℓmk2 → 0, again we recover the same equilibrium points and behaviour for x as in the
vacuum, i.e. x→ x0e(3−ℓ2)Ω with ℓ2 < 3 such that x→ 0 in Ω→ −∞ and the equilibrium points are real.
Consequently, using the form (6.21) for k2, it comes k2 → λe2(3/2γ−ℓ2)Ω when Ω→ −∞. When ℓ2 tends
to a non vanishing (vanishing) constant smaller than 3, e−Ω → tℓ−2 (respectively e−Ω → e(12πR30x0)−1t).
Hence, k → 0 if
λe2(3/2γ−ℓ
2)Ω → 0 (6.32)
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and thus λ < t−2(1−
3
2
γ
ℓ2
) (respectively λ < e3γ(12πR30x0)−1t). In the same way, ℓmk2 → 0 if:
ℓmλe
2(3/2γ−ℓ2)Ω → 0
Contrary to the case ℓm = 0, the condition k → 0 does not automatically restrict the set of ℓ allowing
isotropisation: it is the form of λ which will lay down the law. Since we consider a class 1 isotropisation
such as y 6= 0 and k → 0 we have λV −γ << U and thus ρφ − pφ >> ρm: the scalar field energy density
dominates the Universe.
The asymptotical behaviour of the scalar field when Ω→ −∞ is given by[105]:
φ˙ = 2
φ2Uφ
U(3 + 2ω)
(6.33)
ℓmk
2 6→ 0
Since k → 0 whereas ℓmk2 6→ 0, it means that ℓm have to diverge. The equilibrium points when ℓmk2 6→ 0
write:
E3 = (0,±R−1,0)
and are such as k2 = −ℓℓ−1m . These points are approached in the same way as the one of the figure 6.1.
We need ℓ << ℓm and ℓℓ−1m < 0 such as respectively k vanishes and is real. It is also necessary that
ℓ tends to a non vanishing constant or diverges with zℓ being bounded, such as ℓmk2 be non vanishing.
Mathematically, the E3 point could be the asymptotical limit of E2 when ℓm diverges and ℓ << ℓm.
However, this divergence is forbidden by the constraint.
Near E3, we find that x → e3Ω, indicating that the Universe tends to a De Sitter model, i.e. e−Ω →
e(12πR
3
0x0)t, and the potential to the constant (Rx0)−2. As previously, we have then k → 0 if:
λe3γΩ → 0
i.e. λ < e3γ(12πR30x0)−1t. In the same way, ℓmk2 does not vanish if:
ℓmλe
3γΩ 6→ 0
Again, y being different from 0 and considering the form (6.22) for k2, we have ρm = λV −γ << U such
as k → 0 and thus ρm << ρφ − pφ: the Universe is scalar field dominated. From (6.21) and the limit of k
near equilibrium, we determine the scalar field asymptotical behaviour:
δ
1
λφ
Uφ
U
= e3γΩ (6.34)
6.4 Discussion
The discussion is divided in three parts. In the first one we summarize our results and in the second one
we consider some applications for Brans-Dicke and low energy string theories. We conclude in the third
one.
6.4.1 Summary
We have studied the necessary conditions which may lead the Universe to a class 1 isotropisation in
three ways depending if k does not vanish, vanishes with ℓmk2 → 0 or with ℓmk2 6→ 0. We have assumed
that 3 + 2ω and U were some positive functions of the scalar field and that the isotropic state was reached
sufficiently fastly. Below we summarize our results.
Case 1: k 6→ 0
Let us define the quantities ℓ = φUφU−1(3+2ω)−1/2 and ℓm = φλφλ−1(3+2ω)−1/2. Let pφ, ρφ and ρm
be respectively the pressure and density of the scalar field, the density of the perfect fluid. Some necessary
conditions for Bianchi type I isotropisation in presence of a massive scalar field minimally coupled to the
curvature but not minimally coupled to the perfect fluid are:
– ℓ 6→ ℓm (equilibrium points are bounded)
– 4ℓm(ℓm − ℓ) > 3(γ − 2)γ (reality condition)
– ℓ(ℓ− ℓm) > 32γ (reality condition)
– ℓ and ℓm are bounded or diverge in the same way (the constraint is respected)
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When isotropy is approached, the metric functions behave as t 2(ℓ−ℓm)3ℓγ , λ → t−2 ℓmℓ whereas the potential
decreases as t−2. When ℓ and ℓm do not diverge, there is an equilibrium between the scalar field and the
perfect fluid: ρφ ∝ pφ ∝ ρm. When both diverge, ρφ − pφ >> ρm and the Universe is scalar field domina-
ted. Asymptotically, the scalar field checks the relation U → U0λe3γΩ.
This last expression allows to determine the asymptotical form of φ and thus these of ℓ and ℓm. Note that
in the case ℓm = 0[109], the metric functions asymptotical behaviour does not depend on φ and is always
t
2
3γ , thus forbidding any late time acceleration. Hence, it is the existence of a coupling between the scalar
field and the perfect fluid which allows the appearance of an accelerated expansion when k → const 6= 0.
Then, since when ℓ and ℓm are bounded we have ρφ ∝ ρm, it follows that Ωφ ∝ Ωm and the coincidence
problem could be solved.
Case 2: k→ 0 and ℓmk2 → 0
Let us define the quantities ℓ = φUφU−1(3 + 2ω)−1/2 and ℓm = φλφλ−1(3 + 2ω)−1/2. Some necessary
conditions for Bianchi type I isotropisation in presence of a massive scalar field minimally coupled to the
curvature but not minimally coupled to the perfect fluid are:
– ℓ2 < 3 (reality condition)
– λe2(3/2γ−ℓ
2)Ω → 0 (Condition for k → 0)
– ℓmλe
(3γ−2ℓ2)Ω → 0 (Condition for ℓmk2 → 0)
If ℓ2 tends to a non vanishing constant, the metric functions tend to tℓ−2 and the potential vanishes as
t−2. If ℓ2 vanishes, the Universe tends to a De Sitter model and the potential to a constant. In any cases
ρφ− pφ >> ρm and the Universe is scalar field dominated. The asymptotical behaviour for the scalar field
is this of the asymptotical solution of φ˙ = 2 φ2UφU(3+2ω) .
These results include the ones got in the vacuum[105]. For sake of clarity, we have chosen to express
the limits k → 0 and ℓmk → 0 above (as well as below) depending on e−Ω and φ, these two quantities
being asymptotically defined with respect to the proper time t by the behaviours of the metric functions and
potential.
Case 3: k→ 0 and ℓmk2 6→ 0
Let us define the quantities ℓ = φUφU−1(3 + 2ω)−1/2 and ℓm = φλφλ−1(3 + 2ω)−1/2. Some necessary
conditions for Bianchi type I isotropisation in presence of a massive scalar field minimally coupled to the
curvature but not minimally coupled to the perfect fluid are:
– ℓm diverges and ℓ→ const 6= 0 or diverges such that zℓ→ 0 (condition for ℓmk2 → 0)
– ℓ << ℓm or λe
3γΩ → 0 (condition for k→ 0)
– ℓℓ−1m < 0 (reality condition)
The Universe tends to a De Sitter model and the potential to a constant. Since ρφ − pφ >> ρm, the scalar
field asymptotically dominates the Universe and checks the equation δ 1λφ
Uφ
U = e
3γΩ
.
The cases with k 6→ 0 and k → 0 are strictly separated by asymptotical behaviour of λ since the first
one implies λ > t−2(1−
3
2
γ
ℓ2
) and the second one λ < t−2(1−
3
2
γ
ℓ2
) (or λ < e3γ(12πR30x0)−1t when ℓ → 0).
The two cases such as k → 0 are distinguished by the fact that the first one tends to a De Sitter model when
ℓ→ 0 and the second one when ℓ 6= 0.
6.4.2 Applications
In what follows, we are going to use a conformal transformation of the metric described in the appendice
and casting the minimally coupled scalar-tensor theory (6.1) in the Einstein frame where our results take
place into a non minimally coupled scalar-tensor theory (6.35) in the Brans-Dicke frame. Obviously when
isotropy arises in the Einstein frame, it also occurs in the Brans-Dicke frame and thus necessary conditions
for isotropy are the same in both frames. However, the metric functions generally behave differently.
We will illustrate each application with some figures showing the behaviours of x, y, z, k, φ and ℓ in the
Einstein frame and in the Ω time with initial conditions φ0 = 0.14, y0 = 0.25, z0 = 0.12. x0 is calculated
using the constraint (6.19) with p2+ + p2− = p2 = 1, R = 1 and δ = 1 (the constant in the definition
of k). The behaviours in the Brans-Dicke frame of the metric functions α, β and γ and their derivatives
will be also shown but in the proper time t with initial conditions α0 = −1.53, β0 = −1.25, γ0 = 0.12,
dα0/dτ0 = 2.48, dβ0/dτ0 = 1.55 and dγ/dτ0 = 0.33, the τ time being defined as dt = V dτ . In this
266 CHAPITRE 6. ISOTROPISATION OF FLAT HOMOGENEOUS BIANCHI TYPE I MODEL...
aim, we have numerically integrated the Lagrangian field equations and dφ0/dτ0 has been calculated using
the constraint of this formalism. Each time, a dust fluid and a null initial time have been considered. These
figures have been got using a 5 order Runge-Kutta method implemented in java. Java is an oriented object
language and the application we have developed allows to separate the equations to be integrated from the
integration method. Hence, one can add easily a new integration method without having to rewrite the equa-
tions and vice versa, thus producing easily and quickly numerical integrations 2.
Brans-Dicke theory with an exponential potential
Consider the class of theories defined by (6.1) such that:
ω = ω0
U = φ−2enφ
λ = φm
Using the conformal transformation, it can be cast into the non minimally coupled scalar field theory (6.35)
defined by:
G = φ
m
3(4−3γ)
ω =
[
3
2
(1 − m
2
9(4− 3γ)2 ) + ω0)
]
φ
−m
3(4−3γ)
−1
U = φ−2(1+
m
3(4−3γ)
)enφ
The Brans-Dicke theory with an exponential potential is then recovered for m = 3(3γ − 4).
The quantities ℓ and ℓm are defined by:
ℓ =
nφ− 2√
3 + 2ω0
ℓm =
m√
3 + 2ω0
ℓm can not diverge and consequently the case 3 never happens. Moreover 3 + 2ω0 have to be positive. For
the case 1, near the isotropic equilibrium state, we have for the scalar field:
enφφ−(2+m) → U0e3γΩ
Since ℓ is bounded, φ can not diverge and should asymptotically vanish, implying that m < −2 and finally
φ→ e 3γ−(2+m)Ω. The second reality condition implies then:
4(2 +m)− 3γ(3 + 2ω0)
2(3 + 2ω0)
> 0
But since m < −2, γ > 0 and 3 + 2ω0 > 0, this condition can not be satisfied and consequently, a class 1
isotropisation does not arise.
Let us consider the case 2. Integrating the differential equation for φ, we get:
φ→ 2
n− φ0e
4Ω
3+2ω0
Then, when Ω → −∞, φ → 2n−1, ℓ → 0 and λ tends to the constant (2n−1)m implying n > 0. If the
Universe isotropises, it will tend to a De Sitter one. Remark that φ and thus n have to be positive such that
λ be a real function.
Using the conformal transformation, when isotropisation occurs in the Brans-Dicke frame where φ is non
minimally coupled to the curvature and since λ tends to a constant, the metric also tends to a De Sitter one
(see figure 6.2).
A class 2 isotropisation is also possible when n < 0 and is plotted on figure 6.3. As above noted, such
a range of n is impossible for class 1 isotropisation since λ would be a complex function. It is the only
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FIG. 6.2 – These fi gures represent the approach for class 1 isotropisation when ω0 = 2.3, n = 1.5 and m = 1.1. As expected, x tends to 0, φ to
the constant 2/n = 1.33 and ℓ (here named ell) to 0. The convergence of φ to a constant is in accordance with the fact that U also tends to a constant
and the Universe to a De Sitter model. In the Brans-Dicke frame, the derivatives of the metric functions α, β and γ tend to the same behaviour showing
isotropisation.
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FIG. 6.3 – These fi gures represent the approach for class 2 isotropisation when ω0 = 2.3, n = −3.1 and m = 1.1. x always tends to 0 but also
y. φ and thus ℓ diverge. Note that φ, y, z and ℓ undergo damped oscillations. In the Brans-Dicke frame, the derivatives of the metric functions tend to
the same behaviour showing isotropisation.
example of class 2 isotropisation we have found until now.
Brans-Dicke theory with a power potential
Consider the class of theories defined by the Lagrangian (6.1) such that:
ω = ω0
U = φn
λ = φm
If we apply again the conformal transformation, we obtain the non minimally coupled scalar tensor theory
defined by:
G = φ
m
3(4−3γ)
ω =
[
3
2
(1− m
2
9(4− 3γ)2 ) + ω0)
]
φ
−m
3(4−3γ)
−1
U = φn−
2m
3(4−3γ)
The Brans-Dicke theory with a power law potential is recovered for m = 3(3γ − 4).
We calculate that:
ℓ =
n√
3 + 2ω0
2. The application is available on request
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ℓm =
m√
3 + 2ω0
with 3 + 2ω0 > 0. Anew ℓm can not diverge and the case 3 is excluded. For the case 1, it is necessary that
n 6= m such that ℓ 6→ ℓm. Asymptotically the scalar field behaves as:
φ→ φ0e−
3γ
m−nΩ
Consequently, in Ω → −∞, φ → 0(φ diverges) if m − n < 0 (respectively m − n > 0). The reality
conditions write:
4m(m− n) + 3γ(2− γ)(3 + 2ω0) > 0
2n(n−m)− 3γ(3 + 2ω0) > 0
The second one will be respected if n¿0(n¡0) when φ → 0(respectively φ diverges). We find then that if an
isotropic state is reached, the metric functions tend to t
2(n−m)
3nγ and λ to t− 2mn .
Using the conformal transformation, we deduce for the non minimally coupled theory that the metric func-
tions will tend to:
t
m(8−5γ)+2n(3γ−4)
γ[m+3n(3γ−4)]
All these behaviours are illustrated on figure 6.4.
0 5 10 15 20
0
0.0005
0.001
0.0015
0.002
0.0025
x
0 5 10 15 20
0.76
0.762
0.764
0.766
0.768
y
0 5 10 15 20
-0.175
-0.17
-0.165
-0.16
-0.155
z
0 5 10 15 20
0
5000
10000
15000
20000
25000
0 5 10 15 20
0.04
0.06
0.08
0.1
k
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
-1
0
1
2
3
The metric functions
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
6
8
10
12
14
16
18
20
The metric functions derivatives
FIG. 6.4 – These fi gures represent the approach for class 1 isotropisation when ω0 = 2.3, n = −3.1 and m = 1.1. Anew x tends to vanish, y
and k to some non vanishing constants showing that U ∝ λe3γΩ . φ diverges since m− n > 0. In the Brans-Dicke frame, the Universe isotropises.
For the case 2, we get for φ:
φ→ e 2n3+2ω0 Ω
Hence k will vanish when Ω → −∞ if 2n(m − n) + 3γ(3 + 2ω0) > 0 and the reality condition for the
equilibrium points will be respected if n2(3 + 2ω0)−1 < 3. The metric functions then tend to t(3+2ω0)n
−2
when n 6= 0 or to a De Sitter model when n = 0.
In the Brans-Dicke frame where the scalar field is non minimally coupled to the curvature, the metric
function will tend to:
t
mn+3(3γ−4)(3+2ω0)
n[m+3n(3γ−4)]
when n 6= 0. If n = 0, the behaviour of the metric functions is the same as in the Einstein frame and the
Universe tends to a De Sitter model. This case is illustrated on figure 6.5
Low energy string theory with an exponential potential
We consider the theory defined by (6.1) and such that:
ω = ω0φ
2 + ω1
U = enφ
λ = emφ
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FIG. 6.5 – These fi gures represent the approach for class 1 isotropisation when ω0 = 2.3, n = 1.5 and m = 1.1. Here, k tends to vanish and the
scalar fi eld energy density dominates the Universe.
Applying the conformal transformation, we define the following non minimally coupled scalar tensor
theory:
G = e
m
3(4−3γ)
φ
ω =
[ 3
2 + ω0φ
2 + ω1
φ2
− 3m
2
18(4− 3γ)2
]
φe
−m
3(4−3γ)
φ
U = e(n−
2m
3(4−3γ)
)φ
The low energy string theory with an exponential potential is then recovered whenm = 3(4−3γ),ω0 = 5/2
and ω1 = −3/2.
We calculate ℓ and ℓm and we obtain:
ℓ =
nφ√
3 + 2φ2ω0 + 2ω1
ℓm =
mφ√
3 + 2φ2ω0 + 2ω1
These expressions show that we will never have ℓ << ℓm and thus the case 3 never occurs. For the case 1,
it is necessary that m 6= n. Moreover, we find for the scalar field:
φ→ φ0 + 3γΩ
n−m
Hence, φ diverges and ℓ and ℓm tend to some constants which will be real if ω0 > 0. The reality conditions
write:
2m(m− n) + 3(2− γ) > 0
n(n−m)− 3γω0 > 0
ω0 being positive, the second condition needs n(n−m) > 0 and thus n 6= 0. Consequently, when isotropi-
sation arises, the metric functions and λ respectively tend to t2
n−m
3nγ and t−2mn .
We deduce that in the Brans-Dicke frame, when isotropisation arises, the metric functions will tend to:
t
m(8−5γ)+2n(3γ−4)
γ[m+3n(3γ−4)]
This case is represented on the figure 6.6.
Concerning the case 2, the scalar field asymptotically behaves as:
φ→ 2n(Ω− φ0)±
√
8ω0(3 + 2ω1) + 4n2(φ0 − Ω)2
4ω0
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FIG. 6.6 – These fi gures represent the approach for class 1 isotropisation when ω0 = 2.3, n = −3.1 and m = 1.1. k tends to a constant showing
the equilibrium between the scalar fi eld and the perfect fluid. Remark the existence before this equilibrium of a period during which the density of the
scalar fi eld dominated the one of the perfect fluid.
Consequently, depending on the sign of the square root, we have two branches such that φ → 0 or
φ → nω−10 Ω. For the first one, ℓ → 0 and the Universe tends to a De Sitter model. The limit allowing
the vanishing of k is always respected. For the second one, ℓ→ n(2ω0)−1/2 and thus, isotropisation needs
ω0 > 0 and n2(2ω0)−1 < 3. If n 6= 0, the metric functions tend to t
2ω0
n2 and the limit allowing k to vanish is
satisfied if ℓ2 < 3γ2 . If n = 0, the Universe tends to a De Sitter model and the limit k→ 0 is always satisfied.
Again, in the Brans-Dicke frame, we deduce that when isotropisation arises and the scalar field vanishes or
n = 0, the metric functions tend to the same form as in the Einstein frame because λ tends to a constant.
When the scalar field diverges and n 6= 0, they tend to:
t
n2(9γ−13)+3(7γ−8)ω0
n2(9γ−13)+3γω0
Low energy string theory with a power potential
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FIG. 6.7 – These fi gures represent the approach for class 1 isotropisation when ω0 = 2.3, ω1 = 0.5, n = 1.5 and m = 1.1. k tends to vanish
showing that the scalar fi eld energy density dominates the one of the perfect fluid. In the same way, φ vanishes.
We now consider the minimally coupled Lagrangian (6.1) with:
ω = ω0φ
2 + ω1
U = φpenφ
λ = emφ
Applying the conformal transformation, it is cast into the following non minimally coupled theory:
G = e
m
3(4−3γ)
φ
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ω =
[ 3
2 + ω0φ
2 + ω1
φ2
− 3m
2
18(4− 3γ)2
]
φe
−m
3(4−3γ)
φ
U = φpe(n−
2m
3(4−3γ)
)φ
The law energy string theory with a power potential is recovered when m = 3(4 − 3γ), n = 2, ω0 = 5/2
and ω1 = −3/2.
Calculating ℓ and ℓm, we get:
ℓ =
p+ nφ√
3 + 2φ2ω0 + 2ω1
ℓm =
mφ√
3 + 2φ2ω0 + 2ω1
Again, it is impossible that ℓm diverges and in the same time ℓ << ℓm. Thus the case 3 is excluded. For the
case 1, we show that the scalar field behaves as:
φ = p(m− n)−1ProductLog((n−m)e3γp−1(Ω−φ0))
When pγ−1 > 0, the scalar field vanishes, otherwise it diverges. Then, (n − m)p−1 have to be positive
otherwise φ is complex.
When φ → 0, it is necessary that 3 + 2ω1 > 0 such that ℓ and ℓm be real and the reality conditions for
the equilibrium points reduce to 2p2 − 3γ(3 + 2ω1) > 0. Then, the metric functions tend to t
2
3γ and λ to a
constant. This case is plotted on figure 6.8.
When φ → ∞, it is necessary that ω0 > 0 such as ℓ and ℓm be real and n 6= m such as ℓ does not tend to
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FIG. 6.8 – These fi gures represent the approach for class 1 isotropisation when ω0 = 2.3, ω1 = 0.5, n = −3.1, m = 1.1 and p = 3. k
oscillates to a constant and φ vanishes. Note the strong oscillations of y, z and k.
ℓm. The reality conditions for the equilibrium points write then
2m(m− n) + 3γ(2− γ)ω0 > 0
n(n−m)− 3γω0 > 0
implying that n(n−m) > 0 and n 6= 0. The metric functions tend to t 2(n−m)3nγ and λ→ t−2mn . Some figures
similar to the figure 6.8 but with diverging φ may be obtained.
In the Brans-Dicke frame, the metric functions tend to the same form as in the Einstein frame during
isotropisation if φ→ 0. When φ diverges, they tend to:
t
m(8−5γ)+2n(3γ−4)
γ[m+3n(3γ−4)]
Let us examine the case 2. The scalar field is such that:
φ0 + 1/2
[
(3 + 2ω1) lnφ
p
− n
2(3 + 2ω1) + 2p
2ω0
pn2
ln(p+ nφ) +
2ω0φ
n
]
→ Ω
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Hence, it exists three cases such that Ω→ −∞.
In the first one, φ tends to vanish and it is then necessary that p > 0 and 3 + 2ω1 > 0. ℓ→ p(3 + 2ω1)−1/2
and thus we need p2(3 + 2ω1)−1 < 3. The metric functions tend to t(3+2ω1)/p
2
. k always tends to 0 as long
as ℓ2 < 3/2γ. This case is shown on figure 6.9. Since φ vanishes, λ tends to a constant and the results are
the same in the Brans-Dicke frame.
In the second one, φ diverges as n2ω0Ω. It must be positive and ω0 > 0 thus implying φ→ +∞ and n < 0.
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FIG. 6.9 – These fi gures represent the approach for class 1 isotropisation when ω0 = 2.3, ω1 = 0.5, n = −3.1, m = 1.1 and p = 0.7. k and
φ vanishes. ℓ tends to 0.35 which is smaller than 3/2γ = 3/2
Then, ℓ tends to n(2ω0)−1/2 and it follows that a necessary condition for isotropisation is n2(2ω0)−1 > 3.
Then, the metric functions tend to t
2ω0
n2 and k to 0 if n(m− 2n) + 6γω0 > 0. In the Brans-Dicke frame, we
find that the metric functions tend to t
mn+12ω0(3γ−4)
mn
.
In the third one, φ→ −pn−1 which implies [−n2(3 + 2ω1)− 2k2ω0] (pn2)−1 > 0. Then, ℓ→ 0 and the
Universe tends to a De Sitter model. The condition k → 0 is always respected. Once again λ tends to a
constant and in the Brans-Dicke frame, the metric functions tend to the same form as in the Einstein frame.
6.4.3 Conclusion
We have found some necessary conditions for isotropisation of Bianchi type I model with a massive
scalar field, minimally coupled to the curvature but not to the perfect fluid. They depend on the asymptoti-
cal behaviours of k and the product kℓm. We have then deduced the asymptotical behaviours of the metric
functions and the potential in the vicinity of the isotropy. A possible solution to the coincidence problem has
also been found. Through some applications, we have shown how to extend our results to a scalar field non
minimally coupled to the curvature. The necessary conditions for isotropisation are the same in the Einstein
or Brans-Dicke frames but the asymptotical behaviour of the metric functions are different and has to be
determined via a conformal transformation. We have thus studied the isotropisation of the Brans-Dicke and
low energy string theories with a power or exponential laws of the scalar field for the potential. In a next
work, we will examine the quintessential properties of the class 1 for a minimally coupled scalar tensor
theory and for the Bianchi class A models.
Parts of the calculus and phase portrait diagrams have been made with help of the marvellous DynPack 10.69
package for Mathematica 4 written by Alfred Clark (http://www.me.rochester.edu/courses/ME406/webdown/down.html
for download).
6.5 Appendix: Perfect fluid conservation law when it is non mini-
mally coupled to the scalar field
In this appendice, we calculate the energy momentum conservation law of the perfect fluid when it is
non minimally coupled to the scalar field. This calculus is also made in [123] and more particularly in [124].
Let us consider the Lagrangian of a non minimally coupled scalar field also known as hyperextended scalar
tensor theory[35]:
L = (G−1R− ωφ−1φ,µφ,µ − U + Tαβδgαβ)√g (6.35)
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Then we define a conformal transformation of the metric:
gαβ = Gg¯αβ (6.36)
dt =
√
Gdt¯ (6.37)
The frame related to gαβ is usually called the Brans-Dicke frame whereas the one related to g¯αβ is called
the Einstein frame. In both cases, t and t¯ are the proper times such as the 00 metric functions components
are −1. Applying the transformation (6.37) casts the Lagrangian (6.35) into:
L =
[
R¯− (3/2(G−1)2φG2 + ωGφ−1)φ,µφ,µ −G2U +G3Tαβδg¯αβ
]√
g¯ (6.38)
where the scalar field is now coupled non minimally with the perfect fluid but minimally with the curvature.
Consequently, it comes:
T¯αβ = G3Tαβ
T¯ = G2T
We deduce the following energy conservation law:
T¯αβ;α = 3G,αG
2Tαβ (since Tαβ;α = 0)
T¯αβ;α = 3G,αG
2gαβTαα
T¯αβ;α = 3G,αG
2G−1g¯αβG−2T¯
T¯αβ;α = 3G,αG
−1g¯αβT¯
T¯αβ;α = −3
dG
dt
G−1T¯ (since G = G(t))
Let us remark that in [124], this law is interpreted as the action of a force on matter due to the variability of
the rest masses. Consequently, matter does not follow the spacetime geodesics. To simplify the calculations,
we put p∗ = G2p and ρ∗ = G2ρ. Hence, we have T¯αβ = (ρ∗ + p∗)uαuβ + g¯αβp. Moreover, we have
assumed p = (γ − 1)ρ. Thus, it comes:
T¯ 0β;β = −3
dG
dt
G−1(3p∗ − ρ∗)
dρ∗
dt
+ (ρ∗ + p∗)V −1
dV
dt
= −3dG
dt
G−1(3γ − 4)ρ∗
ρ∗−1
dρ∗
dt
+ γV −1
dV
dt
= −3dG
dt
G−1(3γ − 4)
ρ∗V γ = G3(4−3γ)
From this last result and the expression for the Lagrangian Lm for a perfect fluid calculated in [125, pages
48-52], we are able to determine the form of Hm, the term describing the matter in the ADM Hamiltonian.
Indeed, we have:
Lm = T
αβδgαβ
√
g
= −8πR30Ne−3Ωρ
= −8πR30N¯e−3Ω¯ρ∗
= −8πR30N¯e−3Ω¯G3(4−3γ)V −γ
and consequently:
Hm = −24π2g¯1/2Lm = 192π3R30G3(4−3γ)e3(γ−2)Ω¯ > 0 (6.39)
We will write symbolically this relation under the form Hm = δλ(φ)e3(γ−2)Ω¯.
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Re´sume´
Cette the`se e´tudie les mode`les cosmologiques homoge`nes mais anisotropes en the´ories tenseur-scalaire. Son
but est de de´terminer les proprie´te´s que doivent avoir ces the´ories afin que ces mode`les posse`dent asymp-
totiquement les caracte´ristiques dynamiques de notre Univers actuel ou apportent une re´ponse a` certains de
ses proble`mes comme ceux de la constante cosmologique. La premie`re partie de la the`se est consacre´e a`
une introduction historique et a` une justification physique des the´ories tenseur-scalaires de la gravitation et
des mode`les cosmologiques anisotropes. La seconde partie de´taille les notions mathe´matiques ne´cessaires
a` la compre´hension de cette the`se, a` savoir la classification des cosmologies anisotropes et l’e´criture des
e´quations de champs dans le formalisme Lagrangien et Hamiltonien. La troisie`me partie est compose´e
d’une se´rie de sept articles montrant comment l’on peut parvenir a` contraindre les the´ories tenseur-scalaires
a` l’aide de solutions exactes, en exigeant que l’Univers posse`de certains comportements dynamiques (ex-
pansion, inflation, etc), soit de´pourvu de singularite´ ou posse`de une syme´trie de Noether. Dans la quatrie`me
partie, le processus d’isotropisation des mode`les anisotropes est e´tudie´ en de´tail pour de nombreuses classes
de the´ories tenseur-scalaires. Des contraintes ne´cessaires a` l’isotropisation, les comportements asympto-
tiques des fonctions me´triques et du potentiel au voisinage de cet e´tat sont de´termine´s et le phe´nome`ne de
quintessence analyse´. Un lien entre les champs scalaires quintessents qui pourraient peupler notre Univers
et la matie`re noire dans les galaxies (1 article) est montre´. Les six articles a` l’origine de ce chapitre sont
reproduits dans la sixie`me partie qui tient lieu d’appendice. Nous concluons dans la cinquie`me partie.
Abstract
This thesis studies the homogeneous but anisotropic cosmological models in scalar-tensor theories. Its goal
is to determine the properties of these theories so that these models asymptotically behave as our current
Universe or bring some responses to some of its problems like the cosmological constant or coincidence
problems. The first part of the thesis is devoted to a historical introduction and a physical justification of
the scalar-tensor theories and anisotropic cosmological models. The second part details the mathematical
tools, necessary to understand this thesis, namely anisotropic cosmologies classification and the form of
the field equations in the Lagrangian and Hamiltonian formalism. The third part is made up of a series
of seven published papers and shows how one can constraint the scalar-tensor theories using exact solu-
tions, requiring some dynamical characteristics for the Universe(expansion, inflation, etc), preventing the
singularity occurence or showing Noether symmetries. In the fourth part, the isotropisation process of the
anisotropic models is studied in detail for many classes of scalar-tensor theories. Necessary constraints for
isotropisation, the asymptotic behaviors of the metric functions and potential in the vicinity of this state are
determined and the quintessence phenomenon is analyzed. A link between quintessent scalar fields which
could populate our Universe and dark matter in the galaxies is shown. The six papers at the origin of this
chapter are reproduced in the sixth part. We conclude in the fifth part.
